


Copyright © 2004 Marcel Dekker, Inc.



The Japanese edition of this book was published in the Kyoritsu Advanced

Optoelectronics Series (Kyoritsu Shuppan, Tokyo, 1998).

Although great care has been taken to provide accurate and current information,

neither the author(s) nor the publisher, nor anyone else associated with this

publication, shall be liable for any loss, damage, or liability directly or indirectly

caused or alleged to be caused by this book. The material contained herein is not

intended to provide specific advice or recommendations for any specific situation.

Trademark notice: Product or corporate names may be trademarks or registered

trademarks and are used only for identification and explanation without intent to

infringe.

Library of Congress Cataloging-in-Publication Data

A catalog record for this book is available from the Library of Congress.

ISBN: 0-8247-5373-9

This book is printed on acid-free paper.

Headquarters

Marcel Dekker, Inc., 270 Madison Avenue, New York, NY 10016, U.S.A.

tel: 212-696-9000; fax: 212-685-4540

Distribution and Customer Service

Marcel Dekker, Inc., Cimarron Road, Monticello, New York 12701, U.S.A.

tel: 800-228-1160; fax: 845-796-1772

Eastern Hemisphere Distribution

Marcel Dekker AG, Hutgasse 4, Postfach 812, CH-4001 Basel, Switzerland

tel: 41-61-260-6300; fax: 41-61-260-6333

World Wide Web

http://www.dekker.com

The publisher offers discounts on this book when ordered in bulk quantities. For

more information, write to Special Sales/Professional Marketing at the headquarters

address above.

Copyright � 2004 by Marcel Dekker, Inc. All Rights Reserved.

Neither this book nor any part may be reproduced or transmitted in any form or by

any means, electronic or mechanical, including photocopying, microfilming, and

recording, or by any information storage and retrieval system, without permission in

writing from the publisher.

Current printing (last digit):

10 9 8 7 6 5 4 3 2 1

PRINTED IN THE UNITED STATES OF AMERICA

Copyright © 2004 Marcel Dekker, Inc.



Copyright © 2004 Marcel Dekker, Inc.



Copyright © 2004 Marcel Dekker, Inc.



Copyright © 2004 Marcel Dekker, Inc.



Copyright © 2004 Marcel Dekker, Inc.



Preface

Semiconductor lasers are among the most important optoelectronics
devices. Remarkable development has been accomplished in the three
decades since the first achievement in room-temperature continuous
oscillation, which opened the possibility of practical applications of
semiconductor lasers. Today, various types of semiconductor lasers are
mass-produced and widely used as coherent light sources for a variety of
applications, including optical fiber communication systems and optical
disk memory systems. Advanced functions and high performance have
been realized through distributed feedback lasers and quantum well lasers
following the development of Fabry–Perot-type lasers. Accordingly, new
applications previously unfeasible (or difficult with other conventional
lasers) have been found, and the replacement of gas and solid-state lasers by
compact and economical semiconductor lasers is in progress. Thus,
semiconductor lasers are indispensable devices of increasing importance.
Extensive research and development is being conducted toward specific
applications. Remarkable progress is also being made in optoelectronic
integrated circuits and integrated photonic devices using semiconductor
lasers as the main component.

Implementation and advanced applications of semiconductor lasers
require a deep understanding, and high technological expertise, in subareas
including materials, crystal growth, device design, microfabrication, and
device characterization (all of which comprise the field called semiconductor
laser engineering). There already exist a number of authoritative books on
semiconductor lasers, as given in the references in Chapter 1. In Chapter 2,
the fundamental quantum theory on the interaction of electrons and
photons is outlined and summarized in a form that is convenient for the
understanding and analysis of semiconductor lasers. Chapter 3 deals with
stimulated emission in semiconductors as one of the most important
principles for implementation of semiconductor lasers, and explains the
basic theory and characteristics of light amplification. Chapter 4 covers
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theoretical discussions on electron–photon interactions and stimulated
emission, and considers characteristics of optical waveguide resonators for
laser oscillator implementation. In Chapter 6, rate equation analysis of
semiconductor lasers is presented to clarify and explain the static and
dynamic characteristics of semiconductor lasers using Fabry–Perot-type
semiconductor lasers as a prototype device. Chapter 7 is devoted to
distributed feedback lasers and distributed Bragg reflector lasers, which are
dynamic single-mode lasers and allow advanced performance. In Chapter 8,
semiconductor laser amplifiers are discussed. The Appendixes provide
important theoretical topics and experimental techniques.

The chapters were carefully checked for mutual consistency and clarity
of context. Efforts were made to give a comprehensive explanation of
mathematical formulae including the procedure of the deduction and
physical meanings, rather than simple descriptions of the results, in order to
ensure full understanding without skipping basic principles or referring to
other materials. Almost all the formulae are in such a form that they can
actually be used by the readers for analysis and design.

It will give me great satisfaction if this book is helpful to researchers,
engineers, and students interested in semiconductor lasers. Finally, I would
like to thank the staffs of Kyoritsu Pub., Ltd., and Marcel Dekker, Inc., for
their cooperation.

Toshiaki Suhara
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1
Introduction

This chapter outlines the working principles and device structures of
semiconductor lasers as an introduction to the contents of this book.

1.1 PRINCIPLES AND DEVICE STRUCTURES OF
SEMICONDUCTOR LASERS

Semiconductor lasers are devices for oscillation or amplification of an
optical wave based on the stimulated emission of photons through optical
transition of electrons in a semiconductor. The idea was proposed early
in 1957 [1]. Soon after the construction of the fundamental theory of lasers
by Schawlow and Townes [2] in 1958, followed by the experimental
verifications of laser oscillation in a ruby laser and a He–Ne laser in 1960,
the pioneering work on semiconductor lasers was performed [3–5]. In 1962,
pulse oscillation at a low temperature in the first semiconductor laser, a
GaAs laser, was observed [6–8]. In 1970, continuous oscillation at room
temperature was accomplished [9–11]. Since then, remarkable development
has been made by the great efforts in different areas of science and
technology. Nowadays, semiconductor lasers [12–20] have been employed
practically as one of the most important optoelectronic devices and are
widely used in a variety of applications in many areas.

The energy of an electron in an atom or a molecule takes discrete
values, corresponding to energy levels. Consider two energy levels of energy
difference E, and assume that the upper level is occupied by an electron and
the lower level is not occupied, as shown in Fig. 1.1(a). If an optical wave of
an angular frequency ! that satisfies

E ¼ �hh! ð1:1Þ
is incident, the electron transition to the lower level takes place with a
transition probability, per unit time, proportional to the light intensity.
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Then a photon of the same mode as the incident wave, i.e., of the same
frequency and same propagation direction, is emitted. In Eq. (1.1), h is the
Planck constant and �hh¼ h/2p. In a semiconductor, the electron energy levels
are not discrete but form a band structure. Assume that there are many
electrons in the conduction band and many holes in the valence band, as
shown in Fig. 1.1(b). If an optical wave satisfies Eq. (1.1) for E slightly
larger than the bandgap energy Eg, electron transition and photon emis-
sion take place. These phenomena are called stimulated emission. Photon
emission takes place even if there is no incident light. This emission is called
spontaneous emission.

On the other hand, if the lower level is occupied by an electron and the
upper level is unoccupied, the incident optical wave gives rise to an electron
transition in the inverse direction and absorption of an incident photon.
Quantum theory shows that the probability of the stimulated emission is the
same as that of the absorption. In a system consisting of many electrons in
thermal equilibrium, the electron energy distribution obeys Fermi–Dirac
statistics; the population of the electrons of higher energy is smaller than
that of electrons of lower energy. Therefore, as an overall effect, the optical
wave is substantially absorbed. However, if inversion of the population is
realized by excitation of the system with continuous provision of energy,
stimulated emission of photons takes place substantially, and accordingly
optical amplification is obtained. Lasers are based on this substantial
stimulated emission.

Population inversion in semiconductors can be realized by producing a
large number of electron–hole pairs by excitation of electrons in the valence
band up to the conduction band. The excitation can be accomplished by
light irradiation or electron-beam irradiation. The method of excitation
most effective for implementation of practical laser devices, however, is to

h

Excited state

Ground state

(a) (b)

Photon

h

Photon

Electron

Conduction band

Valence band

Electron

Hole

Figure 1.1 Schematic illustrations of stimulated emission of a photon by an optical

transition of an electron: (a) stimulated emission by an electron in an atom;

(b) stimulated emission by carriers in a semiconductor.
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form a p–n junction in the semiconductor and to provide forward current
through it to inject minority carriers of high energy in the depletion layer
near the junction. When the minority carriers, i.e., electrons, are injected
into the p-type region from the n-type region, the number of the majority
carriers, i.e., holes, increases so as to satisfy electrical neutrality, and the
excitation state is obtained. Semiconductor lasers for excitation by current
injection in this manner are called injection lasers, diode lasers, or laser
diodes (LD). Simple consideration concerning carrier statistics shows that
an important requirement to obtain population inversion is that the forward
bias voltage V must satisfy

eV > �hh! ð1:2Þ

For a laser to amplify an optical wave of 830 nm wavelength, for example,
the forward-bias voltage should be V> 1.5V.

In order to outline the working principle and the device structure of
semiconductor lasers, as an example let us take GaAs lasers, which are
representative of semiconductor lasers and have the longest history. The
first oscillation of injection lasers was obtained in a p–n junction structure
consisting of single-crystal material GaAs, i.e., a diode with a homo-
structure. The laser, however, required current injection of a very large
density (greater than 50 kA/cm2) for lasing, and therefore lasing was limited
to pulse oscillation at low temperatures. Continuous oscillation at room
temperature and practical performances were accomplished in lasers of
double heterostructure (DH), which were developed later. Nowadays,
semiconductor lasers usually mean DH lasers. The structure is schematically
illustrated in Fig. 1.2. The laser structure consists of a laser-active layer of
GaAs with a thickness around 0.1 mm sandwiched between two layers of
AlxGa1� xAs with larger bandgap energy and has double heterojunctions.
The structure is fabricated by multilayer epitaxy on a GaAs substrate. The
GaAs layer and the AlxGa1�xAs layers are called the active layer and
cladding layers, respectively. The cladding layers are p doped and n doped,
respectively.

The DH structure offers two functions that are very effective for
reduction in the current required for laser operation. The first is carrier
confinement. As shown in Fig. 1.3(a), the difference in the bandgap energy
gives rise to formation of barriers in electron potential, and therefore the
injected carriers are confined within the active layer at high densities without
diffusion from the junctions. Thus the population inversion required for light
amplification can be accomplished with current injection of relatively small
density (about 1 kA/cm2). The second function is optical waveguiding. The
cladding layers with larger bandgap energy are almost transparent for optical
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wavelengths where amplification is obtained in the active layer, and the
refractive index of the cladding layers is lower than that of the active layer, as
shown in Fig. 1.3(b). Accordingly, the optical wave is confined in the high-
index active layer through successive total internal reflection at the interfaces
with the cladding layers and propagates along the plane of the active layer.
This form of optical wave propagation is called a guided mode. In contrast
with a bulk semiconductor of uniform refractive index, where the optical
wave diverges owing to diffraction, the DH structure can guide the optical
wave as a guided mode, in a region of the thin (less than 1 mm) active layer
with optical gain and in its vicinity, over a long (more than several hundred
micrometres). Thus the optical wave is amplified very effectively. Let g be the
amplification gain factor under the assumption that the optical wave is
completely confined and propagates in the active layer, let G be the coefficient
of reduction due to the penetration of the guided mode into the cladding
layers, and let �int be the factor representing the optical losses due to
absorption and scattering caused by imperfection of the structure. Then the
effective gain in the actual DH structure is given by Gg��int.

To implement a laser oscillator that generates a coherent optical wave,
it is required to provide the optical amplifier with optical feedback. In
semiconductor lasers, this can readily be accomplished by cleaving the
semiconductor crystal DH structure with the substrate to form a pair of facets
perpendicular to the active layer. The interface between the semiconductor
and the air serves as a reflection mirror for the optical wave of a guided mode
and gives the required feedback. Since the semiconductor has a high index of
refraction, a reflectivity as large as approximately 35% is obtained with a
simple facet. The structure corresponds to a Fabry–Perot optical resonator
(usually constructed with a pair of parallel mirrors) implemented with a
waveguide, and therefore the laser of this type is called a Fabry–Perot (FP)-
type laser. The optical wave undergoes amplification during circulation in the
structure, as shown in Fig. 1.4. Let R be the reflectivity of the facet mirrors,
and L be the mirror separation; then the condition for the guided mode to
recover its original intensity after a round trip is given by

R2 exp½2ðGg� �intÞL� ¼ 1 ð1:3Þ
The condition for the wave to be superimposed with the same phase after
the round trip is given by

2L ¼ ml l ¼ 2cp
Ne!

� �
ð1:4Þ

where l is the optical wavelength, c the light velocity in vacuum, ! the
optical angular frequency, Ne the effective index of refraction, and m an
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arbitrary integer. This is the condition for positive feedback. An optical
wave of wavelength satisfying Eq. (1.4) can resonate, since the wave is
superimposed with the same phase after an arbitrary number of round trips.
When the injection current is increased and the effective gain for one of
the resonant wavelengths reaches the value satisfying Eq. (1.3), optical
power is accumulated and maintained in the resonator, and the power is
emitted through the facet mirrors. This is the laser oscillation, i.e., lasing.
The output is a coherent optical wave with only a resonant wavelength
component or components. The reflectivity of the facet mirrors is slightly
larger for the transverse electric (TE) wave (electric field vector parallel to
the active layer) than for the transverse magnetic wave (perpendicular), and
therefore FP lasers oscillate with TE polarization. The above two equations
describe the oscillation conditions, and the injection current required for
obtaining the gain satisfying these conditions is called the threshold current.
The resonator length L of typical semiconductor lasers is 300–1000 mm, and

Active layer Injection current

Upper cladding layer

Lower cladding layer

Substrate

Resonator length L

Facet mirror
(cleaved facet)

Facet mirror
(cleaved facet)

Optical
intensity

 (1-R)  (1-R)

R R

 exp[(   g_ )L]  exp[(   g_ )L]

0 L z

(a)

(b)

Figure 1.4 Circulation of optical wave in a FP semiconductor laser: (a) cross

section including the optical axis; (b) distribution of guided wave power.
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the threshold current density for room temperature oscillation is typically
of the order of 1 kA/cm2. When the injection current is increased further,
the carriers injected by the increase above the threshold are consumed by
recombination associated with stimulated emission of photons. Therefore
the optical output power is obtained in proportion to the increase above
the threshold.

The mode of the optical wave generated by a laser is generally
classified by lateral modes and longitudinal modes. For semiconductor lasers,
the lateral mode, i.e., the intensity distribution in the cross section normal
to the optical axis, is defined by the waveguide structure. The complexity
or instability of the lateral mode gives rise to deterioration of the spatial
coherence of the output wave. The longitudinal mode (axial mode), on the
other hand, is defined by the distribution, along the direction of propagation
(the optical axis), of the standing wave in the resonator. Each longitudinal
mode corresponds to each integer m in Eq. (1.4) and constructs components
with slightly different wavelengths. Temporal coherence is degraded if several
longitudinal modes oscillate simultaneously (multimode lasing) and/or there
is fluctuation of modes.

The simplest FP laser of DH structure as shown in Fig. 1.2, where
current is injected over whole area of the crystal, is called a broad-area laser.
The laser can easily be fabricated and a large output power can be obtained.
The broad-area laser, however, suffers from the drawbacks that both the
spatial coherence and the temporal coherence are low, since it is very
difficult to obtain an oscillation that is uniform over a large width in the
active layer along the lateral direction perpendicular to the optical axis,
and the laser oscillates in many longitudinal modes. The drawbacks can be
removed by restricting the current injection into a narrow stripe region and
confining the optical wave also with respect to the lateral direction. A simple
method is to fabricate a laser structure where the upper electrode has
electrical contacts with the semiconductor only within a stripe region and to
inject current only in the region with a width of a few micrometres. Then the
optical wave is guided in the region near the axis where the gain is large, and
therefore this laser is called a laser of gain guiding type. A better method is
not only to restrict the injection region but also to form a channel waveguide
where the refractive index is higher in the narrow channel region than in the
surrounding areas by microprocessing of the active or cladding layer. The
laser is called a laser of index guiding type. Although the gain guiding type
is easy to fabricate, it is difficult to stabilize lateral mode(s) over a large
injection current range, and the laser involves the drawback of multiple-
longitudinal-mode lasing. For the index guiding type, on the other hand,
a stable single lateral mode oscillation can be obtained by appropriate
design, and an oscillation that can be considered substantially as a single
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longitudinal mode can be obtained. Because of these advantages, the main
semiconductor laser is now of the index guiding type. A typical threshold
current of the index guiding laser is 10–30mA, and continuous oscillation
with output power of a few to several tens of milliwatts is obtained with
an injection current of a few tens to hundreds of milliamperes.

The FP laser is one of the most important semiconductor lasers that is
of fundamental structure and is widely used in many practical applications.
The FP laser, however, involves the important disadvantage that the longi-
tudinal mode is not stable. In continuous oscillation, variations in the injec-
tion current and ambient temperature give rise to a change in or alteration
of the longitudinal mode. Mode hopping is associated with a jump in the
lasing wavelength and a large increase in intensity noise. Moreover, even if a
laser oscillates in single longitudinal mode for continuous-wave operation,
under high-speed modulation the lasing changes to multimode oscillation
and the spectral width is largely broadened. These phenomena impose limita-
tions on the applications. To solve this problem, it is necessary to implement
dynamic single-mode lasers that can maintain single-mode oscillation under
dynamic operation. This can be accomplished by using an optical resonator,
such that effective feedback takes place only in a narrow wavelength width,
to increase the threshold and substantially to prevent oscillation except for a
lasing mode. Among various practical device implementation, distributed
feedback (DFB) lasers and distributed Bragg reflector (DBR) lasers, utilizing
a fine periodic structure, i.e., an optical grating, formed in the semiconductor
waveguide, are important. The grating is formed in the active section in
DFB lasers, and outside the active section in DBR lasers. Dynamic
single-mode oscillation is accomplished through the wavelength-selective
distributed feedback and reflection. The lasers exhibit excellent performances,
including a narrow spectrum width and low noise, and therefore are prac-
tically used in applications such as long-distance optical communications.
Thus the importance of DFB and DBR lasers is increasing.

In the above discussion, lasers of DH structures with an active layer of
thickness around 0.1 mm (100 nm) were described. The carriers can be
considered to behave as particles, as the thickness of the active layer is much
larger than the wavelength of the electron wave. If the thickness is reduced
to 10 nm or so, approaching the same order of magnitude as the electron
wavelength, the quantum nature of the carriers as material waves appears
significantly. The active layer and the surrounding cladding layers form a
potential well with a narrow width, and the electrons and holes are confined
in the quantum well (QW) as a wave that satisfies the Schrödinger wave
equation and boundary conditions. The confinement gives rise to an
increase in the effective bandgap energy and modification of the density-of-
states function into a step-like function, and as a result a gain spectrum and

8 Chapter 1

Copyright © 2004 Marcel Dekker, Inc.



polarization dependence unlike those of ordinary DH lasers appear.
Accordingly, by appropriate design of the QW, light emission characteristics
advantageous for improvement in laser performances can be obtained.
Based on the use of the QW and optimization of the waveguide structure,
various types of laser, i.e., single quantum well (SQW) and multiple
quantum well (MQW) lasers of FP, DFB, and DBR types, have been
implemented. Remarkable developments have been made in the extension of
the lasing wavelength region, reduction in the threshold current, enhance-
ment of modulation bandwidth, reduction in the noise, and improvement in
the spectral purity. Although QW lasers requires advanced design and
fabrication techniques, many QW lasers have already been commercialized
and found many practical applications. Further development of QW lasers
as an important semiconductor laser is expected.

In the lasers described above, the optical wave propagates along the
optical axis parallel to the active layer and is emitted through the facet
perpendicular to the axis. On the other hand, rapid progress has been made in
vertical cavity surface emitting lasers (VCSELs) [21] that have a resonator
with the optical axis perpendicular to the active layer and provide area
emission of photons. The VCSEL, however, is outside the scope of this book.

1.2 MATERIALS FOR SEMICONDUCTOR LASERS

There are several requirements for materials for semiconductor lasers. The
most important requirement is to have a bandgap of direct transition type as
represented by that of GaAs. In such semiconductors, an optical transition
satisfying the energy and momentum conservation rules can take place
between electrons and holes at the vicinity of the band edges. Since the
transition probability is large, light emission can easily be obtained. In
semiconductors having a bandgap of indirect transition type, such as Si and
Ge, on the other hand, the photons emitted by the transition satisfying
the conservation rules are absorbed in the semiconductor itself, and the
efficiency of the emission due to the transition between electrons and holes
near the band edges is low because the transition requires the assistance of
interaction with phonons. Therefore, implementation of lasers with this
type of semiconductor is considered to be impossible or very difficult. Most
III–V compound semiconductors (except for AlAs) and II–VI compound
semiconductors have a direct transition bandgap and therefore can be a
material for lasers.

An important requirement for heteroepitaxial fabrication of good-
quality DH structures, which are considered essential for implementation of
lasers for continuous oscillation, is lattice matching with an appropriate
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substrate crystal. Growth of an active layer crystal having a lattice con-
stant different from that of the substrate involves a high density of defects,
which causes the emission characteristics to deteriorate seriously, and there-
fore a practical device cannot be obtained. The maximum tolerable lattice
mismatch is typically 0.1% or less. Other requirements include the possibility
of producing p–n junctions by appropriate doping, and refractive indexes
appropriate for waveguiding in the DH structure. For FP laser implementa-
tion, it is desirable that facet mirrors of appropriate orientation can be
formed by simple cleaving.

The oscillation wavelength of a laser is determined approximately by
Eq. (1.1). To implement a laser for emission of light of a given wavelength,
it is therefore necessary to use a semiconductor material having an
appropriate value of the bandgap energy Eg. The requirement can readily
be satisfied by use of compound semiconductor alloy crystals. For example,
alloy crystals of AlxGa1� xAs can be produced from GaAs and AlAs, Eg

being a continuous function of x, and the oscillation wavelength can be
arbitrarily determined in 0.7–0.9 mm range by appropriate choice of x.
Figure 1.5 shows the wavelength ranges that can be covered with several

10.0
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Figure 1.5 Materials and oscillation wavelength regions of semiconductor lasers.
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compound semiconductor alloy crystals. The lattice constant of a ternary
alloy AlxGa1�xAs has a very small dependence on x, and therefore the alloy
of arbitrary x is lattice matched with the GaAs substrate. This situation,
however, is rather exceptional; the lattice constant generally depends
upon the composition ratio, and therefore for ternary alloys an arbitrary
choice of Eg is not compatible with lattice matching. To solve the problem,
quaternary alloys can be used. An example is In1� xGaxAsyP1� y.
By appropriate design of x and y, an arbitrary choice of the oscillation
wavelength in the wide range 1.1–1.6 mm can be accomplished simulta-
neously with lattice matching with the InP substrate. In1�xGaxAsyP1� y

semiconductor lasers have been widely used as lasers for optical communi-
cations in the 1.3 and 1.5 mm bands and are one of the most important
semiconductor lasers.

Figure 1.5 includes other semiconductor laser materials. InxGa1�xAs
is an important material because, although it does not lattice match with
AlxGa1� xAs, it can be combined with GaAs and AlxGa1� xAs to implement
strained QW lasers. High-performance lasers for emission in the 0.9 mm
band have been developed. In1�xGaxAsySb1� y and InAs1�x� yPxSby, which
can lattice match with the GaSb and InAs substrates, have been studied as
candidates for lasers for emission in a 1.7–4.4 mm range. One of the materials
for lasers for visible-light emission is (AlxGa1�x)yIn1� yP, which can lattice
match with the GaAs substrate. Lasers for red-light emission in the 0.6 mm
band have been commercialized as light sources for optical disk memory
such as digital versatile disk (DVD). Candidates for materials for
semiconductor lasers in the green through the blue to the violet region
include the II–VI compound semiconductors CdS, CdSe, ZnS, ZnSe and
their alloys, and the III–V compound semiconductors GaN, InN, AlN and
their alloys. A recent extensive study on lasers of this wavelength range has
led to rapid and remarkable developments, as represented by accomplish-
ments of room-temperature continuous oscillation in ZnSe QW lasers on a
GaAs substrate and InxGa1�xN QW lasers on an Al2O3 substrate. It is no
doubt that InxGa1� xN blue lasers will soon be employed in practical use.
Not shown in Fig. 1.5 are IV–VI compound semiconductors for mid- to
far-infrared lasers, such as PbxSn1� xTe, PbS1� xSex and PbxSn1�xSe, with
which various injection lasers in the 3–34 mm wavelength range have been
implemented. A unique feature of these lasers is that the oscillation
wavelength can be temperature tuned over a very wide range, although they
require operation at a low temperature.

Fabrication of semiconductor lasers requires growth of the funda-
mental multilayer DH structure with controlled composition and doping
level on a substrate crystal. Such epitaxial growth is the most important
technology. A technique of long history is liquid-phase epitaxy (LPE).
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Development of continuous heteroepitaxy based on LPE using slide
boats enabled implementation of the first DH lasers. Until now the LPE
technique has been used as a method suitable for mass production. Then,
the vapor-phase growth techniques, metal–organic vapor-phase epitaxy
(MOVPE) and molecular-beam epitaxy (MBE), were developed. By these
techniques, one can grow layers with precisely controlled composition and
thickness at the level of atomic layers. They enabled fabrication of QW
and strained QW structures to be carried out and have made important
contributions to the development of semiconductor lasers. At present,
MOVPE and MBE techniques are being employed not only in the
fabrication of advanced lasers such as QW lasers but also in mass
production. For monolithic integration of semiconductor lasers together
with electronic devices, implementation of lasers on a Si substrate is desirable.
An extensive study is being made also on superheteroepitaxy where a GaAs
crystal is grown on a Si substrate having a lattice constant very different
from that of GaAs.

1.3 FEATURES OF SEMICONDUCTOR INJECTION LASERS

This section considers features of semiconductor lasers from an application
point of view. In comparison with other categories of lasers, semiconductor
injection lasers offer the following advantages.

1. Compactness. Most semiconductor lasers are extremely compact
and of light weight; they have a chip size of 1mm3 or less. Even if
a heat sink and a power supply required for driving are included,
the laser system can be very compact.

2. Excitation by injection. The laser can easily be driven by injection
of a current in the milliamperes range with a low voltage (a few
volts). Except for a power supply, no device or component for
excitation is required. The direct conversion of electrical power
into optical power ensures a high energy conversion efficiency.

3. Room-temperature continuous oscillation. Many semiconductor
lasers can oscillate continuously at and near room temperature.

4. Wide wavelength coverage. By appropriate choice of the materials
and design of the alloy composition ratio, lasers of arbitrary
wavelengths in a very wide range, from infrared to whole visible
regions, can be implemented, or at least there is possibility of the
implementation.

5. Wide gain bandwidth. The wavelength width of the gain band of
a semiconductor laser is very wide. It is possible to choose
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arbitrarily the oscillation wavelength within the gain bandwidth
and to implement wavelength-tunable lasers. Wide-band optical
amplifiers can also be implemented.

6. Direct modulation. By superimposing a signal on the driving
current, the intensity, the frequency and the phase of the output
light can readily be modulated over a very wide (from direct
current to gigahertz) modulation frequency range.

7. High coherence. Single-lateral-mode lasers provide an output
wave of high spatial coherence. In DFB and DBR lasers, very
high temporal coherence can also be obtained through stable
single-longitudinal-mode oscillation of a narrow (down to
submegahertz) spectrum width.

8. Generation of ultrashort optical pulses. It is possible to generate
ultrashort optical pulses of subnanosecond to picosecond width
by means of gain switching and mode locking with a simple
system construction.

9. Mass producibility. The compact fundamental structure con-
sisting of thin layers, along with fabrication by lithography and
planar processing, is suitable for mass production.

10. High reliability. The device is robust and stable, since the whole
laser is in a form of a chip. There is no wear-and-tear factor and,
for lasers of many established materials, the fatigue problem has
been solved. Thus the lasers are maintenance free, have a long
lifetime, and offer high reliability.

11. Monolithic integration. The features 1, 2, 9, and 10 allow
integration of many lasers on a substrate. It is also possible to
implement optical detectors, optical modulators and electronic
devices in the same semiconductor material. Monolithic inte-
grated devices of advanced functions can be constructed.

On the other hand, semiconductor lasers involve the following
drawbacks or problems.

1. Temperature characteristics. Theperformances of a laser depend larg-
ely upon temperature; the lasing wavelength, threshold current and
output power change sensitivelywith change in ambient temperature.

2. Noise characteristics. The lasers utilize high-density carriers, and
therefore fluctuation in the carrier density affects the refractive
index of the active region. Since the lasers have a short resonator
length and use facet mirrors of low reflectivity, the oscillation is
affected sensitively by perturbations caused by external feedback.
As a result, semiconductor lasers often involve various noise and
instability problems.
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3. Divergent output beam. The output beam is taken out through the
facet in the form of a divergent beam emitted from the guided
mode. An external lens is required to obtain a collimated beam.

Efforts have continued to seek improvements. Depending upon the
categories of semiconductor lasers, the problems have been reduced to a
practically tolerable level, or techniques to avoid the problem substantially
have been developed.

1.4 APPLICATIONS OF SEMICONDUCTOR LASERS

As discussed in the previous section, semiconductor lasers exhibit many
unique features in both functions and performances and also offer
economical advantages. Therefore, by the development of semiconductor
lasers, lasers, which had been a special instrument for scientific research and
limited applications, acquired a position as a device for general and practical
instruments. As will be outlined below, the applications of semiconductor
lasers cover a wide area, including optical communications, optical data
storage and processing, optical measurement and sensing, and optical
energy applications.

One of the most important applications of semiconductor lasers is
optical-fiber communications. The development of semiconductor lasers has
been motivated mainly by this application. First, optical communication
systems using GaAs lasers were completed, and they have been used for
local area communications. Then, In1� xGaxAsyP1� y lasers which emit
optical waves at wavelengths in the 1.3 mm band, where silica optical fibers
exhibit the minimum group velocity dispersion, and in the 1.5 mm band,
where they exhibit minimum propagation losses, were developed. Although
in this application there are stringent requirements such as wide-band
modulation, narrow spectral bandwidth, low noise, and high reliability, high
performances have been accomplished through various improvements
including developments of DFB and DBR structures and QW structures.
Thus semiconductor lasers are being practically used as a completed device.
Higher performances are required in the wavelength division multiplexing
(WDM) communication systems and coherent communication systems. A
variety of high-performance semiconductor lasers, including wavelength-
tunable lasers, have been developed. Remarkable developments have been
obtained also in semiconductor laser amplifiers and nonlinear-optic
wavelength conversion in semiconductor lasers. There has been progress
in the development of picosecond mode lock semiconductor lasers as a light
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source for future applications to optical-fiber soliton transmission systems.
Towards development of the multimedia society using optical-fiber
subscriber networks, low-cost communication semiconductor lasers are
being developed. There is no doubt about the importance of semiconductor
lasers which are extensively used in the communications so essential to our
consumer society. Applications such as optical communications in space
and local free-space optical information transmission have also been
studied. Another important area of semiconductor laser applications is
optical disk memories. This application requires low nose and high stability
in a sense somewhat different from that in applications to communications.
Important and strong requirements include a short wavelength for a high
density of data recording and a low production cost. AlxGa1� xAs lasers
were adopted as a light source for compact-disk (CD) pickup heads, and
became the first laser that penetrated widely into the home. For DVD
systems, (Al1� xGax)yIn1� yP red semiconductor lasers have been adopted.
Development and commercialization of semiconductor lasers of shorter
wavelength are in progress, as mentioned in the previous section.

Other applications in optical information processing under practical
use include laser printers, image scanners, and barcode readers. An extensive
study on applications to ultrafast (picosecond) signal processing is being
made. Applications in optical measurements and sensors include the use of
infrared-tunable lasers in spectroscopic measurements and environment
sensing, various measurements using pulse and tunable lasers, and use with
optical-fiber sensors. Optical energy applications include InxGa1� xAs
strained QW lasers as a pump source to excite fiber laser amplifiers for
communication systems, broad-area lasers and arrayed lasers as a pump
source to excite solid-state lasers such as yttrium aluminium garnet (YAG)
lasers. These lasers are also commercially available.

Extensive research and development work is being performed to
implement monolithic integrated optic devices using semiconductor lasers as
a core component. Integrated devices consisting of laser and electronic
circuit elements are called optoelectronic integrated circuits (OEIC) and
those consisting of optoelectronic elements such as lasers, modulators,
and photodetectors are called photonic integrated circuits (PIC). Many
integrated devices are employed for applications to optical communication
systems, optical interconnection in computer systems, and optical measure-
ments and sensing.

As we saw above, semiconductor lasers has enabled various new
applications unfeasible or difficult to accomplish with other lasers to bemade.
High performances and advanced functions, which had been implemented
with other lasers, have been accomplished with alternative semiconductor
lasers. Further developments of semiconduct or lasers are expected.
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2
Interaction of Electrons and Photons

This chapter provides the basis for the discussion in the following chapters by

summarizing the fundamental concepts and the quantum theory concerning

the interaction between electrons and photons in a form that is convenient for

theoretical analysis of semiconductor lasers [1–9]. First, quantization of

electromagnetic fields of optical waves is outlined, and the concept of a

photon is clarified. Quantum theory expressions for coherent states are also

given. Then the quantum theory of electron–photon interactions and the

general characteristics of optical transitions are explained. Fundamental

mathematical expressions for absorption, spontaneous emission, and

stimulated emission of photons are deduced, and the possibility of optical

wave amplification in population-inverted states is shown.

2.1 QUANTIZATION OF OPTICAL WAVES AND PHOTONS

2.1.1 Expression of Optical Waves by Mode Expansion

The electric field E and magnetic field H of optical waves, together with the

electric flux density D, magnetic flux density B, current density J, and charge

density �, generally satisfy the Maxwell equations

J� E ¼ � @B
@t

ð2:1aÞ
J �D ¼ � ð2:1bÞ
J�H ¼ @D

@t
þ J ð2:1cÞ

J � B ¼ 0 ð2:1dÞ

The electromagnetic fields can be expressed using a vector potential A and

a scalar potential �. For cases where there is no free charge in the medium

(�¼ 0; J¼ 0), in particular, we can put �¼ 0, and accordingly E and H
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can be described by using only A as

E ¼ � @A
@t

, H ¼ 1

�0
J� A ð2:2Þ

We express A by a superposition of sinusoidal wave components of various
angular frequencies !m as

Aðr; tÞ ¼ 1
2

X

m

amðtÞAmðrÞ þ a�mðtÞA�
mðrÞ

� �
ð2:3aÞ

amðtÞ ¼ am expð�i!mtÞ ð2:3bÞ
Then E can be written as

Eðr; tÞ ¼ 1
2

X

m

amðtÞEmðrÞ þ a�mðtÞE�
mðrÞ

� �
ð2:4aÞ

EmðrÞ ¼ i!mAmðrÞ ð2:4bÞ
Let nr be the refractive index of a medium at angular frequency !, then the !
components of D and E are correlated by D ¼ n2r "0E, and Em(r) satisfies
the Helmholtz wave equation

r2Em þ nr!m

c

� �2
Em ¼ 0, JEEm ¼ 0 ð2:5Þ

where c ¼ 1= "0�0ð Þ1=2 is the light velocity in vacuum. Am also satisfies the
same Helmholtz wave equation as Em �Em and Am satisfying the wave
equation given by Eq. (2.5) and boundary conditions constitute a mode,
and the expressions in Eqs. (2.3) and (2.4) are called mode expansions. The
concept of the mode expansion is illustrated in Fig. 2.1. Noting that the
modes {Em(r)} form an orthogonal system, we normalize them so that
the energy stored in the medium of volume V satisfies

Z

V

"0nrng
2

EmðrÞ EE�
m0 ðrÞ dV ¼ �hh!m�mm0 ð2:6Þ

where ng is the group index of refraction (see Eq. (2.10)), and �mm0 is the
Kronecker delta.

2.1.2 Mode Density

The solution of the wave equation given by Eq. (2.5) for the homogeneous
medium occupying the space volume V can be written as

EmðrÞ ¼ Em expðikm E rÞ, kmj j ¼ nr!m

c
, Em E km ¼ 0 ð2:7Þ

Each mode is a plane transverse wave propagating along the direction of a
wave vector km. Since there exist many modes with different propagation
directions for a given frequency, we need the concept of mode density. As for
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the space volume V, consider a cube of side length L much larger than the
optical wavelength. Then the periodic boundary condition requires that
the wave vector k (¼ km) must be in the form of

k ¼ 2pmx

L
,
2pmy

L
,
2pmz

L

� �
,

mx,my,mz ¼ . . . , � 2, � 1, 0, 1, 2, . . . ð2:8Þ
and, in the k space, a mode occupies a volume of (2p/L)3. The number dN of
modes within dkxdkydkz in the k space, per unit volume in real space, is given by

dN ¼ 1

ð2p=LÞ3
dkx dky dkz

L3

¼ 1

2p

� �3

dkx dky dkz

¼ 1

2p

� �3

k2dk dO

¼ 1

2p

� �3
n2rng

c3
!2d! dO ð2:9Þ

where dO is the stereo angle for the range of propagation direction k, and
use has been made of

dk

d!
¼ d nr!=cð Þ

d!
¼ ng

c
, ng � nr þ

! dnr

d!
ð2:10Þ

Arbitrary
electromagnetic

field in a space of
finite volume V

A(r, t)

Am+1(r) Am+2(r)Am(r)

am+1(t) am+2(t)am(t)Expansion coefficients

Spatial mode functions

Figure 2.1 Schematic illustration of mode expansion of an optical wave in free

space.
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where ng is the group index of refraction. There are two independent

polarizations, i.e., two independent directions for Em satisfying the third

equation of Eq. (2.7). Therefore the total mode number is twice the above

expression. Since the stereo angle for all directions is 4p, the mode density

�(!) per unit volume and per unit angular frequency width is given by

�ð!Þ ¼ 2dN

d!
¼ 1

p2
n2rng

c3
!2 ð2:11Þ

2.1.3 Quantization of Optical Waves

The energy H stored in the medium associated with the electric field E and

the magnetic field H of an optical wave can be given as follows, using the

mode expansion, orthonormal relation (Eq. (2.6)) and periodic boundary

condition:

H ¼
Z

V

1
2
nrng"0E

2 þ 1
2
�0H

2
� �

dV

¼
X

m

�hh!m

2
ama

�
m þ a�mam

� �
ð2:12Þ

where h is the Planck constant and �hh ¼ h=2p. The above H can be

considered as the Hamiltonian for the electromagnetic field.
In the following, we write a single mode only and omit the subscript

m for simplicity. The full expression considering all modes can readily

be recovered by adding the subscript m and summing to give
P

m. We

here define real values corresponding to the real and imaginary parts of

the complex variables a and a� by

q ¼ 1

2

2 �hh

!

� �1=2

aþ a�ð Þ ð2:13aÞ

p ¼ 1

2i
2 �hh!ð Þ1=2 a� a�ð Þ ð2:13bÞ

Then the Hamiltonian is written as

H ¼ �hh!

2
aa� þ a�að Þ

¼ 1
2
p2 þ !2q2
� �

ð2:14Þ
and from this form we see that p and q are canonical conjugate variables.

The quantization of optical waves is accomplished by replacing a, a�

and p, q by corresponding operators. Noting that the operators p and q are
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canonically conjugate, we assume that the commutation relation ½q, p� ¼
qp� pq ¼ i �hh holds. Then we have the commutation relation

½a, ay� ¼ aay � aya ¼ 1

i �hh
½q, p� ¼ 1 ð2:15Þ

for the operators a and ay corresponding to a and a�, and the Hamiltonian

H is written as

H ¼ 1
2
p2 þ !2q2

� �

¼ �hh!ðayaþ 1
2
Þ

¼ �hh! N þ 1
2

� �
ð2:16Þ

N ¼ aya

Making the Heisenberg equation of motion from the above H yields

da

dt
¼ 1

i�hh
a, H½ �

¼ �i!a ð2:17Þ
which corresponds to the equation for the classic amplitude a (Eq. (2.3b)).

In accordance with the replacement of the amplitude a(t) by the

operator a, all the electromagnetic quantities are also replaced by the

corresponding operators. The operator expressions for the vector potential

A and the electric field E are

Aðr, tÞ ¼ 1
2
½aAðrÞ þ ayA�ðrÞ� ð2:18aÞ

Eðr, tÞ ¼ 1
2½aeðrÞ þ aye�ðrÞ� ð2:18bÞ

2.1.4 Energy Eigenstates and Photons

TheN defined by Eq. (2.16) is a dimensionless Hermitian operator. Let jni be
an eigenstate of operator N with an eigenvalue n; then we have Njni ¼ njni;
using the commutation relation Eq. (2.15), we see that application of a to jni
results in an eigenstate of N with an eigenvalue n� 1, and application of ay

to jni results in an eigenstate ofNwith an eigenvalue nþ 1. From this and the

normalization of the eigenstate systems, we obtain the important relations

ajni ¼ n1=2jn� 1i ð2:19aÞ
ayjni ¼ ðnþ 1Þ1=2jnþ 1i ð2:19bÞ

If the eigenvalue n is not an integer, from Eq. (2.19a) we expect the existence

of eigenstates of infinitively large negative n. Since such eigenstates are not
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natural, the eigenvalue n should be an integer. This means that eigenstates
for optical waves of a mode are discrete states of n ¼ 0, 1, 2, . . . and, from
the relation between H and N (Eq. (2.16)), the energy is given by

En ¼ �hh! nþ 1
2

� �
ðn ¼ 0, 1, 2, . . .Þ ð2:20Þ

From Eq. (2.16), the eigenstates jni of N, are energy eigenstates that satisfy

Hjni ¼ Enjni ð2:21Þ
and form an orthonormal complete system. As Eq. (2.20) shows, the
increase and decrease in energy of the optical wave of frequency ! are
limited to discrete changes with �hh! as a unit. This implies that optical waves
have a quantum nature from an energy point of view, and therefore the unit
energy quantity �hh! is called the photon. The operator N¼ aya is called the
photon number operator, since it gives the number of energy units, i.e.,
the number of photons. The amplitude operators a and ay, are called the
annihilation operator and the creation operator, respectively, because of
the characteristics of Eq. (2.19).

The energy eigenstate jni plays an important role in the quantum
theory treatment of optical waves. The expectation value for the energy of
the optical wave in this state is

hnjHjni ¼ En ¼ �hh! nþ 1
2

� �
ð2:22Þ

Figure 2.2 illustrates schematically the concepts of the quantization of
optical wave, photons, and energy eigenstates. As the above equation shows,
even the eigenstate j0i of the zero photon with the minimum energy is
associated with a finite energy of �hh!=2. This means that, even for the
vacuum state where no photon is present, there exists a fluctuation in the
electromagnetic field. The quantity �hh!=2 is the zero-point energy, which
results from fluctuations in the canonical variables following the uncertainty
principle.

Energy quantum
Energy eigenstates n>
En = h (n +   ), n integer

5.5 h
4.5 h
3.5 h
2.5 h
1.5 h
0.5 h

5>
4>
3>
2>
1>
0>

0

E
Classical optical wave

Continuous energy

Electromagnetic
sinusoidal wave
Complex amplitudes
a(t), a*(t)

Photon

Quantization
Amplitude operators a, a†

Commutation relation
[a, a†] = 1

1
2

Unit of energy transfer
h  = photon

Figure 2.2 Quantization of the optical wave and the concept of a photon.
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Although the energy eigenstates jni of the optical wave are convenient
for a discussion on the energy transfer between optical and electron systems,

they are not appropriate for a discussion of the electromagnetic fields

themselves. In fact, calculation of the expectation value for the electric field

by using Eq. (2.18b) yields

hEi ¼ hnjEjni ¼ 0 ð2:23Þ

for all instances of time, showing that, in spite of the fact that the wave has a

single frequency !, measurement of the amplitude results in fluctuations

centered at zero. This is because, for an energy eigenstate with a definite

photon number, the phase is completely uncertain. On the other hand, in

many experiments using single-frequency optical waves such as laser light,

the phase of the optical waves can be measured. The energy eigenstates are

thus very unlike the ordinary state of the optical wave. It is therefore

necessary to consider quantum states different from jni to discuss the

electromagnetic field specifically.

2.1.5 Coherent States

For a discussion of the electromagnetic field of optical waves whose

amplitude can be observed as a sinusoidal wave, it is appropriate to use

eigenstates of a, since the amplitude operators a and ay correspond to the

classic complex amplitude and its complex conjugate. Let � be an arbitrary

complex value, and consider an eigenstate j�iof a with an eigenvalue �,
i.e., a state satisfying

aj�i ¼ �j�i ð2:24Þ
The expectation values for amplitudes a and ay at time t¼ 0 are hai ¼ �
andhayi ¼ ��, and those at time t are

haðtÞi ¼ h�jaðtÞj�i ¼ � expð�i!tÞ ð2:25aÞ
hayðtÞi ¼ h�jayðtÞj�i ¼ �� expðþi!tÞ ð2:25bÞ

The expectation value hEi of the electric field is given by substituting the

above equations for a, ay in Eq. (2.18b) and is sinusoidal. This is consistent

with the well-known observations of coherent electromagnetic waves such as

single-frequency radio waves and laser lights. The state j�i is suitable for

representing such electromagnetic waves and is called the coherent state.
The fluctuations in the canonical variables q, p for a coherent state j�i

are �q ¼ h�q2i1=2 ¼ ð�hh=2!Þ1=2 and �p ¼ h�p2i1=2 ¼ ð�hh!=2Þ1=2, respectively.
They satisfy the Heisenberg uncertainty principle with the equality, and
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the coherent state j�i is one of the minimum-uncertainty states. However,
it should be noted that the amplitude operator a is not Hermitian, and the
amplitude awith the eigenvalue � that is a complex value is not an observable
physical quantity. In fact, the observable quantities are the real and
imaginary parts (or combination of them) of the amplitude �. They are
associated with fluctuations of amplitude 1/2, and corresponding fluctuations
are inevitable in the observation. The noise caused by the fluctuations is called
quantum noise.

Next, let us consider an expansion of the coherent state j�i by the
energy eigenstate systems

j�i ¼
X

n

cnjni ð2:26Þ

The coefficients cn can be calculated by applying hnj to the above equation,
using Eqs (2.19a) and (2.24) and normalizing so as to have h�j�i ¼ 1:

cn ¼ hnj�i
¼ h�jni�

¼ fh�jðn!Þ�1=2aynj0ig�

¼ ðn!Þ�1=2�nh0j�i

¼ ðn!Þ�1=2�n exp � j�j2
2

� �
ð2:27Þ

Therefore the probability of taking each eigenstate jni is given by

jcnj2 ¼
j�j2n
n!

expð�j�j2Þ ð2:28Þ

which is the Poissonian distribution with n as a probability variable. The
coherent state is one of the Poissonian states with the Poissonian
distribution given by Eq. (2.28) and is characterized by the regularity in
the phases of expansion coefficients as described by Eq. (2.27).

2.2 INTERACTIONS OF ELECTRONS AND PHOTONS

2.2.1 Hamiltonian for the Photon–Electron System and
the Equation of Motion

The Hamiltonian for the optical energy is obtained by taking the summation
of the Hamiltonians Hm for each mode given by Eq. (2.16):

H ¼
X

m

Hm ¼
X

m

�hh!m aymam þ 1
2

� �
ð2:29Þ
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The Hamiltonian for the energy of an electron in the optical electromagnetic
field represented by vector potential A, on the other hand, is given by

H ¼ ð p� eAÞ2
2m

þ V , p ¼ �i �hhJ

¼ p2

2m
� e

m
A � pþ e2

2m
A2 þ V

ð2:30Þ

where V describes static potential energy that may bound the electron, p2/2m
the kinetic energy of the electron, and �ðe=mÞA E p the energy of interaction
between the electron and the optical field (photon). Usually, the term
(e2/2m)A2 is extremely small and can be neglected.

By summing Eqs (2.29) and (2.30), the Hamiltonian H for the total
system of the optical wave and the electron under possible interaction is
given by

H ¼ H0 þHi ¼ He þHp þHi ð2:31aÞ

He ¼
p2

2m
þ V ð2:31bÞ

Hp ¼
X

m

�hh!m aymam þ 1
2

� �
ð2:31cÞ

Hi ¼ � e

m
A � p ð2:31dÞ

whereHe,Hp, andHi are the Hamiltonians of the electron, of the field energy,
and of the interaction energy, respectively, and H0 describes a Hamiltonian
for total energy under an assumption that there is no interaction. The vector
potential operator A in the interaction Hamiltonian Hi is obtained by using
the amplitude operators am and aym for photons of each mode:

A ¼
X

m

1
2
½amAmðrÞ þ aymA

�
mðrÞ� ð2:32Þ

Let us represent the state of a system where an electron is under
interaction with optical field by jCðtÞi: then the equation of motion for
determining the temporal change in jCðtÞi is a Schrödinger equation with
the Hamiltonian H¼H0þHi of Eq. (2.31):

i �hh
@

@t
jCðtÞ ¼ ðH0 þHiÞjCðtÞi ð2:33Þ

Then we employ an operator defined by using H0 as

U0ðtÞ ¼ exp � iH0t

�hh

� �
ð2:34Þ
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to convert the representation jCðtÞi of the state in the Schrödinger picture

into the representation jCðtÞi in the interaction picture:

jCðtÞi ¼ U0ðtÞjCIðtÞi ð2:35Þ
We then rewrite jCIðtÞi as jCðtÞi to obtain an equation of motion in the

interaction picture:

i �hh
@

@t
jCðtÞi ¼ HIðtÞjCðtÞi ð2:36aÞ

HIðtÞ ¼ Uy
0
HiU0 ð2:36bÞ

The solutions of the equation of motion (Eq. (2.36)) can be obtained

using the expansion by energy eigenstates. The eigenstates of the

Hamiltonian H0, with interaction omitted can be written as

jCJi ¼ j j; n1, n2, . . . , nm, . . .i ð2:37Þ

using the energy eigenstates j ji of the electron and the eigenstates jnmi of
optical field of each mode m. Here J is a label for the combination of

electron states and states of field modes ( j and {nm}), and jCJi satisfies

eigenequation

H0jCJi ¼ EJ jCJi ð2:38Þ
The eigenvalue can be written as the total sum of the eigenvalues Ej of the

electron and the eigenvalues of the field modes:

EJ ¼ Ej þ
X

m

�hh!m nm þ 1
2

� �
ð2:39Þ

Then we expand the state jCðtÞi in the interaction picture as

jCðtÞi ¼
X

J

CJðtÞjCJi ð2:40Þ

and substitute it into Eq. (2.36a) to obtain

i �hh
X

J

@

@t
CJðtÞ expð�iOJtÞ jCJi ¼

X

J 0
CJ 0 ðtÞHi expð�iOJ 0tÞjCJ 0 i ð2:41Þ

where

EJ ¼ �hhOJ , EJ 0 ¼ �hhOJ 0

OJJ 0 ¼ OJ � OJ 0 ¼
EJ � EJ 0

�hh

ð2:42Þ

and use has been made of Eqs (2.34), (2.36b), and (2.39). Application of

hCJ j to both sides of Eq. (2.41), with the use of the orthonormal relation
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of the eigenstates, yields a group of equations that determine the temporal
change in the expansion coefficients CJ:

i �hh
@

@t
CJ ðtÞ ¼

X

J 0
CJ 0 ðtÞhCJ jHijCJ 0 i expðiOJJ 0tÞ ð2:43Þ

The above equations are called state transition equations. The analysis of
the interaction can be made by solving the equations under given initial
conditions.

2.2.2 Transition Probability and Fermi’s Golden Rule

Consider the transition of a state for the case where the initial condition is
given by an energy eigenstate:

jCð0Þi ¼ jCii ¼ j i; n1, n2, . . . , nm, . . .i ð2:44Þ
Although in general there exist several energy levels for a bound electron, we
can discuss the interaction by considering only two levels for cases where
only the initial state j ji and another state j f i are involved in the
interaction. However, if the system does not consist of a lone electron but
includes many electrons as carriers in valence and conduction bands of
semiconductors, the electron states are not at discrete levels but of
continuous energy, and therefore an infinite number of states must be
considered. An infinite number of states must be considered also for the
optical field, since it has a spectrum of continuous variable !m with many
modes. We therefore consider the state transition of a system described by
an infinite number of state transition equations. In energy eigenstate
expansion, the initial condition corresponding the initial state is given by

CI ð0Þ ¼ 1, CF ð0Þ ¼ 0 ðF 6¼ IÞ ð2:45Þ

Assuming that the state jCðtÞi does not change largely from the initial state
jCð0Þi in a short time, we substitute Eq. (2.45) into the right-hand side of
Eq. (2.43) to obtain an approximate equation for CF (t):

i �hh
@

@t
CF ðtÞ ¼ hCF jHijCI i expðiOFI tÞ ð2:46Þ

Integration of the above equation using CF (0)¼ 0 directly yields an
expression for CF (t):

CF ðtÞ ¼ �ihCF jHijCI i exp
iOFI t

2

� �
sinðOFI t=2Þ
OFI t=2

t

�hh
ð2:47Þ
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Accordingly, the probability that the state is jCF i after a short time is

given by

jCF ðtÞj2 ¼ jhCF jHijCI ij2 sin
ðOFI t=2Þ
OFI t=2

� �2
t

�hh

� �2
ð2:48Þ

As shown in Fig. 2.3, the absolute value of the amplitude of the states of

OFI¼ 0, with respect to the initial state jCI i at t¼ 0, increases with

increasing t, while the amplitudes of the states of OFI 6¼ 0 oscillate without

substantial increase. This means that the change in state is limited to such

states jCF i that satisfy the energy conservation rule EI¼EF with respect to

EI. The change associated with the change in electron state  i !  f is

called a transition, and jCF i is called the final state. Equation (2.48)

indicates that some transition takes place to states jCF i, within a region of

jEF � EI j < �hh=t, which do not exactly satisfy the energy conservation rule.

This is because the energy operator H ¼ i �hh @=@t and time t are in the

commutation relation of ½i �hh @=@t, t� ¼ i �hh, leading to an uncertainty relation

�E �t � �hh=2, and therefore the energy involves uncertainty of �hh=t or so for

|CF (t) |2

|CF (t) |2  dEF = (2 /h) |< F |HI | I >|2 t

2 E = h/t

t

|< F |HI | I >|2(t/h)2

EF
_ EI = h FI0

Figure 2.3 Temporal variation in the probability of the final state in the optical

transition of an electron.
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observation at a very short time t. In discussions on an ordinary time scale,

however, the energy uncertainty is negligibly small since �hh is very small, and

therefore one can consider that the energy conservation rule holds for the

transition.
The probability that the system is found to be a final state jCF i after

a time t is jCF ðtÞj2 given by Eq. (2.48). The final state jCF i of the total system
must be treated as a continuous energy state. In order to calculate the

probability that the electron is found to be a final state  f of discrete energy,

jCF ðtÞj2 must be multiplied by the mode density � of the optical field and

integrated with respect to the energy EF of the final states. This means that

the probability that the electron is found in a final state  f is given byR
jCF ðtÞj2� dEF and is given by the area of the region that is surrounded by

the curve and the abscissa in Fig. 2.3. The energy conservation factor

½sinðOFI t=2Þ=ðOFI t=2Þ�2, which is involved in the integration using Eq. (2.48),

takes a small value except for the vicinity of OFI¼ðEF � EI Þ=�hh ¼ 0, and on

a time scale where the energy uncertainty is not significant the factor

asymptotically approaches p�ðOFI t=2Þ ¼ ð2p�hh=tÞ�ðEF � EI Þ, where � is the

Dirac delta function. Accordingly, jhCF jHijCI ij2 and � can be replaced by the
values at EF¼EI and put in front of the integral as follows:

Z
jCF ðtÞj2� dEF ¼

Z
jhCF jHijCI ij2

2pt
�hh
�ðEF � EI Þ� dEF

¼ 2pt
�hh

jhCF jHijCI ij2� ð2:49Þ

Therefore the transition probability per unit time is given by

w � 1

t

Z
jCF ðtÞj2� dEF

¼ 2p
�hh

Z
jhCF jHijCI ij2�ðEF � EI Þ� dEF ð2:50aÞ

¼ 2p
�hh
jhCF jHijCI ij2� ð2:50bÞ

Equation (2.50), called Fermi’s golden rule, is a very important formula

that gives a simple expression for the transition probability using the

matrix element of the interaction operator and the density-of-states

function. For an electron in a continuous energy state, � in Eq. (2.50a)

must be replaced by the density of electron states and the integration must

be carried out with respect to the final electron energy, as will be discussed

in detail in Chap. 3.
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2.3 ABSORPTION AND EMISSION OF PHOTONS

2.3.1 Optical Transition and Matrix Element

From Eqs (2.31) and (2.32) the Hamiltonian representing the photon–
electron interaction can be written as

Hi ¼ � e

m

X

m

1
2
½amAmðrÞ þ aymA

�
mðrÞ�Ep ð2:51Þ

Application of Hi to the initial state jCI i given by Eq. (2.44) yields

HijCI i ¼ � e

m

X

m

1
2
½n1=2

m
AmðrÞ E pj i; n1, n2, . . . , nm � 1, . . .i

þ ðnm þ 1Þ1=2A�
m
ðrÞ E pj i; n1, n2, . . . , nm þ 1, . . .i� ð2:52Þ

From the above equation and the orthogonality of the energy eigenstates of
the optical field, we see that the final states that give nonzero matrix element
hCF jHijCI i are limited to

jCF i ¼ j f ; n1, n2, . . . , nm � 1, . . .i ð2:53Þ

The sign þ represents an increase in the photon number or photon emission,
and the sign � represents photon absorption. The energy conservation
between the initial and final states, EF¼EI, can also be written as

Ei ¼ Ef � �hh!m ð!m > 0Þ ð2:54Þ

If the electron is initially in the upper energy level Ei (Ei>Ef), the electron
transition Ei ! Ef associated with emission of a photon of a mode of
frequency !m ¼ ðEi � Ef Þ=�hh takes place. If the electron is initially in the
lower energy level Ei (Ei<Ef), incidence of an optical wave of frequency
!m ¼ ðEf � EiÞ=�hh gives rise to absorption of a photon and excitation of
the electron as Ei ! Ef .

From Eqs (2.52) and (2.53), the matrix element of the optical
transition hCF jHijCI i is given by

hCF jHijCI i ¼ � e

2m
n1=2h f jAðrÞ E pj ii ð2:55aÞ

hCF jHijCI i ¼ � e

2m
ðnþ 1Þ1=2h f jA�ðrÞ E pj ii ð2:55bÞ

Equations (2.55a) and (2.55b) apply for photon absorption and photon
emission, respectively. The mode label m was omitted. The spatial expanse
of the electron wave function  is usually much smaller than the optical
wavelength and hence A(r) is almost constant over the expanse of  .
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Therefore we can put A(r) outside the angular brackets with the electron
position substituted for r (dipole approximation). The matrix elements of
the electron momentum p are correlated with the matrix elements of the
canonically conjugate coordinate r by

h f j pj ii ¼
m

i �hh
ðEi � Ef Þh f j r j ii

¼ �m

i
!h f jrj ii ð2:56Þ

Therefore using Eq. (2.4b) the matrix elements for the photon absorption
and photon emission are given by

hCF jHijCI i ¼ �1
2
n1=2EðrÞh f jerj ii ð2:57aÞ

hCF jHijCI i ¼ �1
2
ðnþ 1Þ1=2E �ðrÞh f jerj ii ð2:57bÞ

respectively, where h f jerj ii on the right-hand side is called the electric
dipole moment for the transition. The wave functions for an electron in an
atom are even or odd functions of the displacement r, since the Hamiltonian
is an even function of r. The dipole moment h f jerj ii with the odd operator
er takes nonzero values only for combinations of odd function and odd
function for  i and  f (only for different parities). The transition takes place
between states satisfying this parity selection rule.

The fundamental optical transitions discussed above are schematically
illustrated in Fig. 2.4. In the following, the transition probabilities are
considered for photon absorption and emission.

2.3.2 Photon Absorption

The mode function for an optical field in a medium of refractive index nr
given by Eq. (2.7) can be rewritten, after normalization to satisfy Eq. (2.6)
for a space of volume V, as

EðrÞ ¼ 2 �hh!

"0nrngV

� �1=2

e expðik E rÞ ð2:58Þ

where e is a unit vector indicating the polarization direction, and e is parallel
to E and A. As incident light, consider a set of modes of single polarization
with the wave vectors k whose directions are within a narrow stereo angle
region dO. Since from Eq. (2.9) the mode density is

� � V
dN

dE

¼ V

�hh

1

2cp

� �3

ðn2rngÞ!2 dO ð2:59Þ
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from Eqs (2.50b), (2.57a), (2.58), and (2.59) the transition probability for

photon absorption is given by

wab ¼ p
"0nrngV

n!j e E h f j er j i ij2�

¼ nr

8p2c2�hh
�0

"0

� �1=2

n!3j e E h f j er j iij2 dO ð2:60Þ

Let dI be the intensity of the components belonging to a mode set VdN of

incident light; then we have dI ¼ vgðn �hh!=VÞV dN. Using the resulting

relation � ¼ VðdN=dEÞ ¼ ðV=vgn �hh!ÞðdI=dEÞ, we see that wab is given by

wab ¼ p
�hh"0cnr

j e E h f j er j iij2
dI

dE
ð2:61Þ

Also wab is proportional to the energy density dI/dE of the incident light

intensity and is proportional to the square of the component along the

incident wave polarization of the dipole moment.

|n> |n>

|0> |0>

h

Transition probability
wab = 0

No absorption, no emission

Transition probability
wspt > 0

Spontaneous emission

Without the presence of incident light

Transition probability
wab = wstm = nwspt

Absorption

Transition probability
wstm + wspt = (n + 1)wspt

Stimulated emission + spontaneous emission

With the presence of incident light

Figure 2.4 Transition probabilities for photon absorption and emission.
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2.3.3 Spontaneous Emission and Stimulated
Emission of Photons

From Eqs (2.50b), (2.57b), (2.58) and (2.59), the probability of photon
emission is given by

wem ¼ wspt þ wstm ð2:62aÞ

wspt ¼
p

"0nrngV
!j e E h f j er j iij2� ð2:62bÞ

wstm ¼ p
"0nrngV

n!j e E h f j er j iij2� ð2:62cÞ

The above equations indicate that, even if the photon number of the initial
state is n¼ 0, i.e., even if there is no incident light, transition and photon
emission take place with a probability wspt. This is a quantum phenomena
resulting from the commutation relation of the amplitude operators and is
called spontaneous emission. From Eqs (2.62b) and (2.59), the probability
for spontaneous emission of photons of modes with polarization direction e
and wave vector direction within a stereo angle dO is given by

wspt ¼
nr

8p2c2�hh
�0

"0

� �1=2

!3j e E h f j er j iij2 dO ð2:63Þ

Since the spontaneous emission takes places for all spatial modes and
polarizations, it should be integrated over whole dO. If the dipole moment is
not oriented to a particular direction, using the fact that the average
of jeEh f jerj iij2 over many electrons is jh f jerj iij2=3 and taking the
two independent polarizations into account, the spontaneous emission
probability wspt can be calculated from

wspt ¼
nr

3pc2 �hh
�0

"0

� �1=2

!3jh f j er j iij2 ð2:64Þ

An important implication of this result is that wspt is proportional to the
third power of the optical frequency.

If the photon number of the initial state is n� 1, i.e., if light is incident,
in addition to the spontaneous emission, transition and photon emission
take place with a probability wstm proportional to the initial photon number
n, as indicated by Eq. (2.62c). This is called stimulated emission. From
Eqs (2.62c) and (2.59), the stimulated emission probability is given by

wstm ¼ nr

8p2c2 �hh
�0

"0

� �1=2

n!3j e E h f j er j iij2dO ð2:65Þ
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Using � ¼ ðV=vgn�hh!ÞðdI=dEÞ, the probability can also be rewritten as

wstm ¼ p
�hh"0cnr

j e E h f jerj iij2 dI=dE ð2:66Þ

Equations (2.65) and (2.66) have exactly the same forms as Eqs (2.60) and
(2.61), respectively. This means that the stimulated emission probability wstm

equals the absorption probability wab, and both probabilities are propor-
tional to the energy density dI/dE of the incident light intensity and to the
square of the component along the incident wave polarization of the dipole
moment. The spontaneous emission probability wspt, which is also expressed
in terms of the dipole moment, is closely related to wab and wstm.

2.3.4 The Einstein Relation

Before the development of the quantum theory described above, Einstein
introduced the concept of absorption, spontaneous emission and stimulated
emissions of photons and proposed a mathematical relation between the
transition probabilities, in order to explain the spectrum of the black-body
radiation in terms of the transitions between levels of particle system. He
considered an energy level 1 and another level 2 of energy higher than level 1
by �hh! and assumed that the probability W12 of the 1 ! 2 transition and the
probability W21 of the 2 ! 1 transition and W21 in an optical field with
energy density u(E) per unit volume can be written as

W12 ¼ wab ¼ B12uðEÞ ð2:67aÞ
W21 ¼ wem ¼ B21uðEÞ þ A21 ð2:67bÞ

and, through a consideration based on the quantum assumption by Planck
and statistical mechanics, he deduced relations between the coefficients A21,
B12, and B21:

A21 ¼
!3

p2c3
B21 ð2:68aÞ

B12 ¼ B21 ð2:68bÞ

B12, B21, and A21 are the absorption, stimulated emission, and spontaneous
emission coefficients respectively, and Eq. (2.68) is called the Einstein
relation.

We can confirm the validity of Eqs (2.67) and (2.68), by applying
the quantum theory discussed in the previous sections to the black-body
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radiation. The equations obtained through the quantum theory are

consistent with the Einstein relation. Accordingly, the relations between

the absorption, stimulated emission and spontaneous emission derived by

the quantum theory are often identified with the Einstein relation. However,

it should be noted that the original Einstein relation, i.e., Eq. (2.68a), does

not apply for analysis of absorption and emission of coherent optical waves

such as laser light.

2.4 POPULATION INVERSION AND LIGHT AMPLIFICATION

The mathematical expressions for the absorption, spontaneous emission,

and stimulated emission deduced by the quantum theory in the previous

section show that, in the presence of incident light, absorption and

stimulated emission of photons take place with the same probability for

the stimulated emission and the absorption, and, even without incident

light, spontaneous photon emission takes place with a nonzero probability.

Since these probabilities are for a single electron, for a system consisting of

many electrons, they must be multiplied by the number of electrons in the

states where absorption and emission are allowed.
In thermal equilibrium, the electron energy obeys the Fermi–Dirac

distribution. An electron state of energy E is occupied by an electron

with a probability

f ¼ 1

exp½ðE � FÞ=kBT � þ 1
ð2:69Þ

where F is the Fermi energy, kB the Boltzmann constant, and T the absolute

temperature. According to the above equation, which indicates that the

electron occupation probability for a level of higher energy is smaller than

that for a level of lower energy, the number of photon emission transitions is

smaller than the number of photon absorption transitions and therefore as a

whole the light is absorbed. However, if a situation where the occupation of

the higher level is greater than that of the lower level is produced, the larger

number of stimulated photon emission transitions than that of photon

absorption transitions gives rise to substantial stimulated emission. Such a

situation, called population inversion, can be produced through excitation

by providing the medium with an external energy. The situation of inverted

population is also called the ‘‘negative temperature’’ state.
The fundamental principle of light amplification by stimulated

emission of radiation (LASER) is based on coherent amplification of an
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optical wave utilizing the stimulated emission in a medium where population
inversion is produced by excitation. The state of the medium with
population inversion is called the laser-active state. In semiconductor
injection lasers, population inversion is realized through injection of
minority carriers with a high energy in the vicinity of a p–n junction by
supplying a forward current. Although in this chapter the possibility of
enhancement of optical power by stimulated photon emission was shown
based on consideration of the states of an electron and the energy
eigenstates of the optical field, this discussion does not ensure the possibility
of enhancement of optical amplitude including the phase, i.e., the coherent
amplification of an optical wave. The possibility of coherent amplification
will be discussed on the basis of an analysis using the density matrix in
Chap. 3. Spontaneous emission also takes place in parallel to the laser
action. It affects significantly the laser performances; e.g., it gives rise to the
laser oscillation threshold and the quantum noise in the output light.
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3
Stimulated Emission and Optical
Gain in Semiconductors

This chapter presents the basic theory and characteristics of stimulated
emission and optical amplification gain in semiconductors. The former is the
most importantprinciple thatenables semiconductor lasers tobe implemented,
and the latter is the most important parameter for analysis of the laser
performances. First, stimulated emission in semiconductors is explained, and
then quantum theory analysis and statistic analysis using the density matrix
of the optical amplification gain are given. Stimulated emission and optical
gain in semiconductor quantum well structures will be presented in the next
chapter.

3.1 BAND STRUCTURE OF SEMICONDUCTORS AND
STIMULATED EMISSION

3.1.1 Band Structure of Direct-Transition Bandgap
Semiconductors

Semiconductor lasers utilize the interband optical transitions of carriers in a
semiconductor having a direct-transition bandgap. As is well known in the
electron theory of solids [1], the wave function of an electron of wave vector
k (momentum �hhk) in an ideal semiconductor crystal can be written as a
Bloch function

j ðrÞ >¼ j expðikErÞukðrÞ > ð3:1Þ

where uk(r) is a periodic function with the periodicity of the crystal lattice,
and uk(r) is normalized in a unit volume. The electron states form a band
structure, consisting of continuous energy levels in the band. Figure 3.1
shows the band structure of GaAs [2], a representative semiconductor laser
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material. The figure shows the electron energy E dependent on k within the

first Brillouin zone; the dependences on k along the [111] and [100]

directions with good symmetry, in the k space, are shown in the left and

right halves, respectively. Crystals of III–V compound semiconductors such

as GaAs are of the zinc blende structure, and their valence and conduction

bands originate from the sp3 hybrid orbital that forms the covalent bond.

The conduction band is a single band of s-like orbital, while the valence

band is of p-like orbital and consists of a heavy-hole band, a light-hole band

and a split-off band [3]. The upper edge of the valence band is at the � point,

the center of k space, where the heavy-hole and light-hole bands are

degenerate, and the split-off band is separated from them by the spin–orbit

interaction energy D. The lower edge of the conduction band is at the �

point. Thus the wave vectors for the conduction- and valence-band edges

that determine the bandgap coincide with each other. This type of band edge

is called a direct-transition band edge. In this situation, transitions that cause

emission or absorption of photons with energy close to the bandgap energy

take place with high probability, since momentum conservation is satisfied.

Lasers can be implemented by using such interband transitions. Most of

the III–V (GaAs, AlxGa1�xAs, InP, cGaxAsyP1�y, etc.) and II–VI compound

semiconductors have a band structure similar to that of Fig. 3.1 and the

direct-transition bandgap. On the other hand, for group IV semiconductors

such as Si and Ge, and a III–V semiconductor AlAs, the wave vectors for

the conduction-band edge and the valence-band edge do not coincide with

each other (indirect-transition bandgap). In these semiconductors, the
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Figure 3.1 Band structure of the III–V semiconductor GaAs having a bandgap of

direct transition type [2].
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transitions for emission and absorption of photons with bandgap energy
require the assistance of interaction with phonons. The probability of this
indirect transition is low, and therefore semiconductors of this type are not
suitable for a semiconductor laser.

Using the effective-mass approximation, the energy of electrons near
the conduction- and valence-band edges can be written as

EcðkÞ ¼ Ec þ
�hh2

2mn
k2 ð3:2aÞ

EvðkÞ ¼ Ev �
�hh2

2mp
k2 ð3:2bÞ

where k is the electron wave vector. The band structure described by the
above expressions is a parabolic band. Here, Ec and Ev are energies of the
lower edge of the conduction band and the upper edge of the valence band,
respectively, the difference Eg ¼Ec�Ev is the bandgap energy, and mn is the
effective mass of electrons in the conduction band while mp is the effective
mass of holes in the valence band. The effective mass of the heavy hole is
denoted by mph, and that of the light hole by mpl. For GaAs, mn¼ 0.067m,
mph¼ 0.45m, and mpl¼ 0.082m, where m is the mass of a free electron. The
density of states (number of states per unit volume and per unit energy width)
for electrons in the conduction and valence bands are calculated from
Eq. (3.2) as

�cðEÞ ¼
1

2p2�hh3
ð2mnÞ3=2ðE � EcÞ1=2 ðE >EcÞ ð3:3aÞ

�vðEÞ ¼
1

2p2�hh3
ð2mpÞ3=2ðEv � EÞ1=2 ðEv >EÞ ð3:3bÞ

(see Appendix 2). As described by these expressions, the densities of state are
given by parabolic functions with their tops at the band edge energies.

3.1.2 Condition for Stimulated Emission

Here we discuss the necessary condition for stimulated emission [4], by using
the simplest model of an elementary process of the optical transition of
electrons in a semiconductor. Consider an energy level E1 in the valence band
and an energy level E2 (>E1) in the conduction band, as shown in Fig. 3.2,
and consider interband transitions associated with absorption or emission
of a photon of frequency ! determined by the energy conservation rule:

E2 � E1 ¼ �hh! ð3:4Þ
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If the system is in thermal equilibrium, the probability of occupation of
a level at energyEbyanelectron is generallygivenby theFermi–Dirac function

f ¼ 1

exp½ðE � FÞ=kBT � þ 1
ð3:5Þ

where F is the Fermi level, kB the Boltzmann constant, and T the absolute
temperature of the system. As pointed out in the previous chapter, in
thermal equilibrium, substantial stimulated emission cannot be obtained.
However, the population can be inverted by injecting minority carriers of
energy higher than that of the majority carriers by means of current flow
through a semiconductor p–n junction. In the semiconductor excited by
minority-carrier injection, thermal equilibrium is violated between the
conduction band and the valence band. However, one can consider that
the carriers are approximately in equilibrium within each band (the quasi-
thermal equilibrium approximation). Then the occupation probabilities for
the energy level E1 in the valence band and for the energy level E2 in the
conduction band can be written as

f1 ¼
1

exp½ðE1 � FvÞ=kBT � þ 1
ð3:6aÞ

and

f2 ¼
1

exp½ðE2 � FcÞ=kBT � þ 1
ð3:6bÞ

Conduction band

Valence band Valence band

Conduction band
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f f

E
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hω =
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(a) Before population inversion (b) Under population inversion

Figure 3.2 Emission and absorption of photons by electron transition in a

carrier-injected semiconductor.
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respectively, where Fv and Fc are quasi-Fermi levels for the valence band
and the conduction band, respectively. The state of the system described by
the above equation is called the quasithermal equilibrium state. When a
forward voltage V is applied across a semiconductor p–n junction, an energy
difference as large as eV is given between the Fermi levels for the p and n
regions. Since carriers of energies represented by the Fermi levels for the p
and n regions are injected into the active region, the difference Fc –Fv, in the
quasi-Fermi levels equals eV.

In order to accomplish light amplification by stimulated emission,
i.e., laser action, a substantial amount of stimulated emission more than
absorption is required. Noting that the stimulated emission probability for a
case where an electron is at the energy level E2 and the energy level E1 is
vacant is given by B21u(E ) using the Einstein coefficient, the probability of
stimulated emission in the semiconductor is given by B21u(E ) multiplied by
the probability f2(1� f1) that the level E2 is occupied and the level E1 is
unoccupied. Similarly, the absorption probability in the semiconductor is
given by B12u(E ) multiplied by f1(1� f2). Therefore, the condition for
substantial spontaneous emission is

B21 f2ð1� f1ÞuðEÞ >B12 f1ð1� f2ÞuðEÞ ð3:7Þ

Using u(E)> 0 and the Einstein relation B21¼B12, Eq. (3.7) can be rewritten
as f2(1� f1)> f1(1� f2), or

f2 > f1 ð3:8Þ

which implies that the population inversion is required. Substitution of Eq.
(3.6) into Eq. (3.8) yields

E1 � Fv > E2 � Fc or Fc � Fv > E2 � E1 ð3:9Þ

Therefore, for stimulated emission to exceed absorption, it is necessary that
the difference Fc –Fv in the quasi-Fermi levels, i.e., the energy corresponding
the applied voltage eV, exceeds the energy E2�E1(¼ �hh!) of the photon to be
emitted, as shown in Fig. 3.2(b).

3.1.3 Photon Absorption and Emission, and Absorption
and Gain Factors

The electron states in the band structure of a semiconductor consist of a
set of many states of continuous energy. Noting this, here we analyze
absorption and emission of photons, to deduce fundamental formulas useful
for calculation of the gain of light amplification by laser action. Consider a
case where an optical wave of a mode with an angular frequency ! is
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incident on a semiconductor. Let nr and ng be the refractive index and the
group index of refraction, respectively, of the semiconductor, and n be the
photon number. The modes of optical wave are normalized for volume V. In
this case, the density of electron state should be used for � in the Fermi
golden rule (Eq. (2.50a)), and then �dEf stands for the number of the
electron states. From this equation and Eqs (2.57) and (2.58), the absorption
probability and the stimulated emission probability per one set of initial and
final states of electron, and per unit time, can be written as

wabs ¼ wstm

¼ p
"0nrngV

n!je  f jerj 1i
	

j2�ðE1 � �hh!� Ef Þ ð3:10Þ

where þ denotes absorption and � emission. The above equation is an
expression for a transition, and it must be integrated over whole combina-
tions of electron states to yield an expression for total optical transitions.

The power absorption factor �, which is often used to describe optical
absorption phenomenologically, is defined by the relative intensity
attenuation per unit length as �¼ (�dI/d�)/I, where I is the light intensity
and � is the coordinate along the optical propagation. Since �dI is the
difference between energy flows per unit time for two cross sections of unit
area separated by d�, �dI/d� is the energy absorbed in unit volume per unit
time, and is given by the substantial number of absorption transitions
(¼ number of absorption transitions� number of stimulated emissions)
per unit volume and unit time, multiplied by the photon energy �hh!. On the
other hand, the light intensity I, being the optical energy (except for the
zero-point energy) passing across a cross section of unit area per unit time, is
given by using the photon number n and the group velocity vg of the light as

I ¼ n�hh!

V
vg ¼

n�hh!

V

c

ng
ð3:11Þ

Therefore, a is given by substantial absorption transitions per unit volume
and unit time, multiplied by �hh!/I¼ (V/n)(ng/c). The power gain factor g,
often used to describe optical gain phenomenologically, is defined by
g¼ (dI/d�)/I and equals the absorption factor a with the sign inverted. This
is because substantial absorption (¼ absorption � stimulated emission) is
considered for the calculation of �, while substantial emission (¼ stimulated
emission � absorption) is considered for the calculation of g. Thus the gain
factor g is given by g¼��; the mathematical expressions for calculating �
and g are essentially same. Positive � describes absorption and negative �
describes amplification (the gain coefficient is g¼��¼ j�j).
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3.2 DIRECT-TRANSITION MODEL

Consider optical transitions of electrons at the vicinity of band edges in a
semiconductor having a direct-transition bandgap, as shown in Fig. 3.1,
under the assumption that the semiconductor does not contain impurities

and is a perfect crystal (ideal semiconductor of direct-transition type). The
electric dipole moment h f jerj ii for a combination of electrons in the
valence and conduction bands can be calculated by integration using  f and
 i in the form of Eq. (3.1). The calculation gives a nonzero value only when

kf ¼ ki holds for the wave vectors kf and ki and for  f and  i. This means
that only such transitions that conserve the wave (momentum) vector are
allowed. In fact, the exact momentum conservation for the electron–photon

system, kf¼ ki� k, holds in the transition, but the optical wave vector k is
so small in comparison with kf and ki that it can be omitted (corresponding
to the dipole approximation in Section 2.3.1).

Using the periodic boundary condition for the states of electrons in a
semiconductor of volume V, an electron state in each band occupies a

volume of (2p)3/V in k space. Considering the spin, the number of states in
the volume element dk¼ dkx dky dkz in k space, per unit volume, is therefore
(1/4p3) dk. The probabilities of electron occupation for energy levels E1 and
E2 in the valence and conduction bands, respectively, are given by f1 and f2
in Eq. (3.6). Therefore, there are (1/4p3) f2 dk initial states for photon
emission, in unit volume and in dk. Considering the spin, there are two final
states having the same k as each initial state, and they are occupied with a
probability f1. Therefore, the number of effective combinations of initial and

final states that can contribute to the emission transition, in unit volume and
in dk, is (1/2p3) f2(1� f1) dk. Similarly, the number of effective combinations
of initial and final states that can contribute to the absorption transition, in

unit volume and in dk, is (1/2p3) f1(1� f2) dk. Since the probabilities of
stimulated emission and absorption are same, as shown by Eq. (3.10), the
substantial number of stimulated emission transitions per unit time, in unit
volume and in dk, is (1/2p3)[ f2(1� f1)� f1(1� f2)] dk¼ (1/2p3)( f2� f1) dk

multiplied by wstm in Eq. (3.10). Therefore, after integration with respect to
dk, we obtain an expression for the gain factor:

g ¼ V

n

ng

c

Z
1

2p3
ð f2 � f1Þwstm dk

¼ p!
c"0nr

1

2p3

Z
je  2jerj 1

	 

j2ð f2 � f1Þ�ðE1 þ �hh!� E2Þ dk ð3:12Þ

Since a delta function �(E1þ �hh!�E2) is included in the integrand of the
above equation, the ( f2� f1) factor can be replaced by the values for E1 and
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E2 that satisfy E1þ �hh!¼E2 with the same k and can be put in front of the

integral. Here, E1 and E2 are given by

E1 ¼ Ev �
mr

mp
ð�hh!� EgÞ ð3:13aÞ

E2 ¼ Ec þ
mr

mn
ð�hh!� EgÞ ð3:13bÞ

where

1

mr
¼ 1

mn
þ 1

mp

The factor jeh 2jerj 1ij2 can be replaced by the average value for electrons

near the band edges and can be put in front of the integral. From Eq. (2.56)

we have

jeh 2jerj 1ij2 ¼
e

m!

� �2
jeh 2jpj 1ij2 ð3:14Þ

Here we denote the mean square of the momentum matrix element as

jMj2 ¼	 jeh 2jpj 1ij2 
 ð3:15Þ

Then from Eq. (3.12) we obtain an expression for the gain factor g and the

absorption factor �:

gð�hh!Þ ¼ ��ð�hh!Þ

¼ pe2

nrc"0m2!
jMj2ð f2 � f1Þ�rð�hh!Þ ð3:16Þ

where �r(�hh!) is the reduced density of states defined by

�rð�hh!Þ ¼
1

2p3

Z
�ðE1 þ �hh!� E2Þ dk ð3:17Þ

When the k dependences of the electron energies E2 and E1 are given by

Eq. (3.2), the reduced density of states can readily be calculated to yield

�rð�hh!Þ ¼
ð2mrÞ3=2
p2�hh3

ð�hh!� EgÞ1=2 ð3:18aÞ

1

mr
¼ 1

mn
þ 1

mp
; Eg ¼ Ec � Ev ð3:18bÞ
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where Eg is the bandgap energy and mr is called the reduced mass. In
Eq. (3.16), f1 and f2 are given by Eqs (3.6a) and (3.6b) with Eqs (3.13a)
and (3.13b), respectively, substituted.

The gain factor g given by Eq. (3.16) takes a negative value
when Eq. (3.8) holds, indicating that Eq. (3.8) is appropriate as the
condition for substantial stimulated emission. As can be seen from Eq.
(3.16), g(�hh!) is proportional to the product of the reduced density �r of state
and the occupation probability difference f2� f1 representing the degree
of population inversion, and therefore the gain spectrum, i.e., the !
dependence of g, is dominated by the ! dependences of �r and f2� f1.
Evolution of the gain spectrum during an increase in carrier injection is
illustrated in Fig. 3.3. From Eqs (3.6), (3.16), and (3.18), and Fig. 3.3, we
see the following tendencies.

1. Injection of minority carriers produces amplification gain for
optical wavelengths near the bandgap energy wavelength.

2. While at room temperature only a part of the carriers contributes
to the gain, at low temperatures a larger part contributes to give
a higher gain.

3. With increase in the carrier density, the optical frequency of
maximum gain shifts to that for higher energy (band-filling effect).
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Figure 3.3 Variation in inversion occupation probability difference f2� f1 and gain

spectrum g(�hh!) with increasing carrier injection.
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We next consider spontaneous emission. In a similar manner to
Eq. (3.10), from Eqs (2.50a), (2.57), and (2.58), the probability of spontane-
ous emission per unit time for one set of initial and final states of electrons
can be written as

Wspt ¼
p

"0nrngV
!jeh 

f
jerj iij2�ðEi � �hh!� Ef Þ ð3:19Þ

Since the spontaneous emission radiates over all directions (stereo angle
O¼ 4p), from Eq. (2.11) the number of optical modes for spontaneous
emission within the frequency range from ! to !þ d! in the volume V is
given by V�(!) d!¼ (V/p2)(n2rng=c

3)!2 d!. Equation (3.19) is multiplied by
this V�(!) d! and also by the number of sets of electron states that can
contribute to spontaneous emission in unit volume and in dk, i.e.,
(1/2p3) f2(1� f1) dk, and is then integrated. Thus, in a similar way to the
deduction of Eq. (3.16), the rate of spontaneous photon emission from a
semiconductor of unit volume per unit time is calculated as

rsptð�hh!Þ d! ¼ nre
2!

pm2c3"0
d!jMj2f2ð1� f1Þ�rð�hh!Þ ð3:20Þ

The power of spontaneous emission within a frequency width d! is given
by the product of the spontaneous emission rate rspt d! and the photon
energy �hh!.

In the above discussion, a direct-transition model was used to deduce
the mathematical expressions for optical absorption and emission in an ideal
semiconductor of direct-transition type. The semiconductors used for
implementation of semiconductor lasers, however, are of direct-transition
type but are doped with impurities. Therefore indirect transitions that do
not satisfy the wave vector conservation rule also take place. Accordingly,
the above expressions deduced by using wave vector conservation do not
exactly apply. They are not appropriate for detailed quantitative discussions
of optical transitions near the band edges, in particular.

3.3 GAUSSIAN HALPERIN–LAX BAND-TAIL MODEL WITH
THE STERN ENERGY-DEPENDENT MATRIX ELEMENT

3.3.1 Energy Integral Expressions for Gain and
Spontaneous Emission

Optical absorption and emission including transitions without wave vector
conservation can be analyzed by integration of transition probabilities with
respect to energy states [5]. For an electron energy E1 in the valence band and
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an electron energy E2 in the conduction band, the densities of electron states
for valence and conduction bands are given by �v(E1) and �c(E2) using
Eq. (3.3), and the occupation probabilities for the E1 and E2 levels are given
by f1 and f2, respectively, using Eq. (3.6). Considering stimulated emission
transitions in unit volume, there are �c(E2) f2 dE2 available initial states in
dE2, while there are �v(E1) dE1 final states but they are occupied with a
probability f1. Therefore, the number of effective combinations of states that
can contribute to stimulated emission in unit volume is �v(E1)�c(E2) f2
(1� f1) dE1 dE2. Similarly, the number of effective combinations of states that
can contribute to absorption in unit volume is �v(E1)�c(E2) f1(1� f2) dE1 dE2.
Since the transition probabilities of stimulated emission and absorption are
the same, the substantial number of stimulated emission transition in unit
volume per unit time is �v(E1)�c(E2)� [ f2(1� f1)� f1(1� f2)] dE1 dE2¼
�v(E1)�c(E2)( f2� f1) dE1 dE2, multiplied by wstm of Eq. (3.10). Then the
gain g can be calculated through integration with respect to dE1 dE2 as

gð�hh!Þ ¼ V

n

ng

c

Z
�vðE1Þ�cðE2Þwstmð f2 � f1Þ dE1 dE2

¼ p!
c"0nr

Z
�vðE1Þ�cðE2Þjeh 2jerj 1ij2

� ð f2 � f1Þ�ðE1 þ �hh!� E2Þ dE1 dE2

¼ pe2

c"0nrm2!

Z
�vðE1Þ�cðE2Þ jMðE1;E2Þj2ð f2 � f1Þ dE1 ð3:21Þ

E2 ¼ E1 þ �hh!

where using Eq. (3.14) we put

jMðE1;E2Þj2 ¼ jeh 2jpj 1ij2 ð3:22Þ

Equation (3.21) can be used commonly for calculations of amplification and
absorption, and the positive g describes amplification and the negative g
describes absorption (absorption factor is �¼�g¼ jgj).

For spontaneous emission, from a similar calculation using Eq. (3.19),
the rate of photon emission within frequency range from ! to !þ d! in the
volume V per unit time is given by

rsptð�hh!Þ d! ¼ nre
2!

pm2c3"0
d!

�
Z
�vðE1Þ�cðE2ÞjMðE1;E2Þj2f2ð1� f1Þ dE1 ð3:23Þ
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where

E2 ¼ E1 þ �hh!

The power of spontaneous emission within the frequency width d! is given
by the product of the above spontaneous emission rate rspt d! and the
photon energy �hh!. In the following sections, derivations of the densities
�v(E1) and �c(E2) of states and the momentum matrix element jM(E1, E2)j2,
which are required for calculation of the gain factor g¼�� and the
spontaneous emission using Eqs (3.21) and (3.23), are outlined. The results
on the gain and spontaneous emission will then be given in the following
sections.

3.3.2 Density of Electron States in Doped Semiconductors

The direct-transition model assumes a band structure with sharp band edges
described as in Eq. (3.2) and uses the parabolic density of states. Although
the model applies well for pure semiconductors, such a simplified treatment
is not appropriate for the impurity-doped semiconductors usually used in
semiconductor lasers. The impurities doped in a semiconductor of small
effective mass are easily ionized, and for cases where the doping density
is large the carriers supplied by the impurities contribute to electrical
conduction. This means that it is not appropriate to consider the impurity
levels as localized levels. Since the ionized impurities are distributed
randomly in the crystal, the periodic potential of the lattice is disturbed. It
should be considered that the disturbance gives rise to modification of the
densities of states for the conduction and valence bands and forms the tails
of the bands. Such a model is called the band-tail model [6,7].

Kane [6] used a Gaussian distribution expression for the random
potential due to the ionized impurities to analyze the density of states under
the assumption that the kinetic energies of the carriers are so small that the
carrier distribution is dominated by the potential. The potential produced
by an ionized impurity in a semiconductor containing carriers is given by the
solution of the combination of the Poisson equations and the equation for
the potential-dependent carrier density. As an approximate expression,
however, the potential can be written as

VðrÞ ¼ e2

4p"r"0

1

r
exp � r

Ls

� �
ð3:24Þ

where "r is the relative dielectric constant. In this expression, which results
from a modification of the potential produced by a point charge, the
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exponential factor describes the screening effect, i.e., reduction in the

potential due to the distribution of carriers surrounding the ion. The

screening length Ls is approximately equal to the Debye length and is

written as

Ls ¼
kBT"r"0
e2N

� �1=2

ð3:25Þ

where T is the temperature and N is the carrier density. Here let Vrms be the

root-mean-square amplitude fluctuation of the potential under the assump-

tion that the distribution of the potential fluctuation is Gaussian; then Vrms

can be written, by using Ls, the density Nþ
D of ionized donors, and the

density N�
A of ionized acceptors as,

Vrms ¼
e2

4p"r"0
2p Nþ

D þN�
A

� �
Ls

� �1=2 ð3:26Þ

The density of electron states for the conduction band in an n-type

semiconductor having this type of potential fluctuation is calculated as

�cðE 0Þ ¼ m3=2
n

p2�hh3
ð2�cÞ1=2y

E0 � Ec

�c

� �
ð3:27Þ

�c ¼ 21=2Vrms

where y(x) is the Kane function defined by

yðxÞ ¼ 1

p1=2

Z x

�1
ðx� zÞ1=2 expð�z2Þ dz ð3:28Þ

and shown in Fig. 3.4. As can be seen in this figure, �c in Eq. (3.27) is

approximately equal to Eq. (3.3a) and is proportional to (E0�Ec)
1/2 for large

E0 �Ec, and describes the band tail approximately proportional to a

Gaussian function exp[�(E0�Ec)
2/�c

2] for the low-energy region E0<Ec.
In the above-described Kane model, the kinetic energy of the carriers

are omitted, and as a result the density of states in the band tail is over-

estimated. To improve the accuracy, Halperin and Lax [8] analyzed the

density of states, in the band tail, taking the kinetic energy into account,

and obtained the self-consistent density of states by iterative calculation.

Although this method gives accurate values for the density of states in the

band tail, it requires complicated and time-consuming numerical calculations
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and is not applicable to calculations for a parabolic band with a higher energy
and a band-tail transient region. As a solution to this difficulty, Stern [9]
combined the two methods; in Eq. (3.27), i.e., the result of the Kane Gaussian
model, �c is considered as an unknown parameter, and the value of �c is
determined so that the value of � given by Eq. (3.27) may coincide
with the result obtained by the method of Halperin and Lax at an
appropriate junction point in the band tail. This method, called the
Gaussian Halperin–Lax band-tail (GHLBT) model, offers an approximate
technique very convenient for calculation of the optical transition, since it
describes the density of state by the simple function in Eqs (3.27) and (3.28)
over the entire region through the band edge. Although the above description
is for the conduction band, the same treatment can be carried out also for
the heavy holes and light holes in the valence band. The densities of
states calculated by the GHLBT model for GaAs are shown in Fig. 3.5.

3.3.3 Transition Matrix Element

To calculate the momentum matrix element, given by Eqs (3.15) and (3.22),
the wave functions  1 and  2 of electrons in the valence and conduction
bands are required. The wave function of an electron of wave vector k in an
ideal semiconductor crystal is given by the Bloch function in Eq. (3.1) using

_2 _1 0 2
x

3 4 5 61
0

1

2

y 
(x

)

Figure 3.4 Kane function: the solid curve is Kane function y(x) defined by

Eq. (3.28); the dotted curve is y¼ x1/2.
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uk(r). According to the kp perturbation theory developed by Kane [3] to

analyze the band structure, the mean square of momentum matrix element

given by Eq. (3.15) for electrons near the band edge and the effective mass

mn of electrons in the conduction band are correlated by [7]

jMBj2 ¼	 je u2jpju1
	 


j2 
¼ m2P2

6�hh2
ð3:29aÞ

P2 ¼ �hh2EgðEg þ DÞ
2mnðEg þ 2D=3Þ ð3:29bÞ

where m is the electron mass, Eg the bandgap energy, and D the spin–orbit

interaction energy. The subscript B in the above equation indicates the value

for a Bloch state in an ideal crystal, and the 1
6
factor results from 1

3
due to

averaging 	
 over all directions and 1
2
due to the spin selection rule

(the transitions are limited to those without spin inversion). For GaAs, for

example,mn¼ 0.067m, Eg¼ 1.424 eV, andD¼ 0.33 eV and therefore from the

above equation we have jMBj2¼ 1.33mEg. The values of jMBj2 have been
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Figure 3.5 Densities of states for the conduction and valence bands of GaAs

calculated upon the basis of the GHLBT model: - - -, densities of states with the band

tail omitted.
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determined by experimental measurements of mn, Eg, and D for many
materials. The data are often expressed in the form of the ratio of the value
before multiplying by the 1

6
averaging factor to the electron mass m,

i.e., 6jMBj2/m, and the data [10] include 6jMBj2/m¼ 14.4� 0.1 [eV] for
GaAs, 6jMBj2/m¼ 14.9þ 1.4x [eV] for AlxGa1�xAs (x< 0.3), 6|MB|

2/
m¼ 14.4�3.3x [eV] for InxGa1�xAs, 6jMBj2/m¼ 9.9� 0.3 [eV] for InP, and
6|MB|

2/m¼ 9.9þ 2.8y [eV] for In1�xGaxAsyP1�y (x¼ 0.47y).
For doped semiconductors, the electrons near the band edges (k�0)

are affected by the impurities, and therefore it should be assumed that they
are localized. The wave function of such electrons can be described by the
product of Eq. (3.1) and a slowly varying envelope function  env describing
the localization:

j ðrÞ >¼ j envðrÞ expðik E rÞ ukðrÞ > ð3:30Þ

The envelope function  env, which is the normalized wave function for the
fundamental 1s state of the hydrogen atom model, is given by

 envðrÞ ¼
1

pa3

� �1=2

exp � r

a

� �
; r ¼ jr� rij ð3:31Þ

where ri represents the center of the localization. Although in the H atom
model a is the Bohr radius given by a�¼ 4p"r"0�hh

2/m�e2, here a is a parameter
describing the localization scale and the value is determined by the method
presented later. In order to calculate the matrix element M for which the
electrons in the band tails are involved, the wave functions  1 and  2 are
described in the form of the localized electron wave function (Eq. (3.30)),
and the Bloch functions for the valence and conduction bands are used for
uk(r). Then, using the orthogonality of the Bloch functions, the matrix
element M can be written using MB in Eq. (3.29) as

M ¼ MBMenv ð3:32Þ
Menv ¼  envcðrÞ expðikcE rÞ

�� envvðrÞ expðikvE rÞ
	 


ð3:33Þ

where the subscripts c and v denote the conduction and valence bands,
respectively.

The localization character can be illustrated by assuming for the
moment that the localization is only in the conduction band. Putting kc�0
and av!0, substitution of Eq. (3.31) into Eq. (3.33) yields

jMenvj2 ¼ 64pa3cð1þ a2ck
2

vÞ�4 ð3:34Þ
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The matrix element jMj2 for the transitions where wave vector conservation
does not necessarily hold is given by the product of Eq. (3.29) and Eq. (3.34).

Equation (3.34) indicates that jMj2 is large in the region of k where a2k2

is small.
Although Eq. (3.34) is effective for transitions between the band tail

and a extended band, it does not apply for transitions between parabolic

bands with larger energies and those between band tails. To solve the

difficulty, Stern expressed each conduction-band electron and each valence-

band electron in the form of Eqs. (3.30) and (3.31). The values of a were

determined by fitting the effective energy reduction due to the localization to

the effective energy reduction calculated from the density of states in the

GHLBT model. The value of jMenvj2 was calculated by using these values in

Eq. (3.33) and averaging over all k directions and the localization sites ri
[11]. The result is written as

jMenvj2 ¼
64pb
3

ðt4 � q4Þ�5½ðb4 � 5b2B2 þ 5B4Þð3t4 þ q4Þðt4 � q4Þ2

þ 8b2B2t2ð3b2 � 10B2Þðt8 � q8Þ

þ 16b4B4ð5t8 þ 10t4q4 þ q8Þ� ð3:35Þ

B2 ¼ 1

acav
; b ¼ 1

ac
þ 1

av
; t2 ¼ b2 þ k2c þ k2v; q2 ¼ 2kckv

where kc and kv are the wave numbers of valence-band and conduction-

band electrons with the effective energy reduction taken into account. The

matrix element jMj2¼ jM(E1, E2)j2¼ jMBj2jMenvj2 using this jMenvj2 is

called the Stern energy-dependent matrix element (SME).
Figure 3.6 shows an example of jMenvj2 calculated by the above-

described method. Considering the photon energy �hh! as a constant and the

valence-band electron energy E (¼E1) as a variable, conduction-band

electrons of energy Eþ �hh! (¼E2) satisfy energy conservation, and valence-

band electrons of energy E (¼E1) also satisfy wave vector conservation at

E¼Ev� (mr/mp)(�hh!�Eg) given by Eq. (3.33a). The direct transitions that

exactly satisfy wave vector conservation take place only at this value of E,

and this corresponds to the transition matrix element M given by a �
function that peaks at this position. In semiconductors doped with

impurities, however, transitions take place even if wave vector conservation

does not exactly hold, and therefore the E dependence ofM is described by a

peak-like function corresponding to the imperfection. Figure. 3.6 shows

such an E dependence of M.
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3.4 GAIN SPECTRUM AND GAIN FACTOR

As we saw above, in the direct-transition model the gain and spontaneous

emission spectra g(�hh!) and rspn(�hh!) can be calculated by substituting the

occupation probability (Eq. (3.6)), the density of states (Eq. (3.18)) and

the matrix element (Eq. (3.29)) into Eqs (3.16) and (3.20). By this procedure

the qualitative tendency of the gain spectrum as shown in Fig. 3.3 has been

clarified. Accurate evaluation can be accomplished in the GHLBT–SME

model where g(�hh!) and rspn(�hh!) are calculated by substituting the occupation

probability (Eq. (3.6)), the GHLBT density of states (Eqs (3.27) and (3.28)),

and the SME (Eqs (3.32) and (3.35)) into Eqs (3.21) and (3.23) [12, 13].

3.4.1 Determination of the Quasi-Fermi Levels

The expressions for the occupation probabilities f1 and f2 (Eqs (3.6)) are

in the form of an energy distribution dependent on the quasi-Fermi levels Fv
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and Fc. To clarify the dependences of f1 and f2 on the carrier injection, it

is therefore necessary to correlate the minority-carrier density and the

quasi-Fermi levels. The densities of electrons and holes in the semi-

conductor excited by carrier injection can be written by using the densities

�v and �c of states in Eq. (3.3) and the occupation probabilities f1 and f2
in Eqs (3.6) as

n ¼
Z
�cðE2Þ f2 dE2 ð3:36aÞ

p ¼
Z
�vðE1Þð1� f1Þ dE1 ð3:36bÞ

Here the band tails are omitted, since it is known that the band tails do

not affect significantly the quasi-Fermi levels. Since the above integra-

tion cannot be evaluated analytically, various approximate but ana-

lytical expressions for the Fermi levels dependent on the carrier

density have been developed [10]. One of them is the Joyce–Dixon [14]

expression

Fc � Ec

kBT
¼ ln

n

Nc

� �
þ
X4

i¼1

Ai
n

Nc

� �i

ð3:37aÞ

Nc ¼ 2 2pkB
T

h2

� �3=2

ðmnÞ3=2

Ev � Fv

kBT
¼ ln

p

Nv

� �
þ
X4

i¼1

Ai
p

Nv

� �i

ð3:37bÞ

Nv ¼ 2 2pkB
T

h2

� �3=2

m3=2
ph þm3=2

p1

� �

A1 ¼ þ3:53553� 10�1; A2 ¼ �4:95009� 10�3

A3 ¼ þ1:48386� 10�4; A4 ¼ �4:42563� 10�6

which is a good approximation for a wide range of carrier densities. The first

term on the right-hand side is the major term, and it corresponds to the

result obtained by approximating the Fermi–Dirac distribution by the
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Boltzmann distribution. Generally in the semiconductor the electrical
neutrality condition

nþN�
A ¼ pþNþ

D ð3:38Þ

is maintained, where N�
A and Nþ

D are the densities of ionized acceptors and
donors, respectively. Although N�

A and Nþ
D are given by the acceptor and

donor densities NA and ND multiplied by the Fermi–Dirac coefficients, we
can approximate them as N�

A�NA and Nþ
D�ND except for the low-

temperature range. When the minority carriers are injected, the majority-
carrier density also increases according to Eq. (3.37). For a sufficiently
high injection level, N�

A, N
þ
D 	 n; p and n� p. When under carrier injection

the minority-carrier density is given as an independent variable, one of the
quasi-Fermi levels Fv and Fc is determined by one of Eqs (3.36), and
the other quasi-Fermi level is determined by Eq. (3.38) and the other
equation of Eqs (3.36). Thus, once the minority carrier density is given, the
occupation probabilities f1 and f2 are determined. Examples of the energy
distribution and the quasi-Fermi levels calculated for carriers in excited
GaAs are shown in Fig. 3.7.
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3.4.2 Bandgap Shrinkage

To analyze precisely the dependences of the gain spectrum and spontaneous

emission spectrum on the carrier injection density, the dependences of

the band edges Ec and Ev on the carrier density must be taken into account.

The band structure and the position of the band edges are calculated for

a single electron. When the carrier density increases, the band edges

shift owing to many-body effects. The existence of high-density movable

carriers gives rise to screening of the potential, which reduces the repulsion

between the electrons and the localization of electron waves, and as a result

the energy bandwidths of each band increase. Therefore, the bandgap

energy Eg decreases with increasing carrier density. This phenomena is

called bandgap shrinkage. The magnitude of the shrinkage �Eg may be

assumed to be inversely proportional to the distance between adjacent

carriers and therefore proportional to the cubic root of the carrier density.

The effect has been theoretically analyzed as a many-body problem.

For GaAs, from experimental measurement of the dependence of the

absorption spectrum on the carrier density, the following expression has

been obtained [12]:

Eg ¼ 1:424þ�Eg ð3:39Þ

�Eg ¼ �1:6� 10�8ðn1=3 þ p1=3Þ

where Eg is in [eV], and the carrier densities n and p are in [cm�3]. The

above expression for �Eg is often used not only for GaAs but also for

other materials. Although actually the bandgap shrinkage deforms the

gain spectrum, the deformation is not significant. In many cases, satis-

factory approximate results are obtained by simply shifting the spectrum

by �Eg.

3.4.3 Gain Spectrum

The validity of the GHLBT–SME model has been confirmed by the good

agreement of the absorption and spontaneous emission spectra calculated

by the above-described procedure with experimental results. An example of

the gain (absorption) spectra and the dependence on the minority-carrier

density, calculated for GaAs by this method, is shown in Fig. 3.8. The

tendencies explained by the direct-transition model can be confirmed in

this result. In addition, the GHLBT–SME model shows that the gain

(absorption) spectra are associated with a gradient tail at or near the
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bandgap energy, unlike the result of the direct-transition model, which gives

a sharp gain (absorption) edge. This is because band tails exist and they

contribute to the gain (absorption). With increasing carrier density, the

band-filling effect shifts the gain peak towards a higher energy. The gain

peak wavelength shift is dominated by the band-filling effect, although it is

partially cancelled out by the band-shrinkage effect.
The �-dependence of the gain on the impurity densities can be analyzed

by the GHLBT–SME model, since it allows quantitative evaluation of the

gain in semiconductors doped with impurities. The calculation shows that,

with increases in the acceptor densityNA and donor densityND, theminimum

injection carrier density required to obtain a gain (transparency carrier

density) is reduced, and the gain is enhanced. This is because the shift in

the Fermi level due to the doping affects the situation favorably, and the

population inversion condition (Eq. (3.9)) is satisfied with a smaller minority-

carrier injection. The doping effect is significant with n-type doping rather

than with p-type doping. This is attributed to the fact that the effective mass
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Figure 3.8 Gain (absorption) spectra of GaAs dependent upon the minority-

carrier density calculated upon the basis of the GHLBT–SME model.
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of the conduction-band electrons is smaller than that of the valence-band

electrons.

3.4.4 Carrier Density Dependence of the Maximum Gain

The data of the gain spectrum shown in Fig. 3.8 can be rewritten as curves

describing the carrier density dependence of the gain at each optical

wavelength. The envelope of the curves describes the dependence of the

maximum gain on the injection carrier density. The envelope gives the

carrier density dependence of the maximum in the gain spectrum, as shown

in Fig. 3.9. The figure shows that, for lower temperatures, the carrier density

at transparency is smaller and the gain is larger. We also see that, at room

temperature, a gain as large as several hundred reciprocal centimeters is

obtained with carrier densities of the order of magnitude of 1018 cm�3. As

the graph shows, the carrier density dependence of the maximum gain gmax

at a temperature can be expressed by a linear function

gmax ¼ AgðN �N0Þ ð3:40Þ

Here Ag is a constant and N0 denotes the transparency carrier density. The

values depend upon the material, composition, impurity densities and

temperature; for GaAs at room temperature, Ag is in the range (3.0–7.0)�
10�16 cm2 and N0 is (0.6–1.4)� 1018 cm�3; for In1�xGaxAsyP1�y at room

temperature, Ag is in the range (1.2–2.5)� 10�16 cm2 and N0 is (0.9–1.5)�
1018 cm�3 [15]. The above expression together with these values are often
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used in the analysis of semiconductor laser characteristics as a simple and
convenient phenomenological expression for the gain factor.

3.5 SPONTANEOUS EMISSION AND INJECTION
CURRENT DENSITY

3.5.1 Spontaneous Emission Spectrum

The spontaneous emission spectrum can be determined by calculating
rspn(�hh!) in Eq. (3.23) using the GHLBT–SME model in a similar manner to
the calculation of the gain spectrum. As shown in Fig. 3.10, the spontaneous
emission exhibits a spectrum having a peak near the bandgap energy Eg;
with increasing minority-carrier density the peak is enhanced and shifted
towards the short-wavelength side and the width is broadened. When the
impurity density is increased, the band-tail effect becomes more significant,
the peak shifts to the long-wavelength side and the width is broadened. The
spontaneous emission rate Rspt per unit volume and per unit time is given by
the spontaneous emission rate rspt d! integrated by the photon frequency:

Rsp ¼
Z

rsptð�hh!Þ d! ð3:41Þ

This is indicated by the area of the region below the spontaneous emission
spectrum curves in Fig. 3.10.
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3.5.2 Carrier Density and Injection Current Density

Now we consider the relation between the minority-carrier density and the
injection current density. The injected minority carriers are consumed by
the recombination with the majority carriers associated with the stimulated
and spontaneous emissions. They are also consumed by the nonradiative
recombination described later. For an injection level below the laser
oscillation threshold or for the case where the optical amplitude is small,
recombination by stimulated emission is negligible, and most of the carriers
are consumed by spontaneous emission recombination and nonradiative
recombination. The spontaneous emission rate is calculated by Eq. (3.41).
On the other hand, under the assumption that spontaneous emission
transitions take place also with electrons and holes regardless of the
wave vector conservation rule, the recombination rate is considered to be
proportional to the product of the carrier densities n and p. Then,
the substantial spontaneous emission rate Rsp with the thermal excitation
subtracted can be written as

Rsp ¼ Brðnp� n0p0Þ ¼ Brð�n p0 þ�p n0 þ�n �pÞ ð3:42Þ

�n ¼ n� n0; �p ¼ p� p0

where n0 and p0 are the carrier densities under thermal equilibrium and
Br is a constant. Considering a case where electrons as the minority
carriers are injected into a p-type semiconductor, we have n 
 n0; p0 
 n0,
�p� �n� n, and therefore

Rsp � Brð p0nþ n2Þ ð3:43Þ

A similar relation holds also for an n-type semiconductor. The spontaneous
emission rate Rsp calculated by Eq. (3.41) exhibits a carrier density
dependence approximately similar to that given by Eq. (3.43). Let �sp be
the ratio of the spontaneous emission recombination to the total carrier
recombination (internal quantum efficiency for the spontaneous emission),
s and d be the area and the thickness respectively, of the active layer, and q
be the elementary electric charge; then Rsp is correlated with the injection
current I by sdRsp¼ �sp(I/q). We call the injection current density required
for obtaining a carrier density under the assumption that �sp¼ 1 and
d¼ 1 mm the nominal current density and denote it by Jnom. Then the
current density required for obtaining the same carrier density in an active
layer of thickness d mm is written as

J ¼ I

s
¼ Jnomd

�sp
ð3:44aÞ
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Jnom ¼ qRsp A=cm
2mm ð3:44bÞ

For a given minority carrier density, Rsp is calculated by Eq. (3.41).
Using this result and Eq. (3.44b), the carrier density is correlated with
Jnom.

3.5.3 Injection Current Density Dependence of
the Maximum Gain

Using the relation between the carrier density and Jnom, the carrier density
dependence of the gain spectrum g(�hh!) can readily be rewritten into the
dependence on the nominal current density Jnom. In Fig. 3.8, the values of
the corresponding Jnom determined in this manner are also shown.
Furthermore, the dependence of the maximum value gmax of the gain
g on Jnom can be obtained. The results are shown in Fig. 3.11. Because of the
approximate relation described by Eq. (3.43), the shapes of the graphs for
the current density dependence are somewhat different from those for
the carrier density dependence shown in Fig. 3.9; the slopes of the graphs
for the current density dependence become smaller for the region of high
injection currents. The dependence can still be approximated by a linear
function similar to Eq. (3.40):

gmax ¼ BgðJnom � J0Þ ð3:45Þ
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where Bg is a constant and J0 is the nominal current density at
transparency.

3.5.4 Nonradiative Recombination and Carrier Overflow

Some of the injected minority carriers are consumed in the active layer by
the nonradiative recombination without photon emission. This gives rise to a
factor that causes the internal quantum efficiency �sp for spontaneous
emission in Eq. (3.44a) to deteriorate. Although the nonradiative recombi-
nation includes recombination due to lattice defects and recombination due
to impurities, and also recombination at the interfaces of the hetero-
structure, it is negligibly small for ordinary lasers that use high-quality
crystals. More important and essential nonradiative recombination is that
caused by the Auger processes [15,16]. Collision of two electrons and one
hole resulting in recombination of one electron and the hole, and excitation
of another electron with the energy released by the recombination up to a
higher level in the conduction band (CCCH process), and collision of two
heavy holes with one electron resulting in similar recombination and
excitation (CHHS and CHHL processes), as shown in Fig. 3.12, are
called Auger processes. The excited carriers give energy to the crystal lattice
in the form of heat and return to the unexcited level. Since both energy
conservation and momentum conservation must hold also for the
Auger process, recombination occurs with carriers at energies apart from
the band edge, as shown in Fig. 3.12. Accordingly, the recombination rate
RA exhibits a remarkable temperature dependence and bandgap energy
dependence; RA is larger for a narrow bandgap and a high temperature.

CCC

HH HH HH

SO LH

CCCH
process

CHHS
process

CHHL
process

Figure 3.12 Interband Auger recombination processes: C, conduction band; HH,

heavy-hole band; LH, light-hole band; SO, split-off band.
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Since the process is a collision of three particles, the carrier density
dependence of RA can be phenomenologically written as

RA � Cnn
2pþ Cpnp

2 � CAn
3 ð3:46Þ

where Cn, Cp, and CA are constants and use has been made of n� p.
The values of CA at room temperature, determined experimentally by

the carrier lifetime measurement, are of the order of 10�30 cm6/s for GaAs,
while they are larger, namely, (2–3)� 10�29 cm6/s, for In1�x GaxAsyP1�y for
emission in the 1.3 mm band, and (7–9)� 10�29 cm6/s for In1� xGaxAsyP1� y

for emission in the 1.5 mm band. This means that, while the Auger
recombination is usually negligibly small for lasers for short-wavelength
emission, it is an important factor that significantly affects �sp in In1� x

GaxAsy P1�y lasers for long-wavelength emission. The Auger recombination
can be reduced by using (strained) quantum well structures.

Another important factor that causes the emission efficiency to
deteriorate is the overflow of minority carriers injected in the active layer
into the region opposite to the injection side, which gives rise to additional
current without contribution to the laser action. As shown in Fig. 3.13, the
minority carriers are injected and confined in the potential barriers, and
same of them having energies higher than the barrier overflow into the
opposite side. The magnitude of the overflow current can be evaluated by
calculating the carrier density at the boundary between the active and
barrier regions under the assumption that the quasi-Fermi level is
continuous across the boundary, and solving the carrier diffusion equation
in the barrier region with the use of the boundary value. The overflow is
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Figure 3.13 Leakage of carriers by overflow in a double heterostructure.
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larger for lower barrier heights and higher temperatures. The current
consists of diffusion current and drift current with the ratio dependent on
the thickness and the resistivity of the barrier region. In many lasers the
overflow can be suppressed to a negligible value by appropriate design. For
short-wavelength lasers where it is difficult to assure sufficient barrier
height, and for laser operation at elevated temperatures, the overflow can be
an important factor that limits the performances.

3.6 DENSITY MATRIX ANALYSIS

In the previous section, the GHLBT–SME model and the quasithermal
equilibrium approximation were used to discuss the interaction of optical
waves and carriers in a semiconductor and to clarify the gain factor and
the spontaneous emission. The analysis, however, requires complicated
computations of the density of states and the matrix element. Another
problem is that the quasithermal equilibrium approximation is not
appropriate for accurate analysis of the characteristics of lasers oscillating
or amplifying an optical wave with a large amplitude, since the carrier state
deviates significantly from quasithermal equilibrium by the strong interac-
tion of the carriers with the optical wave. This means that the results
obtained in the previous section are valid only for injection levels below the
threshold of laser oscillation and in the vicinity of it.

Interaction of many carriers and optical waves can be analyzed, with
the deviation from quasithermal equilibrium taken into account, by using
the density matrix [17, 18]. The density matrix enables a statistical analysis
of a system consisting of many electrons to be made based on the quantum
theory for an electron. The fundamental concept of the density operator and
an outline of the density matrix analysis, in general, are given in Appendix 1.

3.6.1 Polarization and Gain Factor

In density matrix analysis, it is possible to treat both electrons and optical
waves by the quantum theory. However, if the optical wave is represented
by an energy eigenstate, the phase of the optical wave cannot be properly
treated. Although representation by a coherent state can be used to solve
the problem, the analysis becomes much more complicated. It is practical
to employ semiclassical theory where the electrons are treated by quantum
theory and the optical wave by classical theory. Although the semiclassical
theory cannot deal with spontaneous emission, it can be included phenom-
enologically by using the results obtained in the last section. Then the
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semiclassical theory can give results to a good approximation, except for

cases where the laser output is very small.
Let us use the complex expressions E exp(�i!t) and H exp(�i!t), with

time dependence exp(�i!t), for the electromagnetic field of an optical wave

in a semiconductor. Then E and H satisfy the Maxwell equations

J� E ¼ þi!B; J�H ¼ �i!D ð3:47aÞ
J ED ¼ 0; J EB ¼ 0 ð3:47bÞ

Let the refractive index nr represent the effects of polarizations due to the

electrons at energy levels lower than the deep part of the valence band and

those due to the carrier plasma motion. The effects of the optical transitions

of the carriers can phenomenologically be represented by the polarization P

at the optical frequency. Assuming that P is proportional to the optical

electric field, we can write the electric flux density D as

D ¼ "0n
2
rE þ P; P ¼ "0�E ð3:48Þ

where P is the electron polarization representing the transition and � is a

complex electric susceptibility. The magnetic flux density is given by

B¼�0H. From these equations we obtain a wave equation for the electric

field E:

J2E þ n2r þ �
� � !

c

� �2� 

E ¼ 0 ð3:49Þ

Consider a plane wave propagating along the þz direction, and let ~		 be the

complex propagation constant. Substituting E ¼ E0 expði ~		zÞ into the above

equation yields

~		 ¼ nr!

c
þ !

2nrc
Ref�g þ i

!

2nrc
Imf�gÞ ð3:50Þ

where use has been made of n2r 
 j�j. From this equation, we see that the

transition electron polarization represented by � is equivalent to a change

�n in refractive index, and amplification (or absorption) represented by a

gain factor g (or a absorption factor �) given by

�n ¼ 1

2nr
Ref�g ð3:51aÞ

g ¼ �� ¼ 1

jEj2
djEj2
dz

¼ � !

nrc
Imf�g ð3:51bÞ

This means that the gain (absorption) factor can be given by using the

imaginary part of the phenomenological complex electric susceptibility �.
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Although the above expression gives the rate of the amplification per unit
length of propagation, the factor can be converted into a temporal gain
factor representing the rate per unit time:

G ¼ 1

jEj2
djEj2
dt

¼ 1

jEj2
djEj2
dz

� �
vg ¼ vgg ð3:52Þ

where vg¼ c/ng is the group velocity and ng is the group index of refraction.

3.6.2 Density Matrix Expression for Polarization

As shown by Eq. (A1.10) in Appendix 1, the equation of motion for the
density operator � (here �I is simply written as �) is given by

d

dt
�ðtÞ ¼ 1

i�hh
½HIðtÞ, �ðtÞ� ð3:53Þ

where HI is the interaction Hamiltonian. Consider an optical wave of a
mode with frequency !, and let E(r) exp(�i!t) be the complex expression for
the electric field. Then the interaction Hamiltonian HI in the semiclassical
theory is given by

HIðtÞ ¼ exp
iH0t

�hh

� �
Hi exp

�iH0t

�hh

� �
ð3:54aÞ

Hi ¼ � e

m
A E p

¼ � e

2im!
½expð�i!tÞEðrÞ � expðþði!tÞE�ðrÞ� E p ð3:54bÞ

Here H0 is the electron Hamiltonian with the interaction omitted, given by
Eq. (2.31b), p is the electron momentum operator, and use has been made of
Eq. (2.31d) and the expression for the optical wave in Eq. (2.3). In order to
deal with the interband transition, we use jni to represent the electron states
in the conduction band and jmi to represent those in the valence band.
Considering the combinations of these, the transition matrix element can be
written as

Hnm ¼ hnjHIjmi
¼ hnjHijmi expði!nmtÞ
¼ �e

im!
hnjpjmi

� 1

2
EðrÞ exp½ið!nm � !Þt� � E�ðrÞ exp½ið!nm þ !Þt�
� �

ð3:55Þ
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where

�hh!nm ¼ En � Em

The second term on the right-hand side of the above expression oscillates
rapidly and does not substantially contribute to the change in �(t). Therefore
it can be omitted (rotating-wave approximation). Using Eq. (2.56), the
above equation is rewritten as

Hnm ¼ H�
nm

¼ � 1
2
Pnm EEðrÞ exp½ið!nm � !Þt� ð3:56aÞ

Pnm ¼ njPjmh i ¼ njerjmh i; ð3:56bÞ
where Pnm is the matrix element of polarization.

The density matrix � in the interaction picture is correlated with the
density matrix �s in the Schrödinger picture by Eq. (A1.11) in Appendix 1,
and the electron polarization is represented by an operator P¼ er. As shown
by Eq. (A1.12), the expectation value for the operator P can be calculated by
taking the trace of �sP. The total polarization representing the interband
transitions in a semiconductor is given by

Nvc Ph i ¼ Nvc Trð �sPÞ
¼ Nvc

X
jj0�jj0 expð�i!j j0 tÞPj 0 j

¼ Nvc

X

nm

½�nmPmn expð�i!nmtÞ þ �mnPnm expðþi!nmtÞ� ð3:57Þ

where Nvc is the total number of electrons in the conduction and valence
bands. Writing the complex expression for the polarization as P(r)
exp(�i!t), the real part of this expression coincides with the above
equation. Thus P(r) is given by

PðrÞ ¼ 2Nvc

X

nm

�nmPmn exp½�ið!nm � !Þt�: ð3:58Þ

The complex susceptibility �, defined by the second equation of Eq. (3.48),
can be calculated by taking the ratio of P to "0E. Then the gain factors g, G
and the carrier-induced refractive index change �n can readily be obtained
by using Eqs (3.51) and (3.52).

3.6.3 Relaxation Effects

The large number of carriers in the conduction and valence bands in a
semiconductor undergo complex and random interactions such as collision
between carriers, collision with impurities, and collision with phonons
(crystal lattice vibration). These interactions give rise to a reduction in the
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interaction with the optical wave for the laser action and shift the states of
each band towards the quasithermal equilibrium. It is known that, in the
density matrix analysis, a temporal change in the density operator due to
such relaxation effects can be described by

d

dt
� ¼ �1

2
½Gð �� �QEÞ þ ð �� �QEÞG� ð3:59Þ

where G is an operator representing the relaxation; G can be expressed by a
diagonal matrix having elements given by

Gjj0 ¼
�jj0


j
ð3:60Þ

where �jj 0 is the Kronecker delta, and 
j denotes the relaxation time for the
eigenstate j j i. Here �QE is the density operator representing the
quasithermal equilibrium state and can be expressed by a diagonal matrix
with elements given by

�QE
jj0 ¼ �jj0�

QE
j ð3:61Þ

where �QE
j is the probability that the eigenstate j ji of the system is in

quasithermal equilibrium. Equation (3.59) indicates that, provided that
there is no interaction except for the relaxation phenomenon, the system
approaches quasithermal equilibrium with a time constant 
j and eventually
reaches steady-state quasithermal equilibrium. The intraband relaxation
times 
j have been experimentally determined, and it is known that they are
very short, of the order of 0.1 ps.

3.6.4 Density Matrix Equations

Here we formulate and solve the equation of motion for the density operator
describing the behavior of electrons in a semiconductor injected with carriers.
The semiclassical theory, in principle, cannot describe the effects of spontane-
ous emission. Spontaneous emission, however, is a process in which
transitions of electrons from the conduction band to the valence band
occur with emission of photons regardless of the incident optical wave and
shift the system towards thermal equilibrium of the whole semiconductor;
therefore it can be considered as a relaxation process for electrons. This
means that spontaneous emission can phenomenologically be interpreted in
terms of interband relaxation. Thus, combining the interaction with the
optical wave giving rise to absorption and stimulated emission, intraband
relaxation due to collisions of electrons with carriers and impurities,
interband relaxation due to the spontaneous emission, and the effect of
carrier injection, the equation of motion for the density operator can be
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formulated as

d

dt
� ¼ 1

i�hh
½HIðtÞ; ��

� 1
2½Grð�� �QEÞ þ ð�� �QEÞGr�

� 1
2
½Gsð�� �TEÞ þ ð�� �TEÞGs�

þ L ð3:62Þ

whereHI is the interactionHamiltonian for optical absorption and stimulated
emission. The operators Gr and Gs, representing intraband relaxation and
spontaneous emission, respectively, can be described in the form of a diagonal
matrix as in Eq. (3.60). The operators �QE and �TE represent quasithermal
equilibrium and thermal equilibrium, respectively, and are given by diagonal
matrixes in the form of Eq. (3.61). The operator L describes the carrier
injection and is given by a diagonal matrix with elements Ljj0 ¼ �jj 0Lj. The
electron energy distribution for cases including laser oscillation is given by the
diagonal elements �jj of the solution � of Eq. (3.62) multiplied by the total
electron number Nvc per unit volume. The electron energy distribution
Nvc �

QE
nn in the quasithermal equilibrium state, and the electron energy

distribution Nvc�nn under the laser oscillation are schematically illustrated
in Fig. 3.14. The electron energy distribution Nvc�

TE
nn , in the thermal

equilibrium state is usually much smaller than Nvc �
QE
nn and Nvc �nn.

The electron distributions described by the density matrix are
dominated not only by stimulated emission and absorption of photons
but also by relaxation and injection. As a result, the solution � of Eq. (3.62)
exhibits a nonlinear dependence on the amplitude of the incident optical
wave. Therefore, to solve Eq. (3.62), we expand the solution � in a
polynomial series with respect to the amplitude of the optical wave:

� ¼ �ð0Þ þ �ð1Þ þ �ð2Þ þ � � � þ �ðl Þ þ � � � ð3:63Þ

where �(l ) is the term proportional to the lth power of the optical amplitude.
Noting that HI in Eq. (3.62) is proportional to the optical amplitude,
we equate each term of the same power on the left- and right-hand sides of
Eq. (3.62), in which Eq. (3.63) has been substituted, to obtain

d

dt
�ð0Þ ¼ �1

2
½Grð�ð0Þ � �QEÞ þ ð�ð0Þ � �QEÞGr�

� 1
2
½Gs ð�ð0Þ � �TEÞ þ ð�ð0Þ � �TEÞGs� þ L

d

dt
�ðlÞ ¼ 1

i�hh
½HI; �

ðl�1Þ�

� 1
2
½ðGr þ GsÞ�ðl Þ þ �ðl ÞðGr þ GsÞ� ðl ¼ 1; 2; 3;. . .Þ ð3:64Þ
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Converting these equations into matrix expressions, noting that HI is given
by Eq. (3.56) and the off-diagonal elements are zero, we see that � can be
described by diagonal elements for even power only and off-diagonal
elements for odd power only according to

�nn ¼ �ð0Þnn þ �ð2Þnn þ � � � þ �ð2lÞnn þ � � � ð3:65aÞ
�nm ¼ �ð1Þnm þ �ð3Þnm þ � � � þ �ð2lþ1Þ

nm þ � � � ð3:65bÞ

and that Eq. (3.64) is rewritten as

d

dt
�ð0Þnn ¼ � �

ð0Þ
nn � �QE

nn


c
� �

ð0Þ
nn � �TEnn

s

þ Ln ð3:66aÞ
d

dt
�ð2lÞnn ¼ 1

i�hh
Hnm�

ð2l�1Þ
mn � �ð2l�1Þ

nm Hmn

� �

� �ð2lÞnn

1


c
þ 1


s

� �
ðl ¼ 1; 2; 3; . . .Þ ð3:66bÞ

d

dt
�ð2lþ1Þ
nm ¼ 1

i�hh
�ð2lÞmm � �ð2lÞnn

� �
Hnm � �

ð2lþ1Þ
nm


r
ðl ¼ 0; 1; 2; 3; . . .Þ

1


r
¼ 1


c
þ 1


v
ð3:66cÞ
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Figure 3.14 Electron energy distribution in the conduction band of an excited

semiconductor (under laser oscillation).
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Here 
c is the relaxation time for the conduction-band electrons, and 
v is

that for the valence-band electrons. The expressions for �mm are given by

replacing n by m, and c by v, in Eqs (3.66a) and (3.66b), and the expressions

for �mn are given by complex conjugate of Eq. (3.66c).

3.6.5 Linear Gain and Refractive Index Change

Since, as shown by Eq. (3.58), the polarization P is calculated from the off-

diagonal elements �nm of the density matrix, we first derive the expression

for the first power term �ð1Þnm. From Eqs (3.56) and (3.66c), we have

d

dt
�ð1Þnm ¼ 1

2i�hh

� �
�ð0Þnn � �ð0Þmm

� �
Pnm EE exp½ið!nm � !Þt�

� �
ð1Þ
nm


r
ð3:67Þ

Solving the above equation for a steady oscillation state, we obtain

�ð1Þnm ¼ 1

2i�hh
�0nn � �ð0Þmm

� �

� Pnm EE exp½ið!nm � !Þt�
ið!nm � !Þ þ 1=
r

ð3:68Þ

Substitution of Eq. (3.68) into Eq. (3.58) yields

Pð1Þ ¼ Nvc

i�hh

X

nm

�ð0Þnn � �ð0Þmm

� �

� jPmnj2E
ið!nm � !Þ þ 1=
r

ð3:69Þ

Therefore, from Eqs (3.48) and (3.69) the linear complex susceptibility is

calculated as

�ð1Þð�hh!Þ ¼ Nvc

"0�hh

X

nm

ð�ð0Þnn � �ð0ÞmmÞ

� jPmnj2
ð!� !nmÞ þ i=
r

ð3:70Þ

The above expression contains �ð0Þnn and �ð0Þmm, which are solutions of

Eq. (3.66a). Considering the fact that the intraband relaxation times 
c and

v are very short, we can approximate them by the quasithermal equilibrium

states as �ð0Þnn � �QE
nn , �

ð0Þ
mm � �QE

mm, and �
QE
nn and �QE

mm can be replaced by the

Fermi–Dirac functions f2 and f1 at the quasi-Fermi levels for the conduction
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and valence bands, respectively. On the other hand, Pmn vanishes to zero
unless the wave vectors k for the statesm and n are same. Therefore,Nvc

P
nm

in the above expression can be rewritten as integration with respect to the
density of states for the electron wave vector dk/2p2 and then as energy
integration:

�ð1Þð�hh!Þ ¼ 1

"0�hh

Z ð f2 � f1Þdk
2p3

� jPmnj2
ð!� !nmÞ þ i=
r

¼ 1

"0�hh

Z
ð f2 � f1Þ

1

2p3

Z
�ðEm þ �hh!nm � EnÞ dk

� �
dð�hh!nmÞ

� jPmnj2
ð!� !nmÞ þ i=
r

¼ 1

"0

Z
ð f2 � f1Þ�rð�hh!nmÞd!nm

� jPmnj2
ð!� !nmÞ þ i=
r

ð3:71Þ

where �r(�hh!nm) is the reduced density of states defined by Eq. (3.18) with �hh!
substituted by �hh!nm, and f1 and f2 are given by Eq. (3.6). The fact that P(1) is
proportional to electric field amplitude E with a coefficient "0�

ð1Þ having an
imaginary part implies that the optical wave is coherently amplified. The
real and imaginary parts of �(1)(�hh!) given by Eq. (3.71) satisfy the Kramers–
Kronig relation (see Appendix 3).

From Eqs (3.51) and (3.71), we obtain expressions for the induced
linear index change and the linear gain:

�nð�hh!Þ ¼ pe2

2nr"0m2!2

Z
ð f2 � f1Þ�rð�hh!nmÞjMmnj2

� ½
rð!� !nmÞ�Lnmð!� !nmÞ d!nm ð3:72Þ

gð1Þð�hh!Þ ¼ pe2

nrc"0m2!

�
Z

ð f2 � f1Þ�rð�hh!nmÞjMmnj2Lnmð!� !nmÞ d!nm ð3:73Þ

where we put jPmnj2¼ (e/m!)2jMmnj2 from Eqs (3.14), (3.15), and (3.56b).
In the above expressions, Lnm(!�!nm) is a function defined by

Lnmð!� !nmÞ ¼
1

p
r½ð!� !nmÞ2 þ 1=
2r �
ð3:74Þ
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Equation (3.73) is in the form of a convolution of the result in Eq. (3.16)
obtained in the direct-transition model using the wave vector conservation
rule and Lnm given by Eq. (3.74). In the limiting case when 
r!1 the
function Lnm(!�!nm) approaches a delta function �(!�!nm) representing
the energy conservation rule. Therefore, for cases where the relaxation is
negligible, Eq. (3.73) coincides with the result of the direct-transition model.
Equation (3.74) implies that with the relaxation present the state of each
electron changes in a short relaxation time 
r, which allows transitions with
deviation from the exact energy conservation, and combinations of carriers
with !nm such that j!�!nmj<1/
r contributes to the amplification and
absorption of the optical wave of frequency !. The function Lnm(!�!nm)
describes the spectrum of stimulated emission (absorption) by combinations
of carriers of energy difference �hh!nm only and is called the line-shape
function.

As shown above, by representing the intraband relaxation in terms
of the relaxation time 
r, the gain factor can be calculated simply by
Eq. (3.73), which is an expansion of the direct-transition model result. The
band-tail effect can also be taken into account by identifying it as an
intraband relaxation and including it in 
r. The refractive index change
induced by the carriers can also be calculated in a similar manner.
The transition matrix element jMmnj2 on the right-hand side of these
expressions can be approximated by the value at the bandgap described by
Eq. (3.29) and put outside the integral. The relaxation time 
r can be
calculated by Eq. (3.66c) from the relaxation times 
c and 
v for each band.
Although 
c and 
v actually depend upon m and n, they can be represented
by a single value for each, which can be determined by experimental
measurements on the carriers in each band. In this approximation, the line-
shape function of Eq. (3.74) reduces to L(!�!nm). This procedure has been
used to calculate amplification gains for many III–V compound
alloy semiconductors [18]. As an example, the result of the calculation
for GaAs is shown in Fig. 3.15. It has been confirmed for GaAs that
this procedure gives results approximately the same as those obtained by
the GHLBT–SME model described in the previous section. However, it has
also been pointed out that the gain spectrum calculated by using the
Lorenzian line-shape function with single relaxation time 
r is not
sufficiently accurate [19]. One of the problems is that, as we can see in
Fig. 3.15, slight absorption appears for photon energy �hh! smaller than the
bandgap energy Eg. This is because in the above analysis the carrier
relaxation was described simply by a single 
r in spite of the fact that the
relaxation for carriers away from the band edge is not so fast as that for
carriers near the band edge. The relaxation effect has been examined in
detail through more careful density matrix analysis, and, based on the
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results, line-shape functions modified for improvement have been proposed

[19]. One of these is a hyperbolic secant function

Lð!� !nmÞ ¼

r
p

sech½
rð!� !nmÞ� ð3:75Þ

which decays for large j!�!nmj more quickly than the Lorenzian function.

Use of this line-shape function eliminates the above-mentioned problem [20].

The carrier-induced refractive index change can be calculated by Kramers–

Kronig transformation of the gain spectrum (see Appendix 3). While the

above-described line-shape functions are expressions in the frequency

(energy) domain, expressions in the time domain can also be used to

calculate the gain spectrum in a form of a product of Fourier transformations

instead of the convolution of Eq. (3.73) [10].

3.6.6 Saturation Effect

The terms �ð2Þnn and �ð3Þnm, and those for higher powers, in the series expansion

of the density matrix in Eq. (3.65) describe effects that are nonlinear
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with respect to the electric field E. Firstly, solving Eq. (3.66b) with l¼ 1, and
Eqs (3.56) and (3.68) substituted, for the steady-state oscillation, yields

�ð2Þnn ¼ � p
2�hh2

X

m

1


c
þ 1


s

� ��1

�ð0Þnn � �ð0Þmm

� �

� jPmnj2 jEj2 Lnmð!� !nmÞ ð3:76Þ

The expression for �ð2Þnn is given by replacing m by n and c by v in the above
equation. These expressions describe the fact that, with the presence of a
strong optical field E produced by laser oscillation, the carrier state
distribution deviates from quasithermal equilibrium in such a manner that
the population inversion of !nm close to the optical frequency ! decreases
by an amount proportional to the oscillation intensity jEj2. This means
that, when a strong optical wave is incident or when laser oscillation
takes place, the densities of electrons and holes contribute by the energy
relation to the optical amplification decrease. The decrease in the electron
density is illustrated in Fig. 3.14. This effect is called hole burning, since
it is associated with a deep depression of the carrier energy distribution
curve at !nm�!.

We next substitute Eqs (3.56) and (3.76) into Eq. (3.66c) for l¼ 1 and
solve for steady oscillation state to obtain

�ð3Þnm ¼ � p
4�hh3

1


v
þ 1


s

� ��1

þ 1


c
þ 1


s

� ��1
" #

� �ð0Þnn � �ð0Þmm

� �
jPmnj2 jEj2 Pnm EE exp½ið!nm � !Þt�

� Lnmð!� !nmÞ
ð!� !nmÞ þ i=
r

ð3:77Þ

Substituting Eq. (3.77) into Eq. (3.58) yields an expression for nonlinear
polarization:

Pð3Þ ¼ � p
4�hh3

1


v
þ 1


s

� ��1

þ 1


c
þ 1


s

� ��1
" #

� 2�hh

Z
ð f2 � f1Þ �rð�hh!nmÞ d!nmjPmnj4 jEj2 E

� Lnmð!� !nmÞ
ð!� !nmÞ þ i=
r

ð3:78Þ
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From Eqs (3.48), (3.51), and (3.78) the nonlinear susceptibility and

nonlinear gain factor are calculated as

�ð3Þð�hh!Þ ¼ � p
2�hh2"0

e

m!

� �4 1


v
þ 1


s

� ��1

þ 1


c
þ 1


s

� ��1
" #

� jEj2
Z

ð f2 � f1Þ �rð�hh!nmÞ d!nm jMmnj4

� Lnmð!� !nmÞ
ð!� !nmÞ þ i=
r

ð3:79Þ

gð3Þð�hh!Þ ¼ � p2!
2�hh2nrc"0

e

m!

� �4

� 1


v
þ 1


s

� ��1

þ 1


c
þ 1


s

� ��1
" #

jEj2

�
Z

ð f2 � f1Þ �rð�hh!nmÞ d!nm jMmnj4 ½Lnmð!� !nmÞ�2 ð3:80Þ

In these expressions, Nvc

P
nm was replaced by the integration with respect

to the energy using the reduced density of states in the same manner as

described above. Equation (3.80) shows that, with increase in the optical

field E, the gain in the frequency in the vicinity of ! is reduced from the

value calculated with the quasithermal equilibrium approximation by an

amount proportional to jEj2. This phenomenon is called gain saturation.

In a laser oscillator where the saturation effect is taken into account, with

increase in the injection current above the threshold, the gain is kept

constant to maintain the oscillation condition, while the carrier density

continues to increase slightly to compensate for the gain saturation.

3.6.7 Extension to Multimode Expressions

Thus far the optical wave has been assumed to be of a single mode. For

general cases including cases where the optical field consists of components of

several frequencies, a similar analysis can be made by using a mode expansion

expression
P

qEq(r) exp(�i!qt) for the complex electric field. Then, since �ð1Þnm

and P(1) are linear functions of the complex electric field, the linear

susceptibility �(1)(�hh!q) and the linear gain factor g(�hh!q) for each frequency

component q are given by the same expressions as those for single-frequency

case, with ! replaced by !q. On the other hand, since �ð2Þnn and �ð3Þnm are terms

proportional to the second and third powers, respectively, of the electric field,
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we must take summations of the forms
P

qq0Re{[Eq(r) exp(�i!qt)]
[Eq0(r) exp(�i!q0t)]} and

P
qq0q0 0Re{[Eq(r)

0exp(�i!qt)]� [Eq0(r) exp(�i!q’t)]
[Eq0 0(r) exp(�i!q0 0t)]}, respectively. Therefore, the nonlinear gain factor
g(3)(�hh!q) for a component of a frequency !q is given by summation of the
contributions by all frequency components:

gð3Þð�hh!pÞ ¼ �
X

p0
�pp0 jEp0 j2 ð0 < �pp0 Þ ð3:81Þ

The self-contribution on the right-hand side of the above expression,
��ppjEpj2, is given by the right-hand side of Eq. (3.80) with ! and jEj2
replaced by !p and jEpj2. The cross contribution by the frequency
component p0( 6¼p) on the right-hand side of the above expression is
��pp0jEp0j2. We can now compare the magnitudes of the coefficients �pp and
�pp0 ( p

0 6¼ p). In
P

qq0q00 of �ð3Þnm, only two terms contribute to the self-
saturation coefficient �pp describing the saturation of gain for the frequency
component p due to the same frequency component p. On the other hand,
there are four terms that contribute to the cross saturation coefficient �pp0

describing the saturation of gain for the frequency component p due to the
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other frequency component p0. This suggests that �pp0 is roughly twice �pp. It
has been shown that �pp< �pp0( p

0 6¼ p) although the difference in the spatial

distributions of the fields reduces the magnitude of �pp.
Consider next a case where a laser is oscillating in a single mode of

frequency !L corresponding to the peak of the small signal gain spectrum
g(1)(�hh!), and let jEj2 be the square of the electric field amplitude of the
oscillating mode. Then, without taking the summation

P
in Eq. (3.81), we

simply have g(3)(�hh!L)¼��jEj2 for !¼!L, g
(3)(�hh!)¼��0jEj2 for ! 6¼!L, and

0<�< �0. The gain spectrum for the frequency ! at and near the oscillating
frequency !L is given by g(�hh!)¼ g(1)(�hh!)þ g(3)(�hh!). For the oscillating
frequency !L, the gain is reduced to g(1)(�hh!L)��jEj2 owing to the saturation,
and this reduced value is kept at the threshold gain gth to maintain the

oscillation. In this situation, the gain for frequency is reduced even more to
g(1)(�hh!)��0jEj2. Accordingly, the gain spectrum is such that the gain equals
the threshold gain gth at the lasing frequency and is lower than gth in the
vicinity of it, as illustrated by the result of the calculation shown in Fig. 3.16.

This means that hole burning is caused in the gain spectrum. For cases
where a laser is oscillating in several modes, the nonlinear gain is given by
Eq. (3.81) and �pp<�pp0 ( p

0 6¼ p). From this, we see that, once a mode starts
to oscillate, the oscillating mode gives rise to larger saturation of gain for

other modes than for the oscillation mode itself. The multimode oscillation
characteristics affected by the interaction between modes will be discussed
in Chap. 6.

REFERENCES

1. C. Kittel, Introduction to Solid State Physics, John Wiley, New York (1986).

2. F. H. Pollak, C. W. Higginbotham, and M. Cardona J. Phys. Soc. Japan 21,

Suppl., 20 (1966).

3. E. O. Kane, J. Phys. Chem. Solids, 1, 249 (1957).

4. M. G. A. Bernard and G. Duraffourg, Phys. Status Solidi, 1, 699 (1961).

5. G. Lasher and F. Stern, Phys. Rev., 133, A553 (1964).

6. E. O. Kane, Phys. Rev., 131, 79 (1963).

7. H. C. Casey, Jr, and M. B. Panish, Heterostructive Lasers, Academic Press,

New York (1978).

8. B. I. Halperin and M. Lax, Phys. Rev., 148, 722 (1966).

9. F. Stern, Phys. Rev., 148, 186 (1966).

10. L. A. Coldren and S. W. Carzine, Diode Lasers and Photonic Integrated

Circuits, John Wiley, New York (1995).

11. F. Stern, Phys. Rev. B B3, 2636 (1971).

12. F. Stern, J. Appl. Phys., 47, 5382 (1976).

13. N. K. Dutta, J. Appl. Phys., 52, 55 (1981).

Stimulated Emission and Optical Gain 79

Copyright © 2004 Marcel Dekker, Inc.



14. W. B. Joyce and R. W. Dixon, Appl. Phys. Lett., 31, 354 (1977).

15. N. K. Dutta and R. J. Nelson, J. Appl. Phys., 53, 74 (1982).

16. G. P. Agrawal and N. K. Dutta, Semiconductor Lasers, second edition,

Van Nostrand Reihold, New York (1993).

17. M. Yamada and Y. Suematsu, J. Appl. Phys., 52, 2653 (1981).

18. Y. Suematsu (ed.), Semiconductor Lasers and Optical Integrated Circuits

(in Japanese), Ohmsha, Tokyo (1987).

19. M. Yamanishi and Y. Lee, IEEE J. Quantum Electron., QE-23, 367 (1987).

20. W. W. Chow, S. W. Koch, and M. Sergeant III, Semiconductor Laser Physics,

Springer, Berlin (1993).

80 Chapter 3

Copyright © 2004 Marcel Dekker, Inc.



4
Stimulated Emission in Quantum
Well Structures

In semiconductor microstructures of nanometer size, the behavior of
electrons is strongly affected by the quantum nature of the electron and
exhibits a remarkable dependence on the parameters specifying the
structure. Therefore, by appropriate design of the structure parameters,
one can implement artificial novel electronic properties unlike the intrinsic
characteristics of the bulk materials [1–4]. Recent advanced techniques for
crystal growth have enabled precise fabrication of such the quantum
structures, and quantum structures have offered very effective and attractive
possibilities for improvement in semiconductor laser performances [5,6].
This chapter presents the fundamental theory of the quantum well (QW) as
the most important quantum structure and the optical amplification by
stimulated emission in it.

4.1 ELECTRON STATE IN QUANTUM WELL STRUCTURES

4.1.1 Formation of a Quantum Well Structure

The de Broglie wavelength of electrons in a very thin (less than a few tens of
nanometers) semiconductor film structure is comparable with the thickness
of the film. In such a structure, electrons exhibit interesting electric and
optical characteristics dissimilar to those in bulk semiconductors and
ordinary double heterostructures (DHs). The most fundamental semicon-
ductor quantum heterostructure is a single quantum well (SQW), which
consists of a very thin layer of a semiconductor sandwiched between two
layers of a semiconductor having a bandgap energy larger than that of the
thin layer. The conduction- and valence-band edges of this structure form
potential wells, as shown in Fig. 4.1. The region of the thin layer is called a
well, and the regions of the side layers are called barriers. Let EgW and EgB

Copyright © 2004 Marcel Dekker, Inc.



be the bandgap energies of the well and barrier regions, respectively, and

�Eg¼EgB�EgW be the difference between them. The potential well is

formed in such a manner that �Eg is divided into the potential discontinuity

(band offset) for the conduction-band edge �Ec and that for the valence-

band edge �Ev, as shown in Fig. 4.1. The ratio of the band offset has been

experimentally determined [7,8] as

�Ec

�Eg
¼ 0:67� 0:01 ð4:1aÞ

�Ev

�Eg
¼ 0:33� 0:01 ð4:1bÞ

for GaAs–AlxGa1� xAs quantum wells, and

�Ec

�Eg
¼ 0:39� 0:01 ð4:2aÞ

�Ev

�Eg
¼ 0:61� 0:01 ð4:2bÞ

for InP–In1� xGaxAsyP1� y quantum wells. The electrons and holes are

confined in the well (in the thin layer) by the potential distribution. A

structure consisting of several quantum wells stacked with thick barriers,

where coupling between wells is negligible, is called a multiple-quantum-well

(MQW) structure. On the other hand, a structure consisting of many
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alternatively stacked thin wells and thin barriers, where the wells are coupled
each other, is called a superlattice (SL).

4.1.2 Quantum Confinement Effect

Consider a SQW structure, consisting of a thin layer of a semiconductor
crystal W sandwiched between two regions of semiconductor crystal B
having a bandgap energy larger than that of W. We take the z coordinate
along the direction perpendicular to the layer, in such a manner that the
potential well of width (thickness of the layer) Lz is positioned in the
region �Lz/2< z<Lz/2. Let Vc(z) be the energy level of the conduction
band-edge. Using the effective-mass approximation, the wave function  of
an electron in a semiconductor crystal can be written in an expansion form
by the Wannier function (Fourier transform of Bloch function) W(r� rj):

 ðrÞ ¼
X

j

FðrjÞWðr� rjÞ ð4:3Þ

where F (r) is an envelope function for the electron wave function. The
function F (r) satisfies an effective-mass equation in the same form as the
Schrödinger equation:

� �hh2

2m�ðzÞ r
2 þ VcðzÞ

� �
FðrÞ ¼ EFðrÞ ð4:4Þ

where rj denotes each lattice point, m�(z) describes the effective mass of
electron in each region, and E denotes the electron energy. Noting that m�

and Vc are functions of z only, we put

FðrÞ ¼ expðikxy E rÞ�ðzÞ ð4:5Þ

using a wave vector kxy in the plane of the well (x–y plane). Then, from
Eqs (4.4) and (4.5) we obtain an equation for �(z):

� �hh2

2m�ðzÞ
d2

dz2
þ VcðzÞ

� �
�ðzÞ ¼ E � �hh2k2

2m�ðzÞ

� �
�ðzÞ ð4:6Þ

where

k ¼ jkxyj

The electron wave function  , given by Eqs (4.3) and (4.5) with the solution
of the above equation �(z), can be rewritten as an approximate expression
using the Bloch function:

 ðrÞ ¼ expðikxy E rÞ u0ðrÞ�ðzÞ ð4:7Þ
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Thus the wave function  is given by the Bloch functions in each region with
their amplitudes modulated by the envelope function �(z) describing the
distribution along the direction perpendicular to the plane of the well.

We consider electrons in and around the quantum well such that j�(z)j
is large for jzj<Lz/2 and is small for jzj>Lz/2. Assuming that the difference
between the effective mass m�

W in the well and the effective mass m�
B in the

barrier and is small, we can approximate m�(z) on the right-hand side of
Eq. (4.6) as m�

W. Thus Eq. (4.6) is rewritten as

� �hh2

2m�ðzÞ
d2

dz2
þ VcðzÞ

� �
�ðzÞ ¼ "�ðzÞ ð4:8aÞ

E ¼ �hh2k2

2m�
W

þ " ðk ¼ jkxyjÞ ð4:8bÞ

Since the functions m�(z) and Vc(z) on the left hand side of the above
equation have discontinuity at z¼�Lz/2, the solution �(z) must be
obtained in each region and be connected. From the continuity of the
wave function  , continuity of �(z) is required at the boundary. Since the
electric charge flow across the boundary is continuous, the z component
Jz¼ eRe{�*(�i�hh/m�) d�/dz} of the charge flow density vector J¼
eRe{ *m }, must be continuous, and therefore continuity of (1/m�) d�/dz
is required.

We next derive solutions of the eigenequation in Eq. (4.8a). A SQW
of depth �E can be described by

VcðzÞ ¼
0 jzj5Lz

2

� �

�E jzj > Lz

2

� �

8
>>><
>>>:

ð4:9Þ

The energy is described with reference to the bottom of the well. Then, from
the symmetry of m�(z) and Vc(z), the solutions �(z) are even or odd
functions of z, and they can be written as

�ðzÞ ¼

A cos
�Lz

2

� �
exp �
 z� Lz

2

� �� 

z > þLz

2

� �

A cosð�zÞ jzj5Lz

2

� �

A cos
�Lz

2

� �
exp þ
 zþ Lz

2

� �� 

z5� Lz

2

� �

8
>>>>>>>><
>>>>>>>>:

ð4:10aÞ
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or

�ðzÞ ¼

A sin
�Lz

2

� �
exp �
 z� Lz

2

� �� 

z > þLz

2

� �

A sinð�zÞ jzj5Lz

2

� �

�A sin
�Lz

2

� �
exp þ 
 zþ Lz

2

� �� 

z5� Lz

2

� �

8
>>>>>><
>>>>>>:

ð4:10bÞ

where �¼ (2m�
W")

1/2/�hh and g¼ [2m�
B(�E� ")]1/2/�hh. The above equations

show that the envelope function �(z) exhibits oscillatory variation in the well
and decays monotonically with increasing distance from the well in the
barriers; i.e., the electron wave is confined in and around the well as shown
in Fig. 4.2. From the boundary conditions, we obtain the characteristic
equations

� tan
�Lz

2

� �
¼ m�

W

m�
B


 ð4:11aÞ

�� cot �Lz

2

� �
¼ m�

W

m�
B


 ð4:11bÞ

for determining the eigenvalue ". These equations can be graphically solved
as shown in Fig. 4.3. Putting �¼ �Lz/2¼ ð2m�

W"Þ1=2Lz/2�hh, the above
equations are rewritten as

� tan � ¼ ðm�
W=m

�
BÞ1=2 m�

WDEL2
z=2�hh

2
� �

� �2
� �1=2 ð4:12aÞ

�� cot � ¼ m�
W=m

�
B

� �1=2
m�

WDEL2
z=2�hh

2
� �

� �2
� �1=2 ð4:12bÞ
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Figure 4.2 Envelope wave function and energy eigenvalues of electrons confined in

a quantum well.
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By plotting graphs for the right- and left-hand sides of the above equations
as functions of �, the roots of � are given by the values of the abscissa of
the cross points. The graph shows that the number of the roots is
1þ [(2m�

W �EL2
z/p

2�hh2)1/2], and there is at least one root. Denoting the roots
as �n (n¼ 1, 2, . . . ), the eigenvalues " are given by

" ¼ "n ¼
�hh2

2m�
W

2�n
Lz

� �2

ðn ¼ 1; 2; . . .Þ ð4:13Þ

The relations between the depth of the well and the energy eigenvalues are
plotted in Fig. 4.4 using normalized parameters, where the approximation
m�

B � m�
W ¼ m� is used. For an infinitely deep well (�E!1), the solution

of the eigenequation in Eq. (4.8a) is given by

�ðzÞ ¼ A cosð�zÞ
0

n
or

A sinð�zÞ jzj5Lz

2

� �

0 jzj > Lz

2

� �

8
>><
>>:

ð4:14Þ

From the boundary conditions we have �Lz/2¼ np/2 (n¼ 1, 2, . . .), and we
obtain a simple analytical expression for the eigenvalues:

" ¼ "n ¼
�hh2

2m�
W

np
Lz

� �2

ðn ¼ 1; 2; . . .Þ ð4:15Þ
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Figure 4.3 Graphic solution of the eigenvalue equation in Eq. (4.11).
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4.1.3 Two-Dimensional Electron Gas

Although electrons in a quantum well can move with arbitrary momentum
along the direction parallel to the plane of the well, they are confined in the
well without freedom of motion along the direction perpendicular to the
well. Unlike electrons in a bulk semiconductor (including a thick DH) which
have three-dimensional freedom, electrons in a quantum well have only
two-dimensional freedom. These electrons of two-dimensional freedom are
called a two-dimensional electron gas (2DEG). There is similarity between
the electron wave confinement in a quantum well and optical wave
confinement in a dielectric thin-film optical waveguide. A quantum well may
be considered as a waveguide for an electron wave.

Equations (4.8b) and (4.13) show that the energy of the 2DEG can be
written in a form of the sum of the discrete eigenvalue "n concerning the
confinement in the well and the kinetic energy concerning the motion along
the plane of the well:

E ¼ "n þ
�hh2k2

2m�
W

¼ "n þ
�hh2

2m�
W

ðk2x þ k2yÞ ð4:16Þ
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The conduction band can be described by the energy dispersion concerning

the momentum in the plane of the well for each quantum number n

concerning the confinement. Accordingly, the conduction band is divided

into states described by dispersion curves for each quantum number n

(Fig. 4.5). Each set of electron states labeled by a quantum number is called

a subband.

4.1.4 Holes in a Quantum Well

In a similar manner to electrons in the conduction band, holes in the

valence band are also confined in the well and subbands are formed.

The valence band, however, consist of a heavy-hole (HH) band, a light-hole

(LH) band, and a split-off band as shown in Fig. 3.1, and it cannot be

described by a single effective mass and a single dispersion. Accordingly,

the subband structure for holes in a quantum well is even more complicated.

An example of calculated results is shown in Fig. 4.6. Consider first the

upper edge of the valence band (k¼ 0). Whereas in a bulk semiconductor,

HHs and LHs are degenerate and have the same energy Ev, in a quantum

well the degeneracy is removed by the perturbation caused by the

well potential and the effective-mass difference. When the well potential is

approximated by a potential with infinitely high barriers, the confinement
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energy eigenvalues for heavy holes and light holes at the upper edge of the

valence band (k¼ 0) are given by

"n;hh ¼ �hh2

2m�z
hh

pn
Lz

� �2

ð4:17aÞ

"n;lh ¼ �hh2

2m�z
lh

pn
Lz

� �2

ð4:17bÞ

which are in the same form as Eq. (4.15). The envelope wave function

�(z) is also given by a formula similar to Eq. (4.14). The effective masses

m�z
hh and m�z

lh for the z direction, however, take values different from those

of the bulk HH effective mass m�
hh and the bulk LH effective mass,

although m�z
hh > m�z

lh holds. Although holes of eigenvalues "n,hh and "n,lh in a

quantum well are also called heavy holes and light holes, respectively, this is

only for convenience and their characters are different from those of HHs

and LHs in bulk semiconductor. Consider next the dispersion with respect

to the momentum along the plane of quantum well (wave vector kxy).

The dispersion is affected by the band mixing owing to the perturbation

caused by the well potential and exhibits singular behavior significantly

different from that in a bulk semiconductor. Although the dispersion
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in the region where jkxyj is small can be written in the same form as
Eq. (4.16), i.e.,

Ehh ¼ �"n;hh �
�hh2k2

2m
�xy
n;hh

ðk ¼ jkxyjÞ ð4:18aÞ

E1h ¼ �"n;1h �
�hh2k2

2m
�xy
n;lh

ðk ¼ jkxyjÞ ð4:18bÞ

Not only are the values of m
�xy
hh and m

�xy
lh different from those of m�z

hh and m�z
lh

(anisotropy of effective mass), but also the order of magnitude is inverted as
m

�xy
hh < m

�xy
lh . In addition, in the region where jkxyj is large, the dispersion

deviates significantly from the parabolic function (nonparabolic band). The
singularity also include a negative effective mass along the plane of the well
for some holes and the associated electron-like behavior.

4.1.5 Density of States

An important difference between electrons in a quantum well and electrons
in a bulk semiconductor appears not only in the confinement of the wave
function in the well but also in the density of states.

As is well known, the (three-dimensional) density �3D(E ) of states per
unit volume for electrons in a bulk semiconductor is given by a parabolic
function:

�3DðEÞ ¼
1

2p2�hh3
ð2m�Þ3=2E1=2 ð4:19Þ

where the energy E is measured with reference to the lower edge of the
conduction band. Here we derive expressions for the density of states for
electrons in a quantum well. Consider first a subband (the nth subband) and
neglect the nonparabolicity. Then the dispersion is given by

E ¼ "n þ
�hh2k2

2m� ðk ¼ jkxyjÞ ð4:20Þ

and therefore E>"n, and the density of states is �2D(E)¼ 0 for E<"n.
Considering a square region of side length L in the plane of the quantum
well (x–y plane), and applying the periodic boundary condition, the wave
vector in the plane is limited to values given by kxy¼ (2pnx/L, 2pny/L) (nx,
ny¼ 0,�1,�2, . . .), and therefore each electron state occupies an area of
(2p/L)2 in the two-dimensional kxy plane. Therefore, for E>"n the number
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of states of energy between E and Eþ dE per unit area is given by

�2DðEÞ dE ¼ 2½2pkdk=ð2p=LÞ2�
L2

¼ kdk

p

¼ m�

p�hh2
dE ðE > "nÞ ð4:21Þ

where spin is taken into account. This result shows that the density �2D(E)
of states per unit area, does not depend upon E and takes a constant value

m�/p�hh2. Since the total density of states is given by the sum of the density of

states for each subband, it can be written by using the unit step function u(�)
(u(�)¼ 0 (� < 0); u(�)¼ 1 (0<�)) as

�2DðEÞ ¼
m�

p�hh2
X

n

uðE � "nÞ ð4:22Þ

Thus the density of states is given by a multistep function having steps at

positions of eigenvalues "n, as shown in Fig. 4.7. When the quantum well is

approximated by a well with infinitely high barriers, the eigenvalues "n are
given by Eq. (4.15). Then the values of �2D(E) in Eq. (4.22) at the subband

edges E¼ "n coincide with the values of the three-dimensional density

�3D(E) of states given by Eq. (4.19), multiplied by the well thickness Lz to

convert it into the density �3D(E)Lz per unit area.
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Figure 4.7 Density of states of two-dimensional electrons compared with that of

three-dimensional electrons.
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Now let us compare the density �2D(E)of states for a quantum well
with the density �3D(E) of states for the bulk. While the bulk band edge is at
E¼ 0, the band edge for a quantum well is at E¼ "1 raised by the minimum
eigenvalue "1. While the bulk density of states vanishes as �3D(E)! 0 for the
band edge E!þ 0, the density of states of the quantum well does not
vanish but remains as �2D(E)!m�/p�hh2 for the band edge E! "1þ 0. These
differences in the density of states are fundamental and important
characteristics that explain the properties of a quantum well.

Electrons in a quantum well are confined by a one-dimensional potential
well and have two-dimensional freedom.When electrons are confined in a two-
dimensional potential well, the freedom of the electrons is reduced to one-
dimensional freedom. In a three-dimensional potential well, electrons lose
spatial freedom (zero-dimensional freedom). Structures realizing such two- and
three-dimensional potential wells are called a quantum wire and a quantum
dot, respectively. The densities of states for one- and zero-dimensional
electrons confined in a quantum wire or a quantum dot are given by

�1DðEÞ ¼
2

p�hh
m�

2

� �1=2X

nn0
ðE � "nn0 Þ�1=2 ð4:23Þ

and

�0DðEÞ ¼ 2
X

nn0n00
�ðE � "nn0n00 Þ ð4:24Þ

respectively (see Appendix 2). These densities are peak-like functions, and
the lower-dimensional electrons exhibit a behavior even more singular than
that of two-dimensional electrons.

4.2 DIRECT-TRANSITION MODEL

4.2.1 Expressions for Amplification Gain and
Spontaneous Emission

The optical amplification and absorption by interband transition in a
quantum well can be analyzed by using the direct-transition model in a
similar manner to that described in Section 3.2. Consider first transitions
between a subband in the valence band and a subband in the conduction
band. In a similar manner to Eq. (3.16), the factors of amplification and
absorption by this transition can be written as

gð�hh!Þ ¼ ��ð�hh!Þ

¼ pe2

nrc"0m2!
jMj2 ð f2 � f1Þ�2Drð�hh!Þ

Lz
ð4:25Þ
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where �2Dr(�hh!) is the two-dimensional reduced density of states defined by

�2Drð�hh!Þ ¼
1

p2

Z
�ðE1 þ �hh!� E2Þ dkxy ð4:26Þ

In order to convert the reduced density �2Dr of states per unit area into the

density per unit volume, the well width Lz is inserted at the end of the left-

hand side of Eq. (4.25). An important difference between the expressions

for a bulk semiconductor (Eqs (3.16) and (3.17)) and the expressions for a

quantum well (Eqs (4.25) and (4.26)) is that the former are given by a

volume integral with respect to a three-dimensional wave vector k, while the

latter are given by a area integral with respect to a two-dimensional wave

vector kxy.
Consider also spontaneous emission due to the direct transition of

electrons from a subband in the conduction band to a subband in the valence

band. Then, in a similar manner as Eq. (3.20), the rate of spontaneous

emission, per unit volume per unit time, of photons of frequency within the

range from ! to !þ d! can be written as


sptð�hh!Þ d! ¼ nre
2!

pm2c3"0
d!jMj2 f2ð1� f1Þ�2Drð�hh!Þ

Lz
ð4:27Þ

4.2.2 Transition Matrix Element

The matrix element for an interband transition in a quantum well can be

calculated by using a definition similar to Eq. (3.15), namely,

jMj2 ¼ jeh 2jpj 1ij2

¼ m!

e

� �2
jeh 2jerj 1ij2 ð4:28Þ

and substituting the electron wave function  2 and hole wave function  1

into Eq. (4.28). Since the wave functions  in the well can be written as Eq.

(4.7) using the normalized envelope wave function �(z), the above

expression is written as

jMj2 ¼ ðm!Þ2 e ueðrÞ�eðzÞjrjuhðrÞ�hðzÞ
	 
�� ��2

� ðm!Þ2 ehueðrÞjrjuhðrÞi
Z
�e�ðzÞ�h ðzÞdz

����
����
2

ð4:29Þ

where the superscripts e and h denote electrons and holes, respectively. In

the above expression, the in-plane wave vector for electrons and holes are
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assumed to be equal ðkexy ¼ khxyÞ, since jMj2¼ 0 for kexy 6¼ khxy. Because of
the orthonormality of the envelope wave function (although the orthogon-
ality holds rigorously for a well of infinite barrier height, it is an approximate
relation for a realistic well of finite barrier height), the factor

R
�e�ðzÞ�hðzÞ dz

on the right-hand side of the above expression equals 1 for the case where
ne¼ nh and equals approximately 0 for the cases where ne 6¼ nh, where ne

and nh are the quantum numbers of the electron and hole confinements
respectively, with respect to the z direction. Therefore, only transitions
which satisfy the in-plane wave vector conservation rule kexy ¼ khxy and the
quantum number conservation rule (�n¼ 0 selection rule) occur, and
transitions with different quantum numbers are inhibited.

In Eq. (4.29), e is a unit vector describing the direction of the optical
electric field vector (polarization), and hue(r)jrjuh(r)i is a matrix element
which can be calculated by using the Bloch functions for electrons and holes
in the well. For a bulk semiconductor, jMj2 is polarization independent and
is given by the averaged Bloch state matrix element (Eq. (3.29)), which is
the value derived from the kp perturbation theory

jMj2 ¼ m2EgðEg þ DÞ
2mnðEg þ 2D=3Þ ð4:30Þ

multiplied by the factor 1
3
resulting from the averaging 	 
 over all

directions for the hole wave function and the factor 1
2
resulting from the spin

selection rule. For a quantum well, however, such averaging does not apply
because of the anisotropy of uh(r). It has been shown through a detailed
analysis that jMj2 of a quantum well depends not only on polarization but
also on kxy because of the hole band mixing. The values of jMj2 at and near
the band edge kxy � 0 are as follows [10]:

For polarization parallel to the plane of well (ekQW), i.e., TE wave:

1/2 times for electron – heavy hole transition
1/6 times for electron – light hole transition

Forpolarizationperpendicular to theplaneofwell (e?QW), i.e.,TMwave:

0 times times for electron – heavy hole transition
2/3 times for electron – light hole transition

of the value given by Eq. (4.30). They must be multiplied by a factor 1
2

resulting from the spin selection rule.

4.2.3 Reduced Density of States

Under the assumption that the parabolic approximation applies for the
electron and hole dispersions as in Eqs (4.16) and (4.18) and they can be
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written as

Ee ¼ E2 ¼ Ecb þ "n;e þ
�hh2k2

2me
ðk ¼ jkxyjÞ ð4:31aÞ

Eh ¼ E1 ¼ Evb � "n;h �
�hh2k2

2mh
ðk ¼ jkxyjÞ ð4:31bÞ

the electron and hole energies, satisfying the in-plane wave vector (kxy)
conservation rule, the quantum number (�n¼ 0) selection rule, and the
energy conservation rule E1þ �hh!�E2¼ 0 simultaneously, are

E2 ¼ Ecb þ "n;e þ
mr

me
ð�hh!� Eg;nÞ ð4:32aÞ

E1 ¼ Evb � "n;h �
mr

mh
ð�hh!� Eg;nÞ ð4:32bÞ

1

mr
¼ 1

me
þ 1

mh
ð4:33Þ

Eg;n ¼ Egb þ "n;e þ "n;h ¼ ðEcb � EvbÞ þ "n;e þ "n;h ð4:34Þ

where mr is the reduced effective mass, Egb the bulk bandgap energy, and
Eg,n the gap energy for the nth subbands of a quantum well. Then the
reduced density �2Drn(�hh!) of states for the nth subbands can readily be
calculated from Eqs (4.26) and (4.31) to yield

�2Drnð�hh!Þ ¼
2mr

p�hh2
uð�hh!� Eg;nÞ ð4:35Þ

where u denotes the unit-step function.
For the Fermi–Dirac factors f2 and f1 in the expressions for the gain

factor and the spontaneous emission (Eqs (4.25) and (4.27)), E2 and E1

of Eq. (4.32) should be used for substitution into Eqs (3.6).

4.3 GAIN SPECTRUM AND GAIN FACTOR

4.3.1 Structures of Quantum Well Lasers

Use of quantum well(s) as an active layer allows implementation of
quantum well lasers offering performances better than those of ordinary
DH lasers. However, as discussed in detail in Chap. 5, mere reduction in
the active layer thickness of a DH laser to form a SQW or MQW structure
does not lead to realization of high performances, since the resultant
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quantum well (QW) is too thin in comparison with the optical wavelength
to ensure strong optical confinement, and therefore a high effective gain for
the guided wave cannot be attained. Another problem is that it is not easy to
attain a high efficiency of carrier injection in MQW structures having many
heterojunctions, and the carriers injected in the thin QW may leak, thereby
reducing the effective carrier injection efficiency. To overcome these
problems and to implement high-performance quantum well lasers, various
improved structures as shown in Fig. 4.8 have been developed. They are
separate-confinement heterostructures (SCHs), consisting of the QW active
layer for carrier confinement and a refractive index structure for optical
confinement outside it, and their modifications.

4.3.2 Determination of Quasi-Fermi Level

When the nonparabolicity of the band can be omitted, the density (per unit
volume) of electrons and holes in a carrier-injected quantum well of width
Lz can be written as

n ¼
Z
�2DcðE2Þ f2 dE2

Lz
ð4:36aÞ

p ¼
Z
�2DvðE1Þð1� f1ÞdE1

Lz
ð4:36bÞ

where �2D is the two-dimensional density (per unit area) of states in the form
of Eq. (4.22), and f1 and f2 are the Fermi–Dirac factors of Eqs (3.6) with the
quasi-Fermi levels Fc and Fv. Since �2D is constant in this case, the above
integration can be carried out analytically to yield

n ¼ mekBT

p�hh2Lz

X

n

ln exp
F c � Ecn

kBT

� �
þ 1

� 

ð4:37aÞ

p ¼ mhkBT

p2�hh2Lz

X

n

ln exp
Evn � Fv

kBT

� �
þ 1

� 

ð4:37bÞ

For electrons, assuming that the contributions by subbands except for the
first subbands can be neglected, from the above equation we obtain an
expression for Fc:

Fc � Ec1

kBT
¼ ln exp

p�hh2nLz

mekBT

� �
� 1

� 

ð4:38Þ
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For holes, Eq. (4.37b) should be used to obtain Fv, since generally
contributions by both the heavy hole bands and light hole bands must be
considered. When the minority-carrier density is given as independent, the
quasi-Fermi levels Fc and Fv can be determined by these expressions and the
electric neutrality condition Eq. (3.38). Although the procedure described
here applies with good approximation for cases where the carrier density is
not very high, calculation for accurate analysis for cases including those of
high carrier density requires consideration of nonparabolicity of the bands
and contribution of carriers with energy above the quantum well barrier
potential.

4.3.3 Characteristics of the Gain Spectrum
of Quantum Well

The laser amplification gain under carrier injection into a quantum well
structure results from interband transitions satisfying the quantum number

(a) (b) (c)

(e)(d)

Figure 4.8 Various quantum heterostructures for quantum well lasers: (a) SQW;

(b) modified SQW; (c) graded-index separate-confined heterostructure single

quantum well (GRIN-SCH-SQW); (d) MQW; (e) modified MQW. The ordinate

represents electron energy, and the abscissa is along the direction perpendicular to

the junction plane. The upper and lower shaded areas indicate the conduction band

and the valence band, respectively.
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conservation rule, as shown in Fig. 4.9. Summing the contributions by each

subband given by Eq. (4.25), and using the reduced density of states for the

parabolic bands, the gain (absorption) spectrum is given by

gð�hh!Þ ¼ ��ð�hh!Þ

¼ pe2

nrc"0m2!
�

X

n

jMj2ð f2 � f1Þ
2mr

p�hh2Lz
uð�hh!� Eg;nÞ ð4:39Þ

where mr is the reduced effective mass, Eg,n is the gap energy of the

subbands, u is a unit step function, and �n indicates summation with respect

to subbands of confinement quantum number n. For the occupation

probabilities f2 and f1 for the conduction and valence bands, respectively,

the probabilities for the carrier injected state given by Eq. (3.6) with the

quasi-Fermi levels and Eq. (4.32) should be used. The quasi-Fermi levels are

correlated with the carrier density as described in the previous Section 4.3.2.
Equation (4.39) shows that the laser gain spectrum is formed as a total

effect of contributions from all the subbands. Therefore, the gain or

absorption resulting from the interband transitions in a quantum well

exhibits a spectrum in the form of the product of the step-like reduced

density of states rising Eg,1, with a deviation from the bulk bandgap Egb by

 (E)

E

Conduction
band

Valence
band

0

Electron

Optical transition ( n = 0)

n = 1

n = 2

Heavy hole

Light hole

Figure 4.9 Interband optical transition in a quantum well structure.
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the fundamental eigenvalues "1,eþ "l,h, and the population inversion

function f2�f1. This means that the gain has a peak-like spectrum with a

comparatively narrow width rising rapidly at the effective bandgap energy

Eg,1. The gain spectrum of a quantum well is illustrated in Fig. 4.10 in

comparison with that of bulk semiconductor.
Figure 4.10 shows that a quantum well offers many advantages in

laser device implementation. Firstly, a quantum well laser oscillates at a

wavelength shorter, by a value corresponding to the quantum confinement

eigenvalues, than that for a bulk DH laser using an active layer of the same

composition as the quantum well. Although the oscillation wavelength of a

DH laser can be made shorter by changing the composition of the active

layer to enlarge the bandgap energy, laser action cannot be obtained when

the composition goes into the indirect-transition region. A quantum well

laser enables shortening of the wavelength to be obtained outside this

limitation. The second point is that, whereas in a bulk semiconductor the

gain peak wavelength shifts with increasing injection level through band

filling, in a quantum well the gain peak wavelength hardly changes. Another

advantage of quantum wells is that because of the step-like density of states

the gain is less sensitive to a change in temperature (the characteristic

temperature T0 for the threshold current is high).

E

E

Injection current dependence
of maximum gain

Gain spectrumDensity of states

Gain g Maximum
gain
gmax

Gain g Maximum
gain
gmax

0

0

0

0

Injection

Injection

Injection current J

Injection current J

Eg

Eg

h

h

(a)

(b)

Figure 4.10 Comparison between laser gains in (a) bulk DHs and (b) quantum

well structures.
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4.3.4 Polarization Dependence

As we see from Eqs (4.17) and (4.22) and Fig. 4.9, the heavy holes have a

smaller confinement eigenvalues and a larger density of state in comparison

with light holes. Accordingly, the portion of heavy hole density of the hole
density p is larger than that of the light hole density. This means that the

major optical transitions are electron–heavy hole transitions, which con-

tribute to amplification of the TE waves but not to amplification of the TM
waves as we see from the description of the matrix element given in Section

4.2.2. Thus the gain in a quantum well exhibits a remarkable polarization

dependence, and the gain is larger for TE waves than for TM waves.

4.3.5 Exciton Effects

The optical absorption due to interband transitions in a quantum well at

thermal equilibrium, which is described by Eqs (4.39) with f2 and f1
substituted by the Fermi–Dirac factors with the Fermi level at thermal

equilibrium, exhibits a step-like spectrum. Consideration of the absorption

spectrum of a quantum well structure, however, must take the existence of
excitons into account [4]. An exciton is a pair consisting of an electron and a

hole mutually bound by the Coulomb attraction force and moving together.

It can be represented by a H-atom-like wave function. The excitons form
absorption peaks at a position shifted from the (sub)bandgap energy towards

lower energy by the exciton binding energies. In bulk semiconductors,

the exciton absorption peak is observed only at low temperatures, since
the binding energy is around 4meV which is considerably smaller than

the thermal energy for room temperature (kBT� 25meV). In quantum wells,

on the other hand, excitons collapse, becoming a flat two-dimensional
nature, the extent of the wave function shrinks, and the binding energy

increases to up to four times the value for the three-dimensional exciton in

the bulk. Moreover, the oscillator strength per unit volume (proportional
to the matrix element jMj2) for the exciton transition in a quantum well is

enhanced to several times the value in the bulk owing to shrinkage of

the wave function. For these reasons, the exciton absorption peak is
clearly observed even at room temperature. Thus the optical absorption

spectrum of a quantum well is dominated by an exciton absorption

peak superimposed on the absorption due to the interband transition.
In a quantum well where carriers are injected with a density sufficient

for obtaining amplification gain, however, excitons do not contribute

substantially to optical transitions, as they are ionized immediately into
electrons and holes by collision with carriers. We can thus omit the exciton

effects in the gain analysis.
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4.3.6 Effects of the Band Tail and Relaxation

Using the results of the density matrix analysis, described in Chap. 3, to take
the band-tail and intraband relaxation effects into account, the gain
spectrum for a quantum well can be written in a form of convolution of
Eq. (4.25), derived from the analysis using the direct-transition model, and
the line-shape function:

gð�hh!Þ ¼ pe2

nrc"0m2!

�
X

n

Z
jMj2ð f2 � f1Þ

�2Drnð�hh!0Þ
Lz

Lð!� !0Þ d!0 ð4:40Þ

The line-shape function L(!�!0) is given in a form such as Eq. (3.74) or
Eq. (3.75). As in a bulk semiconductor, the band-tail and relaxation effects
modify the gain spectrum in such a manner that the rising step is rounded
and the gain peak is somewhat reduced and broadened.

As in a bulk semiconductor, the many-body effects of carriers in a
quantum well give rise to bandgap shrinkage. The bandgap shrinkage for
completely two-dimensional states is expected to be proportional to the
carrier density to the power 1/2. However, it has been shown experimentally
that the dependence is actually close to the 1/3 power dependence of a bulk
semiconductor. Therefore,�Eg of Eq. (3.39) for bulk semiconductors can be
used also as an approximate expression for the carrier density dependence of
Eg,n of a quantum well. It should also be noted that, for accurate calculation
of the above expression, the reduced density of states derived by taking the
nonparabolicity of the valence band into account must be used for
�2Drn(�hh!

0). Then, �n�2Drn is not exactly a multistep function as described
by the sum in Eq. (4.35) but is a function with each step deviating from a flat
horizontal step. The gain spectrum in the vicinity of the effective bandgap,
however, does not deviate greatly.

Using the procedure described above, the gain characteristics have
been calculated for quantum wells and strained quantum wells of various
materials [11]. The gain spectrum for TE polarization calculated from
Eq. (4.40) for a GaAs/AlxG1�xAs quantum well is shown in Fig. 4.11 [11].

4.3.7 Dependence of the Maximum Gain on
the Carrier Density

The dependence of the maximum gain for TE polarization calculated from
Eq. (4.40) for a GaAs/AlxG1�xAs quantum well on the area density (LzN) of
the carriers is shown in Fig. 4.12 [11]. In the same figure, the maximum gain
for a bulk semiconductor is shown for comparison, with the volume density
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Figure 4.11 Example of the dependence of the calculated gain spectrum of a
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Figure 4.12 Dependence of the maximum gain of the quantum well on the carrier
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N of the carriers multiplied by Lz(¼ 80 Å) as the abscissa. As we see from

these results, the carrier densities at transparency and the gains for a

quantum well and a bulk semiconductor do not differ greatly from each

other, provided that a comparison is made with carrier densities for the

same thickness. However, a quantum well, being very thin, reaches

transparency at a carrier density per unit area of the active layer much

smaller than that required in the bulk. The carrier density per unit area of

active layer required in a quantum well to obtain a given gain is also smaller

than that required in the bulk. It should also be noted that the gain of a

quantum well increases with increasing carrier density after transparency.

This is because the density of states has a sharp step-like rise up at the

subband edge; therefore the carriers contribute efficiently to the maximum

gain, and the value of the matrix element is large. However, since the density

of states takes a constant value, a further increase in carrier density

approaching perfect inversion is associated with saturation of the gain

increase. Although the carrier density dependence of the maximum gain can

be approximately described by

gmax ¼ AgðN �N0Þ ð4:41aÞ
An expressions such as

gmax ¼ g0 ln
N þNs

N0 þNs

� �
ð4:41bÞ

gmax ¼ g0ln
N

N0

� �
ð4:41cÞ

are also used to describe phenomenologically the sublinear dependence due

to saturation. Here N is the injection carrier density, N0 is the carrier density

at transparency, and Ag and g0 are constants. In Eq. (4.14b), Ns is a constant

representing the degree of saturation; Eq. (4.14b) coincides with Eq. (4.41a)

for Ns!1 and coincides with Eq. (4.41c) for Ns¼ 0.

4.3.8 Absorption Spectrum and Maximum
Gain Wavelength

The absorption spectrum for the thermal equilibrium state without carrier

injection and the gain spectrum under carrier injection for a quantum well,

in comparison with those for a bulk semiconductor, are shown in Fig. 4.13

[12]. A quantum well exhibits absorption and gain spectra having a

sharp rise, and the bandgap shrinks on carrier injection. Accordingly,

the absorption in a quantum well without injection at the wavelength of the

gain maximum for an injected quantum well is much smaller than the
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corresponding value for a bulk semiconductor. This means that a quantum
well offers advantages in implementing distributed Bragg reflector lasers
and monolithic integrated optical circuits, consisting of a laser-active section
and a passive waveguide section in a waveguide of the same material.

It is known that, after a quantum well layer has been grown over a
whole area of a semiconductor crystal substrate, the quantum well can be
erased within a selected area. Erasing can be accomplished through inter-
mixing of the well and barriers by impurity diffusion or ion implantation
followed by thermal treatment, or deposition of the capping layer followed by
thermal treatment. The processing is referred to as area-selective quantum
disordering [13]. The disordered area can be used as a passive optical
waveguide of low propagation loss at the wavelength of the gain maximum of
the quantum well. Therefore, this processing offers an important technique
for implementation of monolithic integrated optical circuits.

4.4 SPONTANEOUS EMISSION AND
INJECTION CURRENT DENSITY

The rate of spontaneous emission of photons within the frequency range
from ! to !þ d!, per unit volume per unit time, can be calculated by
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Figure 4.13 Comparison of the optical loss spectrum of passive waveguides in a

quantum well structure and a bulk DH at a wavelength in the vicinity of the laser
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summing the contributions by each subband given by Eq. (3.27), and then

taking the convolution of the sum and the line-shape function describing
the band-tail and relaxation effects. The result can be written as


sptð�hh!Þ d! ¼ nre
2!

pm2c3"0
d!

�
X

n

Z
jMj2f2ð1� f1Þ

�2Drnð�hh!0Þ
Lz

Lð!� !0Þ d!0 ð4:42Þ

The spontaneous emission spectrum can be calculated from the above
expression. The total spontaneous emission rate Rspt per unit volume per

unit time can be calculated by integrating rspt(�hh!) of Eq. (4.42) with respect
to !. The result is same as ! integration of rspt(�hh!) without taking the

convolution with the line-shape function. The total spontaneous emission

rate Rspt can be correlated with the injection current density J contributing
to photon emission by

Rspt ¼
Z

sptð�hh!Þ d! ¼ J=q

Lz
ð4:43Þ

Therefore, the dependence of the gain on the injection current density can be

calculated in the same manner as the calculation for the bulk semicon-

ductor. For moderate injection current densities, this calculation procedure
can be used to derive approximate results, since the spontaneous emission is

dominated by the transitions of two-dimensional carriers described by
Eqs (4.42) and (4.43). For higher injection current densities, however, the

contribution of carriers in the quantum well and the SCH structure having

energies higher than the quantum well barrier potential may not be
neglected. Therefore, a complicated calculation taking this into account is

required [4]. It is also necessary to consider the effects of the nonradiative

recombination and carrier overflow in the same manner as in a bulk DH
structure, in order to correlate accurately the calculated radiative recom-

bination current density with the current density of an actual device.
As an example of the calculated dependence of the maximum gain on

the injection current density (radiative recombination current density), a

result for GRIN-SCH-SQW structures is shown in Fig. 4.14 [14]. The
threshold current densities for Fabry–Perot lasers using these structures are

also shown in the figure. The SQW thickness is denoted by Lz, and the

structure approaches to ordinary DH structures for thickness Lz� 400 Å or
larger. As also seen in this figure, the dependence of the maximum gain of

quantum wells on the injection current density generally exhibits sublinear
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characteristics. To describe such characteristic phenomenologically, expres-

sions in the same form as Eq. (4.41) are used:

gmax ¼ g0 ln
J þ Js

J0 þ Js

� �
ð4:44aÞ

gmax ¼ g0 ln
J

J0

� �
ð4:44bÞ

A quantum well has a thickness smaller than that of an ordinary DH

active layer and a small volume; therefore a large gmax is obtained with low

injection current density J. Comparison between values of gmax for a same

injection current density J/Lz per unit volume in thick DH structures and

quantum well structures shows that gmax for quantum well structures is

larger in a wide range of current densities, although the difference is not so

significant as that of the J dependence of gmax. In many cases, the same gmax

can be accomplished in quantum well structures with J/Lz smaller than that

required in DH structures. These advantages of quantum wells result from

the effective contribution of the injected carriers to transitions at or near the

subband edge relevant to gmax, and the large value of the effective transition

matrix element. It should be noted that the effective maximum gain for the

optical wave in a laser is not gmax but Ggmax, where G is the optical
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confinement factor described in Chap. 5. As we see from Fig. 4.14, the Ggmax

value required for laser oscillation can be obtained with an injection carrier
density considerably lower than that required in ordinary DH structures,
provided that the thickness of the quantum well and the SCH structure are
appropriately designed so as to accomplish effective contribution of the
injected carriers to the radiative recombination in the quantum well and to
realize a large value of G.

4.5 STRAINED QUANTUM WELLS

It is usual for DHs and quantum wells to be constructed with mutually
lattice-matched semiconductor alloy crystals. Quantum wells with a
thickness of several tens of nanometers or less, however, can also be
constructed with alloy compositions with slight lattice mismatch with the
surrounding barriers. Such structures are called strained quantum wells, and
they are classified into compressively strained quantum wells where the
lattice constant of the well is larger than that of the barriers, and tensile-
strained quantum wells where the lattice constant of the well is smaller.
Representative example are InxGa1�xAs well with GaAs barriers, and
InxGa1�xAs (or In1� xGaxAsyp1� y) well with InP barriers; the former is a
compressively strained quantum well, and the latter can be a tensile-strained
or a compressively strained quantum well depending upon the composition.
The strain gives rise to modification of the band structure of the quantum
well, and appropriate design allows realization of characteristics useful for
improvement in the performances of semiconductor lasers [15–19].

The modification of the band structure is shown schematically in
Fig. 4.15. The major effect of strain is to decrease the effective masses of
holes, associated with enhancement of curvature of the dispersion curves for
the valence band. Although both compressive strain and tensile strain give
rise to this tendency, the effect is more remarkable with the former. In
semiconductors free from strain, the effective mass of electrons is nearly one
order of magnitude smaller than that of holes, and the electron density of
state is smaller. Therefore, the quasi-Fermi levels under electrical neutrality
are at asymmetrical positions shifted upwards to the conduction band, as
shown in Fig. 4.15(a). In strained quantum wells, on the other hand, the
conduction and valence bands are better balanced, and the positions of
the quasi-Fermi levels are closer to symmetrical positions, as shown in
Figs 4.15(b) and 4.15(c). The improvement in balance leads to a reduction in
carrier density required for a constant separation between quasi-Fermi levels
for both bands, and hence a reduction in the carrier density required for
population inversion. Therefore, the current density at transparency is
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reduced and the differential gain is enhanced. A significant enhancement of

the differential gain by a factor of up to approximately 2 is feasible with

appropriate design.
Whereas in bulk semiconductors free from strain the upper edges of

the heavy hole and light hole bands are degenerate, in strained quantum

wells the degeneracy is removed. As a result, the upper edge of the valence

band is the edge of the heavy hole band for compressive strain and is the

edge of the light hole band for tensile strain, as shown in Figs 4.15(b) and

4.15(c), respectively. Accordingly, the major transition is the electron–HH

transition for compressive strain and is the electron–LH transition for

tensile strain. The electron–HH transition contributes to amplification of

the TE wave, and the electron–LH transition mainly to amplification of the

TM wave. Therefore, it is possible to tailor the polarization characteristics

of the amplification by giving an appropriate strain.
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5
Semiconductor Heterostructure
Optical Waveguides

Optical waveguiding based on the confinement of an optical wave in a semi-
conductorheterostructure, aswell asoptical amplificationbasedonstimulated

emission, is an essential element for semiconductor lasers. This chapter
presents optical waveguides consisting of semiconductor heterostructures for

lasers. Analysis of passive optical characteristics [1–4] and optical character-

istics under carrier injection are discussed. Analysis and characteristics of
optical resonator for laser using such a waveguide are also presented.

5.1 OUTLINE OF OPTICAL WAVEGUIDES FOR
SEMICONDUCTOR LASERS

Fundamental semiconductor lasers are implemented by sandwiching an
active region for optical amplification between two regions of material with

larger bandgap to construct a double hetero-structure (DH) for effective
injection and confinement of high-density carriers. The thickness of the active

layer of ordinary DH lasers is designed to be around 0.1 mm. Fortunately, in
III–V compound alloy semiconductors, increasing the bandgap energy by

changing the composition generally results in decreasing the refractive index
for optical waves [5]. Therefore, an optical wave can be confined in the active

layer and its vicinity. This means that a DH structure serves as an optical

waveguide, which confines the wave in a narrow range with respect to the
direction of the thickness, and guides it along the direction of the layer. In

contrast with the free propagation of an optical wave in a homogeneous
medium, where an optical wave cannot be concentrated into a region of sub-

micronwidth over a distance of the order of millimeters, an optical waveguide
can offer such confinement to enhance the interaction between optical wave

and carriers. Thus practical semiconductor lasers can be implemented.
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Consider an interface between two media having different refractive

indexes nG and nC (nG> nC), and an optical plane wave incident on

the interface at an angle � from the medium of higher index nG, as shown

in Fig. 5.1. For small �, the optical wave is transmitted into the medium

of index nC and propagates at a refraction angle sin�1[(nG/nC) sin�]
determined by the Snell’s law. If � is larger than the critical angle �c

given by

�c ¼ sin�1 nC

nG

� �
ð5:1Þ

the optical wave is totally reflected back into the region of index nG.

Therefore, constructing a structure where a layer of index nG is sandwiched

between two layers of index nC as shown in Fig. 5.2, optical waves with

� > �c are confined in the layer of index nG through successive total internal

reflections and propagate in this layer with a zigzag path. Although the

principle of optical waveguides can thus be illustrated by using the above-

described ray optics model and total internal reflection, accurate analysis

requires a wave optics treatment as discussed below.
A waveguides that confines the optical wave with respect to the

direction perpendicular to the plane of substrate and guides it along the

layer is called a planar waveguide, and the layer where the wave is confined

is called the guiding layer. Although fundamental DH lasers use the active

layer as a guiding layer, in many cases the guiding layer does not necessarily

nG
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Figure 5.1 Reflection of a plane wave at a boundary between two media of

different refractive indexes.
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Figure 5.2 Ray optics model for the principle of an optical waveguide.
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coincide with the active layer, since various multilayer waveguide structures
are used for improvement in performances. For quantum well lasers, a
separate confinement structure is required to attain efficient confinements of
the carriers and the optical wave.

Semiconductor lasers using a planar waveguide, called broad area
lasers, can easily be fabricated and provide a high output power. However,
several factors including microdefects make it difficult to obtain stable laser
oscillation with good uniformity along the lateral direction perpendicular to
the optical axis. In many cases, they oscillate strongly in several narrow
stripe regions. This phenomenon is called filamentation. Filamentation
results in difficulty in focusing or collimating the output wave, limiting the
applications. The wavelength spectrum of the output does not exhibit a
single peak but a broad and complex distribution. This means that simple
broad-area lasers cannot provide an output wave of high temporal and
spatial coherence. To solve these problems, channel waveguides that confine
the optical wave also in the lateral direction and guide it in a narrow region
as shown in Fig. 5.3(b) are employed. Semiconductor lasers of this kind,
called stripe lasers, can provide a stable and highly coherent output, and
therefore they are at present the major semiconductor lasers.

5.2 FUNDAMENTAL EQUATIONS FOR THE OPTICAL WAVE

5.2.1 Maxwell Equations and Wave Equations

The Electric field E, magnetic field H, electric flux density D, and magnetic
flux density B of the optical wave, in general, together with the electric
current density J, satisfy the Maxwell equations

J� E ¼ � @B

@t
ð5:2aÞ

J�H ¼ @D

@t
þ J ð5:2bÞ

Guiding layer Guiding channel

(a) (b)

Figure 5.3 (a) Planar waveguide and (b) channel waveguide.
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JED ¼ 0 ð5:2cÞ
JEB ¼ 0 ð5:2dÞ

From these equations, the boundary conditions for optical waves are
obtained. Let en be a unit vector normal to a boundary, and 1 and 2 be
subscripts for denoting values an both sides of the boundary; then the
boundary conditions are given by

en � ðE1 � E2Þ ¼ 0 ð5:3aÞ
en � ðH1 �H2Þ ¼ 0 ð5:3bÞ
enEðD1 �D2Þ ¼ 0 ð5:3cÞ
enEðB1 � B2Þ ¼ 0 ð5:3dÞ

The above equations show that the tangential components of E and H and
the normal components of D and B are continuous across the boundary.

Consider an optical wave of single angular frequency !. Let exp(�i!t)
be the time dependence and omit it, and let " and � be the relative dielectric
constant and conductivity, respectively, of the medium at !. Then D and E,
B and H, and J and E are correlated by

D ¼ "0"E ð5:4Þ
B ¼ �0E ð5:5Þ
J ¼ �E ð5:6Þ

Then Eq. (5.2) is rewritten as

J� E ¼ i!�0H ð5:7aÞ
J�H ¼ ð�i!"0"þ �ÞE ð5:7bÞ
JE"E ¼ 0 ð5:7cÞ
JEH ¼ 0 ð5:7dÞ

Eliminating H from the above equations, we obtain a general wave equation
for E:

J2E þ J J"E
E

"

� �� 

þ ðk20"þ i!�0�ÞE ¼ 0 ð5:8Þ

where k0 is the wave number defined by

k0 ¼ !ð"0�0Þ1=2 ¼
!

c
¼ 2p

�
ð5:9Þ

Here c is the light velocity in vacuum, and l the wavelength in vacuum. For a
homogeneous medium we have J" ¼ 0 and the wave equation is reduced to

r2E þ ðk20"þ i!�0�ÞE ¼ 0 ð5:10Þ
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Even if the medium is not exactly homogeneous, we can use the above
equation as an approximation, provided thatJ" � 0.Aswe see fromEqs. (5.7)
and (5.10), we can use a complex relative dielectric constant ~"" defined by

~"" ¼ "þ i�

!"0
ð5:11Þ

substituting " to include the � term representing the losses in ~"" as the
imaginary part.

5.2.2 Description of a Carrier-injected Semiconductor

The above expressions can also be applied for semiconductor media by
extending them to describe the stimulated emission and the refractive index
change induced by carrier injection. The extension can be made by
considering a polarization Pact representing the excitation effects.
Assuming that Pact is correlated with the electric field E by

Pact ¼ "0�actE ð5:12Þ
using a complex dielectric susceptibility wact, we can rewrite Eq. (5.4) as

D ¼ "0"E þ Pact ¼ "0ð"þ �actÞE ð5:13Þ
in a form including Pact. Then the wave equation is rewritten as

r2E þ k20 ~nn
2E ¼ 0 ð5:14Þ

~nn2 ¼ ~"" ¼ "þ �act þ
i�

!"0
ð5:15Þ

where ~nn is a complex index of refraction. The index for cases without carrier
injection is given by n¼ "1/2. Since in many cases, for semiconductors,
j�actj 	 " and �=!"0 	 ", we have

Ref ~nng � nþRef�actg
2n

ð5:16aÞ

Imf ~nng � Imf�actg
2n

þ �

2n!"0
ð5:16bÞ

Consider a plane wave propagating along the þz direction in a
homogeneous medium. Then substituting E ¼ ex expði ~		zÞ with a complex
propagation constant ~		 into Eq. (5.14) yields

~		 ¼ k0 ~nn ¼ k0ðnþ�nÞ þ i � g

2
þ �

2

� �
ð5:17Þ

�n ¼ 1

2n
Ref�actg ð5:18Þ
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g ¼ � k0

n
Imf�actg ð5:19Þ

� ¼ k0�

n!"0
ð5:20Þ

Since this optical wave can be expressed as

E ¼ ex exp½ik0ðnþ�nÞz� exp þ gz

2

� �
exp � �z

2

� �
ð5:21Þ

g is a power gain factor, �n is the associated refractive index change, and �
is a power attenuation factor.

5.3 OPTICAL WAVE IN A WAVEGUIDE

5.3.1 Optical Electromagnetic Modes in a Waveguide

An optical waveguide structure, in general, can be described by the
distribution of the relative dielectric constant " in the cross section. Taking
the z axis of a coordinate system along the direction of optical wave
propagation, the distribution for a waveguide that is uniform in the z
direction can be written as

" ¼ "ðx, yÞ ¼ ½nðx, yÞ�2 ð5:22Þ

The refractive index distribution n(x, y) is assumed to have a maximum in
the vicinity of the waveguide axis (0, 0) and a smaller value for positions
away from the axis. For the moment we assume a lossless waveguide (�¼ 0).
The electromagnetic fields of optical waves in this waveguiding structure can
be written as

Eðx, y, zÞ ¼ Eðx, yÞ expði	zÞ ð5:23aÞ
Hðx, y, zÞ ¼ Hðx, yÞ expði	zÞ ð5:23bÞ

where 	 is a propagation constant. The above field must satisfy the Maxwell
equations and boundary conditions. If Jn2ðx, yÞ � 0,Eðx, yÞ satisfies the
wave equation

J2
t þ ½k20n2ðx, yÞ � 	2�Eðx, yÞ ¼ 0 ð5:24Þ

where Jt ¼ ð@=@x, @y, 0Þ.
Among many solutions of the above equation, solutions such that

E(x, y) is finite at and near the waveguide axis and approaches zero
asymptotically for positions far away from the axis are called guided modes,
since they describe a confined optical wave. A finite number of guided
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modes, which are described by the discrete modal field distributions E(x, y)
and H(x, y), and discrete propagation constants exist.

Solutions such that E(x, y) does not approach zero asymptotically for
positions far away from the axis, on the other hand, are called radiation
modes, since they describe optical waves propagating away from the axis.
An infinite number of radiation modes exist, and the modal field distribu-
tions and the propagation constant are of continuous character.

It is convenient to express the propagation constant 	 of the mode by
using the wave number k0 of Eq. (5.9) in the form

	 ¼ Nk0 ð5:25Þ
where N is called the effective index of refraction or the mode index.

5.3.2 Intermode Orthogonality and Power Flow

One of the most important general characteristics of optical waves in a
lossless waveguide structure is intermode orthogonality. Let {E1,H1} and
{E2,H2} be two sets of arbitrary electromagnetic fields; then from Eqs.
(5.7a) and (5.7b) we obtain

JðE1 �H�
2 þ E�

2 �H1Þ ¼ �2�E1 � E�
2 ¼ 0 ð5:26Þ

As for the two sets of field in the structure, consider two modes in the form
of Eq. (5.23), and let {Em,Hm} and {Em0,Hm0} represent E(x, y) and H(x, y)
for the two modes. Substituting them into Eq. (5.26) and integrating the
resultant equation over the x–y plane yield

ð	m � 	m0 Þ
ZZ

½Etm �H�
tm0 þ E�

tm0 �H tm0 �z dxdy

¼ i

ZZ
Jt½Em �H�

m0 þ E�
m0 �Hm�t dxdy ð5:27Þ

where the subscript t, denotes components in the x–y plane, and the
subscript z the z component.

The area integration on the right-hand side of the above equation can be
rewritten as a closed-line integration along the rim of the infinitely large
integration area. The value of the integration vanishes to zero, since E,
H ! 0 at positions far away from the z axis for cases where eitherm orm0 is a
guided mode, and periodic boundary condition can be used to show its
disappearance for cases where bothm andm0 are radiationmodes. As a result,
the area integration on the left-hand side of the above equation vanishes to
zero when 	m 6¼ 	m0. This means that the transverse components of the
electromagnetic fields of different modes are orthogonal to each other.

Semiconductor Heterostructure Optical Waveguides 117

Copyright © 2004 Marcel Dekker, Inc.



Let us consider next the optical power carried by the modal

electromagnetic fields. Since the effective power flow density is given by

the real part of the complex Poynting vector S¼ 1
2
(E�H*), the power flow

transmitted by optical wave of mode m can be written as

P ¼ Pz

¼ Re

ZZ
SEez dxdy

� �

¼ Re

ZZ
1
2
ðEt �H�

t Þzdx dy
� �

¼ 1
4

ZZ
½Etm �H�

tm þ E�
tm �H tm�z dx dy ð5:28Þ

The above quantity is such that P> 0 and P< 0 for 	m> 0 and 	m< 0,

respectively.
It is convenient to use modal field expressions normalized in such a

form that P¼ 1W. The orthonormal relation can be written for guided

modes as

1
4

ZZ
½Etm �H�

tm0 þ E�
tm0 �H tm�z dxdy ¼ ��mm0 ð5:29Þ

where the þ sign should be taken on the right-hand side for 	m¼ 	m0 > 0,

and the � sign for 	m¼ 	m0 < 0. For radiation modes that have a continuous

spectrum, the Kronecker delta must be replaced by the Dirac delta function.
Optical modes have not only normality but also completeness; they

form a complete normal system. This means that transverse components of

an arbitrary optical electromagnetic fields can be expressed in an expansion

form using the modal fields as

Etðx, y, zÞ ¼
X

m

amEtmðx, yÞ expði	mzÞ ð5:30aÞ

H tðx, y, zÞ ¼
X

m

amH tmðx, yÞ expði	mzÞ ð5:30bÞ

where
P

m denotes superposition with respect to all modes, i.e., summation

over guided modes and integration over radiation modes. Thus Et and Ht

are described completely by the above expression. Since the z components Ez

and Hz can be obtained from the Maxwell equations as

Jt � Et ¼ i!�0Hz, Jt �H t ¼ �i!"0"Ez ð5:31Þ

all the components of arbitrary fields E and H can be described by a set of

the expansion coefficients am.
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5.4 PLANAR WAVEGUIDE

5.4.1 Wave Equation

The distribution of the relative dielectric constant of a planar waveguide of
uniform layer structure can be written as

" ¼ "ðxÞ ¼ ½nðxÞ�2 ð5:32Þ
Although the electromagnetic fields of optical modes propagating in the
waveguide can be written in a form of Eq. (5.23), they can be simplified as
function of x only, namely E(x) and H(x), because of uniformity along the y
direction. Then decomposition of the Maxwell equations given by Eqs.
(5.7a) and (5.7b) into components yields

�i	Ey ¼ i!�0Hx ð5:33aÞ

� dEz

dx
þ i	Ex ¼ i!�0Hy ð5:33bÞ

dEy

dx
¼ i!�0Hz ð5:33cÞ

�i	Hy ¼� i!"0n
2Ex ð5:33dÞ

� dHz

dx
þ i	Hx ¼� i!"0n

2Ey ð5:33eÞ
dHy

dx
¼� i!"0n

2Ez ð5:33fÞ

From the above equations, we see that the optical modes can be classified
into two categories. Putting Hy¼ 0 in Eq. (5.33), we have Ex¼Ez¼ 0, and
we see that Hx and Hz can be calculated from Ey as

Hx ¼ � 	

!�0
Ey, Hz ¼ � i

!�0

dEy

dx
ð5:34Þ

Modes of this category are called transverse electric (TE) modes, since the
electric field vector is perpendicular to the propagation (z) axis. The electric
field amplitude Ey(x) satisfies the wave equation

d2Ey

dx2
þ ½k20nðxÞ2 � 	2�Ey ¼ 0 ð5:35Þ

On the other hand, putting Ey¼ 0, we have Hx¼Hz¼ 0, and we see that Ex

and Ez can be calculated from Hy as

Ex ¼ 	

!"0n2
Hy, Ez ¼

i

!"0n2
dHy

dx
ð5:36Þ
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Modes of this category are called transverse magnetic (TM) modes, since the

magnetic field vector is perpendicular to the propagation axis. The magnetic

field amplitude Hy(x) satisfies the wave equation

n2
d

dx
n�2 Hy

dx

� �
þ ðk20n2 � 	2ÞHy ¼ 0 ð5:37Þ

where n(x) is simplified as n.

5.4.2 Step-Index Waveguides

As a fundamental planar waveguide, let us consider a structure consisting of

a guiding layer of a high refractive index nG and a thickness T sandwiched

between two media of indexes nUC and nLC, as shown in Fig. 5.4(a). In

ordinary DH lasers, the active layer serves as a guiding layer. Since the

thickness of the low-index regions, called cladding layers, is practically

designed to be sufficiently larger than the lateral expanse of the guided wave,

the three-layer structure shown in Fig. 5.4 is appropriate as a model for the

analysis. The structure has a step-type refractive index distribution n(x) as

shown in Fig. 5.4(b), and n(x) can be written as

nðxÞ ¼

nUC
T

2
5x

� �

nG �T

2
5x5

T

2

� �
, nG > nUC, nLC

nLC x < �T

2

� �

8
>>>>>><
>>>>>>:

ð5:38Þ

When the refractive indexes are uniform in each region, the wave equations

for TE and TM modes are in the same form. Put the propagation constant 	

Upper cladding layer

Lower cladding layer

Guiding layer 0

T

n (x)

x

nUC nUC

nLC
nLC

nG
nG

+T/2

_T/2

(b)(a)

Figure 5.4 Step-index waveguide: (a) Cross-sectional structure; (b) refracture

index distrubution.
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as 	¼Nk0, and put


UC ¼ k0ðN2 � n2UCÞ1=2; 
LC ¼ k0ðN2 � n2LCÞ1=2

kG ¼ k0ðn2G �N2Þ1=2
ð5:39Þ

Then the solutions of the wave equation are proportional to exp(�i�x) in
the guiding layer, and to exp(�
x) in the cladding layers. For guided modes,

� and 
 should be real, therefore the effective index N of refraction must be

in the range

nUC, nLC < N < nG ð5:40Þ

Using an angle � defined by

N

nG
¼ 	

k0nG
¼ cos � ð5:41Þ

spatial variation on the optical field amplitude in the guiding layer can be

written as

expð�i�xÞ expði	zÞ ¼ expfik0nG½x sinð��Þ þ z cosð��Þ�g ð5:42Þ

The above expression describes two plane-wave components propagating at

angles �� with respect to the z axis. The plane-wave components are

incident on to the boundary between the guiding and cladding layers at

angle �¼ p/2� �, and are totally reflected. The mathematical expressions

for the guided modes are described in the following.

Transverse Electric Modes

Solutions Ey(x) of Eq. (5.35), which approach zero asymptotically for

x ! �1, can be written as

EyðxÞ ¼

EUC exp �
UC x� T

2

� �� 

T

2
5x

� �

EG cos �G x� T

2

� �
þ FUC

� 

�T

2
5x5

T

2

� �

ELC exp þ
LC xþ T

2

� �� 

x5� T

2

� �

8
>>>>>>>><
>>>>>>>>:

ð5:43Þ

The other field components are given by Eq. (5.34) using this Ey. Here, from

the boundary conditions, continuities of Ey and dEy/dx are required.
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Eliminating EUC, EG, and ELC using the boundary conditions at x¼�T/2

yields

�GT � FUC � FLC ¼ mp ðm ¼ 0, 1, 2, . . .Þ ð5:44Þ
where

FUC ¼ Tan�1 
UC

�G

� �
, FLC ¼ Tan�1 
LC

�G

� �
ð5:45Þ

From the boundary condition we also obtain relations between EUC, EG,

and E:

EUC ¼ EG cosFUC, ELC ¼ EGð�1Þm cosFLC ð5:46Þ

From Eq. (5.28) the power flow P per unit width along the y direction is

P ¼ 2	

!�0

Z
E2
y ðxÞ dx

¼ N
"0
�0

� �1=2

E2
GTeff ð5:47Þ

with

Teff ¼ T þ 1


UC
þ 1


LC
ð5:48Þ

For symmetrical waveguides with nUC¼ nLC¼ nC, Eq. (5.43) reduces to

EyðxÞ ¼

EG cosFC exp �
C x� T

2

� �� 

T

2
5x

� �

EG cos �Gx�mp
2

� �
�T

2
5x5

T

2

� �

EGð�1Þm cosFC exp þ
C xþ T

2

� �� 

x5� T

2

� �

8
>>>>>>><
>>>>>>>:

ð5:430Þ
with

KGT � 2FC ¼ mp, FC ¼ Tan�1 
C
�G

� �
ð5:440Þ

and Ey(x) are symmetrical functions for even m, and antisymmetrical

functions for odd m. The former is called even modes and the latter odd

modes.

122 Chapter 5

Copyright © 2004 Marcel Dekker, Inc.



Transverse Magnetic Modes

Solutions Hy(x) of Eq. (5.37) which approach zero asymptotically for
x ! �1, can be written as

HyðxÞ ¼

HUC exp �
UC x� T

2

� �� 

T

2
5x

� �

HG cos �G x� T

2

� �
þ FUC

� 

�T

2
5x5

T

2

� �

HLC exp þ
LC xþ T

2

� �� 

x5� T

2

� �

8
>>>>>>>><
>>>>>>>>:

ð5:49Þ:

The other field components are given by Eq. (5.36). From the boundary
conditions, continuities of Hy and n�2 dHy/dx are required. Eliminating
HUC, HG, and HLC yields

�GT � FUC � FLC ¼ mp ðm ¼ 0, 1, 2, . . .Þ ð5:50Þ

FUC ¼ Tan�1 nG

nUC

� �2 
UC

�2G

� �" #
ð5:51aÞ

FLC ¼ Tan�1 nG

nLC

� �2 
LC
�G

� �" #
ð5:51bÞ

HUC ¼ HG cosFUC, HLC ¼ HGð�1Þm cosFLC ð5:52Þ

The power flow P per unit width along the y direction is

P ¼ 2	

!u0

Z
E2
y

n2
dx

¼ N
�0

"0

� �1=2

H2
GTeff ð5:53Þ

with

Teff ¼ T þ 1


UCqUC
þ 1


LCqLC

qUC ¼ N

nG

� �2

þ N

nUC

� �2

� 1, qLC ¼ N

nG

� �2

þ N

nLC

� �2

� 1 ð5:54Þ
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For symmetrical waveguides with nUC¼ nLC¼ nC, Eq. (5.49) reduces to

HyðxÞ ¼

HG cosF exp �
C x� T

2

� �� 

T

2
5x

� �

HG cos �Gx�mp
2

� �
�T

2
5x5

T

2

� �

HGð�1Þm cosFC exp þ
C xþ T

2

� �� 

x5� T

2

� �

8
>>>>>>><
>>>>>>>:

ð5:490Þ

with

�GT � 2FC ¼ mp, FC ¼ Tan�1 nG

nC

� �2
C
�G

" #
ð5:500Þ

As we see above, the independent field component Ey(x) for TE modes,

and the independent field component Ey(x), for TM modes are described

by expressions of the same form, and they exhibit sinusoidal oscillatory

distribution in the guiding layer, as shown in Fig. 5.5. In the guiding layer,

two plane-wave components with propagation angles ��, corresponding

to the zigzag rays in the ray optics model, propagate simultaneously.

_2 _1
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0
Distance from the waveguide center x/
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Figure 5.5 Examples of amplitude distributions of guided modes: (a) Single-mode;

(b) multimode waveguide.
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Interference of the two plane-wave components gives rise to formation of
a standing wave with the oscillatory distribution. The field can be written as
1
2
exp(iFUC) (exp[þi�G(x�T/2)]þ exp(�2iFUC) exp[�i�G(x�T/2)]). The

first term represents a wave proceeding to the boundary with the upper
cladding layer at angle þ�, and the second term the wave proceeding at angle
��, after reflection. The complex amplitude of the latter at the boundary
x¼T/2 is exp(�2iFUC) times the amplitude of the former. This means that
the total internal reflection of the wave at the boundary with the upper
cladding layer is associated with a phase shift of �2FUC. Reflection at the
boundary with the lower cladding layer is associated with a phase shift of
�2FLC. In the cladding layers the optical field amplitudes decay exponen-
tially. The immersion of the field into the cladding layer, even in the total
internal reflection, results from the wave nature of light. The wave immersed
in the low-index region is called an evanescent wave. The depths to which the
evanescent wave penetrates in the upper and lower cladding layers are 1/
UC

and 1/
UC, respectively.
It is known that the phase shifts�2FUC and�2FLC associated with the

total internal reflection give rise to a shift in the appearance point of the
reflected ray from the incident point along the z direction, as shown inFig. 5.6.
The magnitudes 2ZUC and 2ZLC, of the shift can be obtained by calculating
the derivatives of �2FUC and �2FLC with respect to 	. The results are

2ZUC ¼ 2


UC
Tan�, 2ZLC ¼ 2


LC
Tan� ð5:55Þ

for TE modes, and

2ZUC ¼ 2


UCqUC
Tan�, 2ZLC ¼ 2


LCqLC
Tan� ð5:56Þ

for TM modes [6]. The ray shift is referred to as the Goos–Haenchen shift.

Cladding layer

Guiding layer

Cladding layer

Goos–Haenchen
shift
2ZUC

2ZLC

1/ UC

1/ LC

T Teff
Effective
thickness

Penetration depth of
the evanesent wave

Figure 5.6 Rays in a waveguide, the Goos–Haenchen shift and the effective

thickness of a waveguide.
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The power flow expressions in Eqs (5.47) and (5.52) indicate that the
guided wave power per unit width along the y direction is given by the
product of the optical power density in free space and Teff, which is the sum
of the guiding layer thickness and the evanescent-wave penetration depths,
and is called the effective thickness of the waveguide. The rays with
successive total reflections proceed with bounces within a width of Teff, as
shown in Fig. 5.6.

The equations for determining the effective refractive index (Eqs (5.44)
and (5.49)) are called characteristic equations of guided modes or dispersion
relations. These equations indicate that the total phase shift for a lateral
round trip of the optical wave, i.e., the sum of the phase shift 2�GT within
the guiding layer and the phase shifts, �2FUC and �2FLC associated with
the total reflection at the boundaries must equal the integer multiple of
(m times) 2p. This means that self-consistent optical modes can exist only
when the optical wave after the round trip coincides with the initial wave
including the phase. From this requirement it can be seen that the values of
the effective refractive index N of guided modes, are discrete. The integer m
is the order of the mode.

As the characteristic equations show, N is determined depending
upon the refractive indexes nG, nUC, and nLC of each layer, the guiding
layer thickness T, the optical wavelength l, and the mode order m. Since
the characteristic equations are transcendental equations, N cannot be
determined analytically. However, the result of the calculation can be
summarized in a convenient graphical form using normalized parameters, as
described below.

Firstly we define a normalized guiding layer thickness VT by

VT ¼ k0Tðn2G � n2LCÞ1=2

¼ !

c
Tðn2G � n2LCÞ1=2 ð5:57Þ

The parameter VT is also called the normalized frequency, since it is
proportional to the optical frequency.We also define a parameter for describ-
ing the degree of asymmetry of the upper and lower cladding layers by

aTE ¼ n2LC � n2UC

n2G � n2LC
ð5:58Þ

The effective refractive index N is normalized into b by

b ¼ N2 � n2LC
n2G � n2LC

ð5:59Þ
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Using these parameters, the characteristic equation for TE modes, namely

Eq. (5.44), is rewritten as

Vð1� bÞ1=2 � Tan�1 b

1� b

� �1=2

� Tan�1 aþ b

1� b

� �1=2

¼ mp ð5:60Þ

where VT and aTE are abbreviated as V and a. The calculated relations

between V and b for the mth modes are plotted in Fig. 5.7. The graphs are

called dispersion curves of guided modes. For a practical waveguide, one

can calculate the values of V and a and read the value of b from the

dispersion curves. Then the effective index can readily be obtained from

N ¼ n2LC þ bðn2G � n2LCÞ
� �1=2 � nLC þ bðnG � nLCÞ ð5:61Þ

As we see from the dispersion curves, the number of guided modes

increases with increasing normalized guiding layer thickness VT. The mode

of lowest order m¼ 0 is called the fundamental mode. A waveguide that

supports only the fundamental mode is called a single-mode waveguide, and

a waveguide that support several modes is called a multimode waveguide.

The effective index of a higher-order mode is smaller than that for a lower-

order mode in the same waveguide. The effective index N of each mode,

increases numotonically with increasing VT and approaches the refractive

index nG of the guiding layer asymptotically. Inversely, decreasing VT results

in a decrease in N. After the decrease in N down to either of the indexes nUC

or nLC of the cladding layers, the mode disappears. This is called the cutoff.
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Figure 5.7 Relation between the normalized frequency and the normalized

effective index of refraction.
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The value of the normalized frequency corresponding to the cutoff Vcm of
the mth mode, can be determined by putting b ! 0 to yield

Vcm ¼ mpþ Tan�1ða1=2Þ ð5:62Þ
For symmetrical waveguides, we have a¼ 0 and therefore Vc0¼ 0, indicating
that the fundamental mode exists in all cases. From Eq. (5.62), we see that
the condition for the single-mode waveguide is

Tan�1ða1=2Þ5V5pþ Tan�1ða1=2Þ ð5:63Þ
Although the above descriptions are for TE modes, a similar treatment

can be carried out also for TM modes. Since the characteristic equation for
TM modes is a little more complicated, accurate expressions cannot be given
with V, a, and b only. However, by using a parameter defined by

aTM ¼ nG

nUC

� �4
n2LC � n2UC

n2G � n2LC
ð5:64Þ

instead of aTE of Eq. (5.58), and using VT of Eq. (5.57) and b of Eq. (5.59),
the characteristic equation for TM modes can be expressed approximately
by the same equation as for TE modes (Eq. (5.60)). Therefore, Fig. 5.7 can
be used also to determine N approximately for TM modes. For symmetrical
waveguides (nLC¼ nUC), the difference between N for TE and TM modes is
very small, since aTE¼ aTM¼ 0. For asymmetrical waveguides, we have
aTM> aTE> 0, and therefore from Fig. 5.7 we see that N for a TM mode is
somewhat smaller than N for a TE mode of the same order. The cutoff
normalized frequency Vcm for the TM mode of each order is larger than that
for the TE mode.

5.4.3 Graded-Index Waveguides

Waveguides such that the refractive index distribution n(x) is a continuous
function of x and varies gradually with position x are referred to as graded-
index (or gradient-index) waveguides. A semiconductor waveguide of this
kind can be formed by varying gradually the alloy composition during
the epitaxy process. They are advantageous in accomplishing a low
scattering loss.

Ray Trajectory

An example of a graded-index distribution n(x) is shown in Fig. 5.8(a).
A symmetrical waveguide with n(x)¼ n(�x) is considered for simplicity.
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The effective index N¼ 	/k0 of guided modes is in the range

nð�1Þ ¼ nðþ1Þ5N5nð0Þ ð5:65Þ

and points x¼�xt and x¼þxt exist such that

N ¼ nð�xtÞ ¼ nðþxtÞ ð5:66Þ

At a position x within the region �xt< x<þxt in the waveguide, the ray

proceeds at an angle ��(x) determined by

N

nðxÞ ¼
	

k0nðxÞ
¼ cos½�ðxÞ� ð5:67Þ

Therefore, the ray proceeds with a continuous and gradual change in

direction, and the ray direction with respect to the x direction is inverted

when the ray reaches �xt or þxt and the angle becomes �¼ 0. The ray

trajectory is a smooth undulating curve as shown in Fig. 5.8(b). The points

x¼�xt are called turning points. The fact that the ray turns at these points,

corresponding to the total internal reflection at the boundaries in a step-

index waveguide, gives rise to the optical field confinement and guiding in

the region where the refractive index is high.

Analysis by the Wentzel–Kramers–Brillanin Method

Although the guided mode fields and the dispersion characteristics of

graded index waveguides in general cannot be derived analytically, the

Wentzel–Kramers–Brillanin (WKB) method [7] can be employed for

the approximate analysis to determine the general characteristics. When

the index distribution is gradual and the spatial derivative is small, the wave

equations for TE and TM modes (Eqs (5.35) and (5.37), respectively) reduce

x

+xt

0
_xt

N
n (0)

n (x)

Upper cladding layer

Lower cladding layer

(b)(a)

Turning point

Guiding
layer

Figure 5.8 Graded-index waveguide: (a) refracture index distribution; (b) ray trace.
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to the same form:

d2GðxÞ
dx2

þ ½k20nðxÞ2 � 	2�GðxÞ ¼ 0 ð5:68Þ

Therefore, referring to solutions of the wave equation for uniform medium,

and putting

�ðxÞ ¼ ½k20nðxÞ2 � 	2�1=2

�ðxÞ ¼
Z xt

x

�ðxÞ dx ð05x5xtÞ


ðxÞ ¼ ½	2 � k20nðxÞ2�1=2

�ðxÞ ¼
Z x

xt


ðxÞ dx ðxt5xÞ

ð5:69Þ

we can assume that the solution G(x) of Eq. (5.68) is in the form exp[�i�(x)]
for 0< x< xt, and exp[��(x)] for xt< x. In the WKB method, factors

describing approximately the amplitude distribution are derived from the

wave equation, and they are combined with the above factors to write

G(x) as

GðxÞ ¼

A½�ðxÞ��1=2 cos �ðxÞ � p
4

� �
ð05x5xtÞ

A

2

2p�ðxÞ
3�ðxÞ

� �1=2

fJ1=3½�ðxÞ� þ J�1=3½�ðxÞ�g ðx9xtÞ

A

2

2p�ðxÞ
3
ðxÞ

� �1=2

f�I1=3½�ðxÞ� þ I�1=3½�ðxÞ�g ðxt9xÞ
A

2
½
ðxÞ��1=2 exp½��ðxÞ� ðxt5xÞ

8
>>>>>>>>>>><
>>>>>>>>>>>:

ð5:70Þ

where A is a constant, and Jm and Im denote the Bessel function and the

modified Bessel function respectively, of mth order. The first and fourth

lines of the above expressions describe the solutions for the regions inside

and outside the turning point, respectively (excluding the region close to the

turning point). The second and third lines describe the solutions in the

transient region around the turning point, and they are connected so as to

satisfy the boundary condition at the turning point. The coefficients are

chosen so that the asymptotic expressions of the second and third lines
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including Jm and Im coincide with the first and fourth lines, respectively.

Thus all lines are connected smoothly to describe the total field. We see

from the first line that the phase shift associated with the total reflection at

the turning point is �p/2. This corresponds to �2FC for step-index

waveguides. It should also be noted that G(x) is a symmetrical or

antisymmetrical function, and that the solution for x< 0 is given by

G(�x) or �G(�x). From the condition for this total field to be connected

smoothly at x¼ 0, we obtain, as a characteristic equation to determine the

propagation constant, �(0)� p/4¼mp/2, i.e.,

2

Z xt

0

½k20nðxÞ2 � 	2�1=2 dx� p
2
¼ mp ð5:71Þ

where m (¼ 0, 1, 2, . . .) is the mode order. The first integral term and the

second term –p/2 on the left-hand side correspond to �GT and �2Fc,

respectively, in Eq. (5.44).
The field distribution G(x) of graded-index waveguides is an

oscillatory function inside the turning points and monotonically decaying

function outside, as is the case with step-index waveguides. The variation,

however, is affected by the index distribution and is compressed or

expanded. A feature of graded-index waveguides is that the oscillation

amplitude of G(x) is enhanced in the vicinity of the turning points in

comparison with that near the center of the waveguide. The position xt of

the turning points depends upon the mode order, and the distance of the

turning points from the waveguide center is larger for modes of higher

order. In the following, a few examples are discussed.

Parabolic Index Distribution

Consider a waveguide with a relative dielectric constant distribution in a

form of parabolic function

"ðxÞ ¼ nðxÞ2 ¼ n2G � a2x2 ða > 0Þ ð5:72Þ

The index distribution is also approximately parabolic. Then the solution of

the wave equation Eq. (5.68) is given by Hermite–Gauss function:

GðxÞ ¼ Hm½ðk0aÞ1=2x� exp � k0ax
2

2

� �
ð5:73Þ

where Hm is Hermite polynomial of mth order, and H0(�)¼ 1, H1(�)¼ 2�,
H2(�)¼ 4�2�2, H3(�)¼ 8�3�12�, . . . . The function G(x) is plotted in Fig. 5.9.
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The effective refractive index Nm is given by

N2
m ¼ n2G � ð2mþ 1Þ a

k0

� �
ð5:74Þ

The turning point xt is obtained from n(xt)
2¼N2

m as

xt ¼
2mþ 1

ak0

� �1=2

ð5:75Þ

It should be noted that the above expressions are valid only in a region
where a2x2 is small. The refractive index of realistic waveguides approaches
a finite value nC for large jxj, and therefore, among the modes described by
the above expressions, higher-order modes such that Nm< nc do not actually
exist.

Symmetric Linear Index Distribution

Consider a waveguide of symmetrical linear index distribution:

"ðxÞ ¼ nðxÞ2 ¼ n2G � ajxj ða > 0Þ ð5:76Þ

Then, the solutions of the wave equation in Eq. (5.68) is given by

GðxÞ ¼ þAi½k2=30 a1=3ðþ x� xtÞ� ð05xÞ
�Ai½k2=30 a1=3ð� x� xtÞ� ðx50Þ

(
ð5:77Þ

_6

_1.0

_0.5

0

0.5

1.0

_5 _4 _3 _2 _1 0
Normalized position (k0a)1/2x

1 2 3 4 5 6

R
el

at
iv

e 
fi

el
d 

am
pl

itu
de

 G
 (

x)

Turning points

m = 0,  1,  2,  3

Figure 5.9 Field distribution of guided modes in a waveguide of parabolic index

distribution.
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where Ai(�) is the Airy function. The turning point xt is correlated with
effective index N by

xt ¼
n2G �N2

a
ð5:78Þ

Airy functions are solutions of a differential equation (d2/d�2� �)Ai(�)¼ 0.
The graph is shown in Fig. 5.10 Ai(�) is oscillatory for � < 0 and is
monotonically decreasing for � > 0. The zero points of Ai(�) and the zero
points of dAi(�)/d� are located alternately on the negative � axis. Let these
points be � � �<��4<��3<��2<��1<��0< 0; then all �m are positive,��m
for even m are zero points of dAi(�)/d�, and ��m for odd m are zero points of
Ai(�). For G(x) and dG(x)/dx to be continuous at x¼ 0, � k2=30 a1/3 xt¼��m
must hold, and, in the second line of the right-hand side of Eq. (5.77), the
þ sign should be taken for even-order modes (symmetrical modes) and the
minus sign for odd-order modes (antisymmetrical modes). From these condi-
tions, we obtain an expression for the turning point of themth mode given by

xt ¼
�m

k2=30 a1=3
ð5:79Þ

and an expression for the effective refractive index of the mth mode given by

N2
m ¼ n2G � �m

a

k0

� �2=3

ð5:80Þ

A WKB calculation shows that �m can be approximated as

�m � 3p
4

mþ 1

2

� �� 
2=3
ð5:81Þ
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Figure 5.10 Airy function.
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As in the previous subsection, it should be noted that the above expressions

are valid only in a region where ajxj is small, and higher-order modes do

not actually exist.

Gaussian Index Distribution

Consider a waveguide of Gaussian index distribution:

"ðxÞ ¼ nðxÞ2 ¼ n20 þ 2n0 �n exp � x

�

� �2� 

ð5:82Þ

Applying the WKB method, the field distribution G(x) is given by Eq. (5.70)

with the above n(x)2, and from Eq. (5.70) the characteristic equation can

be written as

2k0

Z xt

0

n20 þ 2n0 �n exp � x

�

� �2� 

�N2

� �1=2

dx� p
2
¼ mp ð5:83Þ

where

n0 þ�n exp � xt

�

� �2� 

¼ N

Putting N ! n0 and xt ! 1, we see that the cutoff condition is 2k0
(2n0�n)1/2 �(p/2)1/2¼ (mþ1/2)p. Then, using a normalized guiding layer

thickness V� defined by

V� ¼ k0ð2�Þð2n0 �nÞ1=2 ð5:84Þ

the cutoff condition is given by

V� ¼ mþ 1

2

� �
ð2pÞ1=2 ð5:85Þ

5.5 PERTURBATION THEORY AND THE OPTICAL
CONFINEMENT FACTOR

The amplification gain and refractive index change induced by carrier

injection in semiconductor waveguides, as well as propagation losses, can be

analyzed on the basis of calculation of guided modes in waveguide described

by a distribution of complex dielectric constant. However, analysis based
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upon the perturbation theory [8] is more useful for understanding the
physical implications and also for practical calculation. This section presents
the perturbation theory analysis of semiconductor DH waveguides.

5.5.1 Propagation Constant Change Due to
Waveguide Deformation

An arbitrary waveguide can be described by a relative dielectric constant
distribution

"ðx, yÞ ¼ n2ðx, yÞ ð5:86Þ
Consider another waveguide described by a slightly modified distribution

"ðx, yÞ þ d"ðx, yÞ ¼ ½nðx, yÞ þ dnðx, yÞ�2 ð5:87Þ
The modification in the dielectric constant distribution and the index
distribution, denoted d"(x, y) and dn(x, y), can be treated as small
perturbations to "(x, y) and n(x, y). The perturbations d" and dn do not
necessarily have to be real; they can be complex values associated with
imaginary parts describing gain or loss. Let {E, H} and {E0, H0} be the
electromagnetic fields of an optical wave propagating in the original
waveguide and the perturbed waveguide, respectively. They satisfy the
Maxwell equations:

r � E ¼ i!�0H , r �H ¼ �i!"0"E ð5:88aÞ
r � E0 ¼ i!�0H

0, r �H 0 ¼ �i!"0ð"þ d"ÞE0 ð5:88bÞ

From the above equations, using a formula for vector differential operation,
we obtain

rðE0 �H� þ E� �H 0Þ ¼ i!"0E
�E d"E0 ð5:89Þ

Integration of the above equation in a thin region with infinitely wide cross-
sectional area normal to the waveguide axis and infinitely small thickness
along the axis yield

ZZ
@

@z
½E 0 �H� þ E� �H 0�z dx dy ¼ i!"0

ZZ
E�Ed"E 0 dxdy ð5:90Þ

Now, to consider a guided mode, we put

E ¼ Eðx, yÞ expði	zÞ, H ¼ Hðx, yÞ expði	zÞ ð5:91aÞ
E0 ¼ E0ðx, yÞ expði	0zÞ, H 0 ¼ H 0ðx, yÞ expði	0zÞ ð5:91bÞ
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Substituting the above expressions into Eq. (5.90), with the use of E0 �E and

H0 �H, we obtain a general expression for the change in the propagation

constant caused by the perturbation d	¼ 	0�	:

d	 ¼ ð!"0=4Þ
RR

E� E d"E dx dy
1
4

RR
½E �H� þ E� �H �z dxdy

ð5:92Þ

The denominator in the above expression equals the guided wave power P

of Eq. (5.28).
For TE modes in a planar waveguide, employing Eq. (5.34) the above

expression is simplified as

d	 ¼ k20
2	

R
d"ðxÞ jEyðxÞj2 dxR

jEyðxÞj2 dx
ð5:93Þ

Using d"� 2n dn, 	¼ k0N and N� n, Eq. (5.93) can be rewritten as

d	 ¼ k0 dN ¼ k0

R
dnðxÞ jEyðxÞj2 dxR

jEyðxÞj2 dx
ð5:94Þ

The above expressions show that the change dN in the guided mode index is

given by the change dn in the refractive index averaged in the waveguide

with optical intensity weighting. For TM modes, a similar treatment can be

carried out, although the formulation is a little more complicated.

5.5.2 Carrier Injection Effects and Optical Losses

As was presented in Section 5.2.2, optical properties of semiconductors

including the carrier injection effects and optical losses can be described by a

complex relative dielectric constant ~"" or a complex refractive index ~nn:

~nn2 ¼ ~"" ¼ "þ �act þ
i�

!"0
ð5:15Þ

Since the second and third terms describing the carrier injection effects and

losses are in general smaller than the first term describing the dielectric

properties, they can be treated as perturbations. First, the field distribution

and the propagation constant are calculated for an unperturbed lossless

waveguide. Then the change d ~		 in the propagation constant for a

perturbation

d ~"" ¼ �act þ
i�

!"0
ð5:95Þ

can be calculated using Eq. (5.92) to evaluate the change in the guided mode

index, as well as the gain and attenuation. Using Eqs (5.16) and (5.17),
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the perturbation given by Eq. (5.95) can be converted into the perturbation
in the complex refractive index:

d ~nn ¼ �n� ig

2k0
þ i�

2k0
ð5:96Þ

where �n, g, and � are the carrier-induced refractive index change, the gain
factor, and the attenuation factor, respectively, and they are given by Eqs.
(5.18), (5.19), and (5.20), respectively.

The second term on the right-hand side of Eq. (5.95) represents the
optical absorption due to the free carriers in the waveguide structure.
Substituting it into Eq. (5.92) to average over the waveguide cross section,
we can evaluate the absorption loss �abs for guided modes. In practical
waveguides, the propagation loss includes not only this absorption loss but
also a scattering loss due to imperfections in the waveguide structure. A
phenomenological propagation loss factor representing both absorption and
scattering losses given by

�int ¼ �abs þ �scat ð5:97Þ

is usually used. The parameter �int is referred to as the internal loss, since it
describes the loss within the waveguide structure.

5.5.3 Confinement Factor

In a DH waveguide constructing is a semiconductor laser, the carrier
injection effects are approximately uniform in the active layer and are
represented by the first and second terms on the right-hand side of Eq.
(5.96), while there is no substantial carrier effect outside the active layer. Let
�n� ig/2k0 be the value in the active layer; then the change in the
propagation constant of a guided mode is given by the weighted average
over the waveguide cross section and can be written as

d ~		 ¼ k0G �n� ig

2k0

� �

¼ k0G�n� iGg
2

ð5:98Þ

Since the guided mode field is distributed not only in the active layer but
also in the cladding layers, the effective values of the gain and index change
for the guided mode are reduced compared with those determined by the
active layer. The parameter G in the above expression represents the
reduction. For TE modes in a planar waveguide of thickness T, Eq. (5.94)
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can be used to obtain

G ¼ GT ¼
R þT=2
�T=2 jEyðxÞj2 dxRþ1
�1 jEyðxÞj2 dx

ð5:99Þ

Thus, G is given by the ratio of the power of the guided mode flowing in
the active layer to the total power flow, and therefore G is called the
confinement factor. Also, for TM modes, a confinement factor can be
defined similarly, and Eq. (5.98) can be used as an approximate relation.

The complex propagation constant of a guided mode representing
both the carrier injection effects and the propagation losses can be written as

	þ d ~		þ i�int

2
¼ k0ðN þ G�nÞ � iGg

2
þ i�int

2
ð5:100Þ

Gg in the above expression is an effective gain factor for the guided mode
and is referred to as the mode gain. To distinguish the gain g from this mode
gain, the gain g determined by the active layer only is referred to as the
material gain. Thus, G offers a simple and convenient means for converting
the values for the active layer to the effective values for the guided mode.
For TE modes in a symmetrical step-index planar waveguide, from Eqs
(5.430) and (5.99) we obtain an expression for GT:

GT ¼ 1þ 2
CT=V2
T

1þ 2=
CT
ð5:101Þ

The value of GT can be calculated by determining N using Fig. 5.7,
determining 
c and substituting it into the above expression. As a simpler
method, it has been shown that GT for the fundamental mode can be
calculated with good accuracy by using [9]

GT � V2
T

2þ V2
T

ð5:102Þ

For higher-order modes, GT decreases with increasing mode order. The
above two expressions can also be used as an approximation for TM modes,
although GT for TM modes is slightly smaller than that for TE modes.

An important requirement in the design of semiconductor lasers is
realization of large G to attain a large mode gain. A guideline for ordinary
DH lasers is to choose the active (guiding) layer thickness T in such a

manner that the product of Ag in Eq. (3.40) and GT is maximized. Typical
values are T� 0.1–0.2 mm, VT� 1, and GT� 1/3. In quantum well lasers, on
the other hand, use of a quantum well with a thickness of 10 nm or so as a
guiding layer itself results in a very small GT, since VT	 1 and the
confinement of the guided mode field is weak. To improve the situation,
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various structures, as shown in Fig. 4.8, are used. Figure 4.8(b) shows a
separate-confinement heterostructure single quantum well (SCH-SQW). In
the graded-index SCH single quantum well (GRIN-SCH-SQW) using a
graded-index waveguide, as shown in Fig. 4.8(c), significant improvement
can be expected. The values of GT of these structures, however, are still
smaller than those for ordinary DHs. The confinement factor �T MQW of the
multiple-quantum-well (MQW) structure, shown in Fig. 4.8(d), can be
estimated as

GT MQW � GT avRW ð5:103Þ

where GT AV is a confinement factor for an imaginary single-layer waveguide
consisting of a guiding layer of a thickness corresponding to the total MQW
thickness and a refractive index averaged over the MQWs with weighting by
the thicknesses of the wells and barriers, and RW is the ratio of the sum of the
thicknesses of the wells to the total thickness of theMQWs. By optimizing the
number of well, GT MQW considerably larger than that for simple single-
quantum-well structures can be obtained. Further enhancement of the
confinement factor is possible with the modification as shown in Fig. 4.8(e).

5.6 CHANNEL WAVEGUIDES

5.6.1 The Marcatili Method

Lossless channel waveguides, in general, can be specified by the distribution
of the refractive index over the cross section, and the guided mode can be
examined by solving the wave equation in Eq. (5.24). As an example of fun-
damental channel waveguides, consider a channel waveguide of rectangular
cross section of thickness T and width W, having a step-index profile, which
is symmetrical with respect to the y direction, as shown in Fig. 5.11. The
guided modes in this structure can be analyzed by the Marcatili [10] method.

y

x

Guiding channel

nSC nSCnG

nUC

nLC

_W/2

_T/2

+T/2

+W/20

Figure 5.11 Cross section of a rectangular step-index channel waveguide.
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Let us assume that the major electric field component is the y
component Ey(x, y), and the x component can be approximated as Ey¼ 0.
Then, from the Maxwell equations, the other field components are given by

Ez ¼
i

	

@Ey

@y
, Hx ¼

1

!�0	

@2Ey

@y2
� 	2Ey

� �

Hy ¼
�1

!�0	

@2Ey

@x @y
, Hz ¼

1

i!�0

@Ey

@x
ð5:104Þ

When Ey(x, y) satisfies the wave equation, all the field components are
consistent with the Maxwell equations. By extending the expression for a
planar waveguide, the major field amplitude Ey(x, y) can be written as

Eyðx, yÞ

¼

EG cos �Gx x� T

2

� �
þ FUC

� 

cos �Gyyþ

qp
2

� �

EG cosFUC exp � x� 
UC
T

2

� �� 

cos �Gyyþ

qp
2

� �

EG cosFLC exp þ 
LC xþ T

2

� �� 

cos �Gyyþ

qp
2

� �

EG cos �Gx x� T

2

� �
þ FUC

� 

cos þ �GyW

2
þ qp

2

� �
exp �
sc y�W

2

� �� 


EG cos �Gx x� T

2

� �
þ FUC

� 

cos � �GyW

2
þ qp

2

� �
exp þ
sc yþW

2

� �� 


8
>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>:

ð5:105Þ
where the first line of Eq. (2.26) is for the core region and the following four
lines are for the upper, lower, left and right cladding regions, i.e., G, UC,
LC, and SC regions, respectively. For the four corner regions, no analytical
solution satisfying the boundary condition with Eq. (5.105) is found. This
problem can be omitted, since the field amplitude is small in these regions.
The wave equations for the five regions require

�2Gx þ �2Gy þ 	2 ¼ k20n
2
G, �2Gx � 
2

SC þ 	2 ¼ k20n
2
SC

� 
2UC þ �2Gy þ 	2 ¼ k20n
2
UC, � 
2

LC þ �2Gy þ 	2 ¼ k20n
2
LC ð5:106Þ

From the boundary conditions at x¼�T/2 and y¼�W/2, we obtain

�GxT � FUC � FLC ¼ pp ð p ¼ 0, 1, 2, . . .Þ ð5:107Þ
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where

FUC ¼ Tan�1 
UC

�Gx

� �
, FLC ¼ Tan�1 
LC

�Gx

� �

and also

�GyW � 2FSC ¼ qp ðq ¼ 0, 1, 2, . . .Þ ð5:108Þ
where

FSC ¼ Tan�1 nG

nSC

� �2 
SC
�Gy

� �" #

Equations (5.107) and (5.108) are characteristic equations for the direction
of the guide thickness and the guide width, respectively, and the integers p
and q are mode order numbers for the depth and width directions,
respectively. The propagation constant 	 can be determined by solving the
characteristic equations jointly with Eq. (5.106).

The guided modes obtained here are described by the product of
guided modes for two planar waveguides perpendicular to the x and y
directions, and they show that the optical wave is confined in and near the
channel region and propagates along it. The major field components are Ey

and Hx, similarly to TE guided modes in a planar waveguide of thickness T.
The modes, however, are not exactly TE modes, because Ez 6¼ 0 as Eq.
(5.104) shows and therefore the electric field is not perpendicular to the
waveguide axis. In fact, in a channel waveguide, TE and TM modes cannot
propagate independently, and all the guided modes are hybrid modes. The
above-described modes with the major field Ey are designated as Ey

pq modes.
The modes with the major field Ex are designated as Ex

pq modes. The
expressions for the Ex

pq modes are obtained from those for the above Ey
pq

modes, by replacing Ey by Ex, replacing the expressions for FUC and FLC by
those for TM modes, and replacing the expression for FSC by that for TE
modes. The intensity distribution given by jEy(x, y)j2 is illustrated in
Fig. 5.12, for lower-order modes. Ey and Ex modes are also called TE-like
and TM-like modes. In semiconductor laser waveguides, the differences in
the refractive index between the core and surrounding regions are small, the
field amplitude is small except for the major components, and hence it is not
important to recognize that the modes are hybrid modes. Therefore, the Ey

and Ex modes are often called simply TE and TM modes.

5.6.2 The Effective Index Method

One of the methods for approximate calculation of the field distribution
and the propagation constant of a channel waveguide is the effective
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index method. The field confinement is decomposed into those in the depth
and width directions, and the structure is converted into two equivalent
planar waveguides. Good accuracy is obtained for waveguides having a
width larger than the thickness where the field varies slowly in the direction
of the width. Since many semiconductor lasers are constructed with such a
waveguide, this method offers a convenient and effective means for the
analysis and design [10].

Consider a channel waveguide described by a refractive index distribu-
tion n(x, y), as shown in Fig. 13. Then consider an imaginary planar guide
that is defined by the a diffractive index distribution in the x direction,
n(x, y) with a constant y. Let E(x; y) be the electric field amplitude of a TE
guided mode in the imaginary planar guide, then satisfies the wave equation
for a planar guide:

d2

dx2
þ k20½n2ðx, yÞ �Nð yÞ2�

� �
Eðx; yÞ ¼ 0 ð5:109Þ

where N( y) is the effective index of refraction for the planar guide. Here
N( y) can be considered a local effective index dependent upon the value of
the constant y specifying the position in the y direction. E(x; y) and N( y) can
readily be calculated by the methods described in Sections 5.4 and 5.5, for
cases including those where N(y)2 is complex.

We then use the above E(x; y) and an unknown function E( y) to write
the guided mode field in the channel waveguide as

Eðx, yÞ � eyEðx; yÞEð yÞ ð5:110Þ

T T

W W

TE00 mode TE01 mode|E (x, y) | 2

Figure 5.12 Examples of intensity distributions of guided modes in a channel

waveguide.
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where ey is a unit vector in the y direction. From Eqs (5.109), (5.24) and

(5.110), we obtain an equation for E( y):

d2

dy2
þ ½k20Nð yÞ2 � 	2�

� �
Eð yÞ ¼ 0 ð5:111Þ

We assumed that the variation in E(x; y) with respect to y is slow, and used
@Eðx; yÞ@y � 0. The above equation is in exactly the same form as the wave

equation for a planar waveguide, given by Eq. (5.35). This means that the
effective index N of refraction and the field distribution E(y) along the

direction of the channel width are same as those for an imaginary planar

waveguide specified by the index distribution N(y), as shown at the bottom
of Fig. 5.13. So far as the confinement in the direction of the width is

concerned, the channel waveguide is equivalent to a medium that is uniform

in the x direction and has an index distribution N(y) along the y direction.
Therefore, the field E(y) and the propagation constant 	 can be calculated

by again applying the method described in Section 5.4.

5.6.3 Gain-Guiding Waveguides

The simplest method to implement a stripe laser is to form a stripe electrode

on the surface of a DH planar waveguide for current injection in a channel

y

x

x

y

y

E (x; y) E (y)n (x, y)

N (y)

Channel waveguide

Local effective index
of refraction

Imaginary waveguide for
determining propagation

 and E (y)
Effective index of
refraction N (y)

Figure 5.13 Schematic illustration of the effective index of refraction method.
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region, as shown in Fig. 5.14(a). The density of carriers injected from the

stripe electrode through the cladding layer into the active layer forms a

distribution with the peak at the center of the channel (y¼ 0) and monotonic

decay slopes at both sides of it, as a result of the lateral diffusion. The

corresponding complex effective index, in the region where jyj is small,

including the carrier-induced change dN can be written approximately as

Nð yÞ2 ¼ N2 þ 2NGT �n� ig

2k0

� �
1� y

W

� �2� 

ð5:112Þ

where y is the coordinate in the direction of the channel width, N is the

effective index without carrier injection, �n and g are the index change and

the material gain, respectively, at the center of the channel (y¼ 0) in the

active layer, and W is the width of the carrier distribution. Applying the

effective index method, and making use of the solution given in Eqs (5.72)

and (5.73) for a waveguide of parabolic index distribution, the distribution

of the fundamental mode field in the direction of the guide width can be

written as

Gð yÞ ¼ G0 exp � k0 Refag y2
2

� �
exp � ik0 Imfagy2

2

� �
ð5:113Þ

where

a2 ¼ 2NGT ð�n� ig=2k0Þ
W2

¼ �ðNGT=k0Þgð�c þ iÞ
W2

ð5:114Þ

Nothing that both �n and g depend upon the carrier density, and that they

are not independent of each other but are quantities proportional to the real

Electrode

Insulator layer

Active layer

Current injection region
Guided wavefront

r =
N/|Im {a}|

2[k0Re{a}]
_1/2

(a) (b)

Figure 5.14 Gain waveguide: (a) structure of a gain-guiding laser; (b) intensity

distribution and wave-front of an optical wave.

144 Chapter 5

Copyright © 2004 Marcel Dekker, Inc.



and imaginary parts respectively, of the dielectric susceptibility wact, we
define a parameter �c [12] by

�c ¼
Ref�actg
Imf�actg

ð5:115Þ

In Eq. (5.114), we used a relation �n¼�(�c/2k0)g obtained from Eqs (5.18)

and (5.19). Usually, �c is a positive value of the order of unity. The complex
parameter a must satisfy Re{a}> 0, and from Eq. (5.114) we have
Im{a}< 0. Therefore, we see from Eq. (5.113) that the optical wave is

confined also in the direction of the stripe width with a 1/e full width of 2[k0
Re{a}]�1/2, and the wavefront is convex towards the propagation (þz)

direction with a curvature radius r¼N/jIm{a}j, as shown in Fig. 5.14(b).
This lateral guiding phenomena, resulting from the strong amplification on
the channel axis that keeps the field amplitude large in the vicinity of the

axis, is called gain guiding. The diffraction effect that allows the divergence
of the wave propagation accounts for the curvature of the wavefront. The

parameter �c defined by Eq. (5.115) is called the antiguiding factor, since it
represents the relative index decrease that prevents the guiding associated
with the gain.

The gain-guiding waveguides can easily be fabricated, and therefore

they played an important role in the process of development of semicon-
ductor lasers [5,13,14]. However, they suffer from several drawbacks, such as

weak lateral confinement, poor controllability of this confinement, and
difficulty in obtaining single-mode oscillation; therefore at present their
importance is low.

5.6.4 Index-Guiding Waveguides

To overcome the drawback of gain-guiding waveguides, it is necessary to
construct a channel waveguide having a index structure for lateral field
confinement. Various types of index-guiding waveguide are used for

semiconductor lasers [5,13–17]. They can be classified into ridge waveguides,
rib waveguides, and buried heterostructure waveguides. Examples of the

cross sections of these waveguiding structures are illustrated in Fig. 5.15.
Ridge waveguides consists of a ridge structure formed by etching to

remove the upper cladding layer on both sides of a channel region. The
current is injected within this narrow ridge region. Rib waveguides have a

structure where the active layer or cladding layer is thinned on both sides of
a channel region and the resultant structure is buried by overgrowing the
upper cladding layer. The current is injected within the channel region

through the upper cladding layer. These waveguides can be analyzed and
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designed with good accuracy by employing the effective index method, since
the lateral field confinement is relatively weak. First the theory for planar
waveguides is used for design of the multiplayer waveguiding structure. For
step-index waveguides, expressions using the normalized guide thickness VT

and Fig. 5.7 can be used to determine the effective indexes Nc and Ns for the
regions within and outside the channel, respectively. Using the values of Nc

and Ns, a normalized guide width is defined by

VW ¼ k0WðN2
C �N2

SÞ1=2 ð5:116Þ

For waveguides that are symmetrical with respect to the direction of the
guide width, the asymmetry parameter is a¼ 0. Then the effective indexN for
the channel waveguide can readily be calculated by using Fig. 5.7 again and

b ¼ N2 �N2
S

N2
C �N2

S

ð5:117Þ

To obtain good laser performances, it is necessary to design a single-mode
waveguide by choosing the thickness and the width so that both VT and VW

satisfy the single-mode condition in Eq. (5.63). The confinement factor G is
given approximately by

G ¼ GTGW ð5:118Þ

p
p

p
p

n

n
n

n

n

n

n

n
p

Electrode
Electrode

ElectrodeElectrode

Insulator layer

Insulator layer

Insulator layerInsulator layer

Active layer

Active layer

Active layer

Active layer

Guided mode expanse

Guided mode expanse

Guided mode expanse

Guided mode expanse

Ridge waveguide type Rib waveguide type

Buried heterostructure waveguide type

p

Figure 5.15 Examples of cross-sectional structures of index-guiding semicon-

ductor lasers.
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where GT and GW are confinement factors for the directions of the guide
thickness and width, respectively, and they can be evaluated by the method
described in Section 5.5.3.

Buried heterostructure waveguides have a structure where the guiding
layer is preserved in a channel region and is completely removed on both
sides of the channel; the resultant structure is buried by an overgrown
cladding layer. They offer advantages such as strong lateral field
confinement and high stability of the lateral mode. The approximate
analysis and design can be achieved by employing the Marcatili method or
the effective index method. In the effective index method, the effective index
for the regions on both sides of the channel cannot be determined by the
procedure described in Section 5.6.2, since there is no waveguiding
layer present in the side regions. The difficulty, however, can be solved
by the following method. Let nC and nS be the refractive indexes in the
guiding channel and the side claddings, respectively, and let NC be the
effective index for the channel region. Here we can use the field distribution
E(x) in the thickness direction for the region within the channel, instead
of E(x; y) in Eq. (5.110). Then, for the region on both sides of the channel,
the equation that results when N( y)2 in Eq. (5.111) is replaced by
n2S � ðn2C �N2

CÞ holds, and the effective index NS for the side regions is
given by

NS ¼ ½n2S � ðn2C �N2
CÞ�1=2 ð5:119Þ

By applying the effective index method with NS and NC determined in this
way, the buried heterostructure waveguides can be analyzed and designed in
a similar manner to ridge and rib waveguides.

5.7 REFLECTION AT WAVEGUIDE FACETS

A facet perpendicular to the optical axis of a semiconductor DH waveguide,
formed by cleaving the waveguide, functions as a mirror that partially
reflects a guided mode power. Such facet mirrors are used to construct a
resonator for semiconductor lasers. The reflectivity of the facet mirror is an
important parameter for analyzing the laser performances.

5.7.1 Reflection of a Plane Wave

As the simplest model for facet reflection, consider an interface between a
semiconductor of refractive index n and the air, and a plane wave incident
on to the interface from the semiconductor region at an incidence angle �.
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The power reflectivity is given by the well-known Fresnel formula

Rp ¼ Tan2ð� � �0Þ
Tan2ð� þ �0Þ

ð5:120aÞ

Rs ¼
sin2ð� � �0Þ
sin2ð� þ �0Þ

ð5:120bÞ

for the p polarization with the electric field parallel to the plane of incidence,

and the s polarization with the electric field perpendicular to the plane of
incidence, respectively [18]. From the Snell law, the angle of refraction in the
air is given by �0 ¼ sin�1(n sin �). The dependence of the reflectivities Rp and
Rs for n¼ 3.6 on the incidence angle � are shown in Fig. 16. For �¼ 0, the

reflectivities are the same for both polarizations and are approximately
32%. Except for �¼ 0 and � > 16
 where total internal reflection takes place
for both polarizations, the relation Rp<Rs holds.

A guided mode in the waveguide can be described by two plane-wave
components propagating at angles ��, and these plane waves for TE modes

correspond to s waves, and those for TM modes to p waves. This
consideration suggests that the reflectivity for a TE mode is higher than that
for a TM mode of the same order. Decreasing the guide thickness leads to

an increase in � and would result in an increase in the TE reflectivity and a
decrease in the TM reflectivity. These predictions are correct for cases where
the guide thickness is sufficiently large. However, they do not necessarily

apply generally, since the guided modes have evanescent tails in the cladding
regions.
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5.7.2 Reflectivity for Guided Modes

Consider a guided wave of TEm mode impinging on a waveguide facet at
z¼ 0 after forward propagation in the waveguide in the þz direction, as
shown in Fig. 5.17. Backward-propagating waves produced by the reflection
at the facet include not only a guide wave of the same mode as the forward
wave but also another mode. Based upon Eq. (5.30), the total field in the
waveguide (z< 0) may be written in a form of mode expansion including the
forward wave and the backward wave as [19]

Eyðx, zÞ ¼ CmðxÞ expði	mzÞ þ
X

l

AmlClðxÞ expð�i	lzÞ ð5:121Þ

Although radiation modes should be included in the exact expansion, here
we assume that conversion to radiation modes is negligible and the total
field can be described approximately by an expansion with guided modes
only. The major magnetic field component associated with Eq. (5.121) can
be written as

Hxðx, zÞ ¼ � 1

!�0

"
CmðxÞ	m expði	mzÞ

�
X

l

AmlClðxÞ	l expð�i	lzÞ
#

ð5:122Þ

The function Cm(x) is the field profile for the TEm mode given by Eq. (5.43)
and can be written as

CmðxÞ ¼
Z

CmðkÞ expðikxÞ dk ð5:123Þ

0
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Figure 5.17 Reflection of a guided mode at a waveguide facet.
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where Cm(k) is the Fourier transform of Cm(x), and k is the spatial
frequency. The orthonormal relation for Cm(x) can be written as

Z
C�

m0 ðxÞCmðxÞ dx ¼ 2p
Z

C�
m0 ðkÞCmðkÞ dk ¼ �mm0 ð5:124Þ

In the free space outside the waveguide (0< z), on the other hand, the
electric field can be expressed by the plane-wave expansion

Eyðx, zÞ ¼
Z

RðkÞ exp½ikxþ i	ðkÞz� dk ð5:125Þ

where

	ðkÞ ¼ ðk20 � k2Þ1=2

and an associated expression for the major magnetic field:

Hxðx, zÞ ¼
�1

!�0

Z
RðkÞ	ðkÞ exp½ikxþ i	ðkÞz� dk ð5:126Þ

Since Ey and Hx should be continuous at the boundary z¼ 0, we obtain
from Eqs (5.121)–(5.126)

CmðkÞ þ
X

l

AmlClðkÞ ¼ RðkÞ ð5:127aÞ

	mCmðkÞ �
X

l

Aml	lCiðkÞ ¼ RðkÞ	ðkÞ ð5:127bÞ

Eliminating R(k) from the above equations yields

	mCmðkÞ �
X

l

Aml	lClðkÞ ¼ 	ðkÞ CmðkÞ þ
X

l

AmlClðkÞ
" #

ð5:128Þ

and, integrating with respect to k the above equation multiplied by
2p C�

m0(k), and using the orthonormal relation, we obtain
X

l

Amlð	l�m0l þ 	m0lÞ ¼ �m0m	m � 	m0m ð5:129Þ

where

	m0m ¼ 2p
Z

C�
m0 ðkÞ	ðkÞCmðkÞ dk

The solution of the above equation can be written as

½A� ¼ ð½	� � ½B�tÞð½	� þ ½B�tÞ�1 ð5:130Þ
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where [A] is a matrix with Amm0 as the elements, [B] a matrix with Bm0m as the
elements, and [	] a diagonal matrix with 	m as the diagonal elements. Since
the amplitude of the backward TEm0 mode produced from the forward TEm

with an amplitude of unity is Amm0, the power reflectivity for the relevant
modes is given by jAmm0j2. A similar calculation can be made for TM modes,
by using Cm(x) for TM modes and a diagonal matrix [	] with 	m=N

2
m (Nm is

the effective index of the TMm mode) as the diagonal elements.
Figure 5.18 shows the reflectivities for fundamental TE and TM

modes calculated by the above procedure. As expected, decreasing the guide
thickness results in an increase in the TE reflectivity and a decrease in the
TM reflectivity in the region of large guide thicknesses. In the region of
small guide thicknesses, however, the reflectivities exhibit opposite
dependences and, in the limiting case for small thicknesses, the reflectivities
approach each other again. This is because, an decreasing the guide
thickness, the evanescent penetration increases and for the limiting case
the guided mode profile is dominated by the evanescent wave. Even so, the
TE reflectivity remains larger. The difference between the TE and TM
reflectivities is the factor dominating the oscillation polarization of DH
semiconductor lasers of facet mirror type. The results presented here for
planar waveguides apply also for channel waveguides as an approximation,
since channel guides for semiconductor lasers have a width considerably
larger than the thickness.

In the above discussion, use of an as-cleaved facet as a mirror was
assumed. It is also possible to tailor the reflectivity by coating the facet with
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Figure 5.18 Example of the calculated facet reflectivity of guided wave [19].
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a transparent dielectric thin film. It is known that, for a plane wave incident
normally to an interface between a medium of refractive index ns and the air,
the reflectivity can be reduced to zero by depositing a thin film of a
refractive index nf ¼ n1=2s and an optical thickness of l/4. Although for
waveguide facets the reflectivity cannot be reduced exactly to zero, similar
design allows reduction in the reflectivity to 10�4 or less. It is also possible to
realize a high reflectivity of 90% or larger, using a multilayer structure
consisting of high-index and low-index layers deposited alternately. The
facet coating technique offers an important means for improvement in
semiconductor laser performances and implementation of traveling-wave-
type semiconductor optical amplifiers.

5.8 WAVEGUIDE FABRY–PEROT RESONATOR

In a structure that results when a waveguide is cleaved to cut it into a finite
length and to form facets at the both ends, the guided mode propagates back
and forth with successive reflections at the facets. The optical power is
accumulated substantially, when a resonance condition is satisfied. The
structure is called a waveguide Fabry–Perot (FP) resonator, since it is a
waveguide implementation of the FP resonator consisting of two mirrors
aligned parallel to each other [18]. Providing this resonator structure with an
optical gain by current injection results in a FP-type semiconductor laser.
This section presents the passive characteristics of a waveguide FP
resonator.

5.8.1 Transmission Characteristics

Consider a waveguide FP resonator of length L and an optical wave incident
into it through the left facet, as shown in Fig. 5.19. Here we omit the carrier

0 Resonator length L

Cladding layer

Cladding layer

Substrate

Guiding layer

z

Facet mirror
Rb

Facet mirror
Rf

Figure 5.19 Waveguide Fabry–Perot resonator.

152 Chapter 5

Copyright © 2004 Marcel Dekker, Inc.



injection effects to examine the passive characteristics. Then the complex
propagation constant ~		, generally given by Eq. (5.100), can be written as

~		 ¼ 	þ i�int

2
, �int > 0, 	 ¼ Nk0 ¼

N!

c
ð5:131Þ

The optical wave in the waveguide resonator can be written as

Eðx, y, zÞ ¼ Eðx, yÞ½Aþ expðþi ~		zÞ þ A� expð�i ~		zÞ� ð5:132Þ

where the first and second terms in the square brackets represent the forward
and backward waves, respectively. LetRb andRf be the power reflectivities of
the left and right facet mirrors, respectively. Then, neglecting the mode
conversion, the power transmissivities are 1�Rb and 1�Rf. Let Ain and Atr

be the amplitudes of the wave incident from the left-hand side of the resonator
and the wave transmitted into the right-hand side, respectively; then from the
boundary conditions for both facets we obtain the relations

Aþ ¼ ð1� RbÞ1=2Ain þ R1=2
b A�; A� expð�i ~		LÞ ¼ R1=2

f Aþ expðþ i ~		LÞ
Atr ¼ ð1� Rf Þ1=2Aþ expðþi ~		LÞ ð5:133Þ

The incident wave is assumed to have a field distribution proportional to
E(x, y) on the left facet, and the incident and transmitted waves are
normalized so that the powers are given by jAinj2 and jAtrj2, respectively.

From the above equations, the power transmissivity T of the resonator
is calculated as

T ¼ jAtrj2
jAinj2

¼ ð1� Rf Þð1� RbÞ expð��LÞ
1þ RfRb expð�2�LÞ � 2ðRfRbÞ1=2 expð��LÞ cosð2	LÞ

ð5:134Þ

where �int is abbreviated as �. The transmissivity T takes the maximum
periodically at 2	L¼ 2mp (m is an integer). The maximum condition is that
all the waves produced by the successive mirror reflections and the round
trips in the waveguide are superimposed in phase. When this condition is
satisfied, an increase in the amplitudes of the wave in the waveguide and the
transmitted wave, i.e., resonance, occurs. The dependence of T on the
optical frequency ! is shown in Fig. 5.20. Since from Eq. (5.131) dð2	LÞ ¼
2Lð@	=@!Þd!, the separation �! in angular frequency between adjacent
peaks is given by

�! ¼ 2p
2L @	=@!

¼ 2p
vg

2L
¼ 2p

c

2LNg
ð5:135Þ
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vg ¼
1

@	=@!
¼ c

Ng
, Ng ¼ N þ !

@N

@!
ð5:136Þ

where vg is the group velocity, at which the optical power is transmitted in
the waveguide, and Ng is the group index of refraction. The full width d! at
half–maximum can be calculated from Eq. (5.134); the ratio of d! to �! is
given approximately by

F ¼ �!

d!
¼ pR1=2

1� R
, R ¼ ðRfRbÞ1=2 expð��LÞ ð5:137Þ

The ratio F is referred to as the finesse. The above expression for F, which
applies for cases where R is not substantially small compared with unity,
shows that resonators consisting of a low-loss waveguide and mirrors of high
reflectivities R have a large F and exhibit a sharp resonance characteristic.

5.8.2 Optical Power Accumulation

Consider a case where there is no external incidence of an optical wave to
the resonator, but a source that emits an optical wave of frequency !
propagating in the þz direction is positioned at z¼ � in the waveguide. Then
the wave in the waveguide can be written as

Eðx, y, zÞ ¼
Eðx, yÞ½Aþ expðþi ~		zÞ þ A� expð�i ~		zÞ� ð05z5�Þ
Eðx, yÞ½Bþ expðþi ~		zÞ þ B� expð�i ~		zÞ� ð�5z5LÞ

(

ð5:138Þ
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Figure 5.20 Spectral transmissivity of a waveguide Fabry-Perot resonator.
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The boundary conditions at the facets (z¼ 0, L) and z¼ � can be written as

Aþ ¼ R1=2
b A�, B� expð�i ~		LÞ ¼ R1=2

f Bþ expðþi ~		LÞ
Aþ expðþi ~		�Þ þ a d� ¼ Bþ expðþi ~		�Þ, A� ¼ B� ð5:139Þ

where a d � represents the amplitude of the source. By determining Aþ, A�,
Bþ, and B� from above equations, the optical power Pf transmitted to the
right-hand side of the waveguide is calculated as

Pf ¼
ð1� Rf Þ exp½��ðL� �Þ�ja d�j2

1þ RfRb expð�2�LÞ � 2ðRfRbÞ1=2 expð��LÞ cosð2	LÞ
ð5:140Þ

The power transmitted Pb to the left-hand side of the waveguide is given by
a similar expression with the same denominator as the above expression.
The ! dependences of Pf and Pb are similar to that of the transmissivity T
shown in Fig. 5.20; they have maxima periodically at 2	L¼ 2mp (m is
an integer). This means that the resonance takes place and the optical power
is accumulated substantially in the resonator, when the optical waves are
superimposed in phase.

5.8.3 Longitudinal Resonance Modes and Photon Lifetime

An optical wave of steady state cannot exist in a passive FP resonator,
provided that there is no external incidence, nor internal generation of an
optical wave. This is evident from the fact that on putting Ain¼ 0 in Eq.
(5.133) we have Aþ¼A�. However, a field satisfying the boundary
conditions can be found, if we extend the optical angular frequency ! to
a complex frequency !� i
 and assume an optical wave having a time
dependence in the form of exp[�i(!� i
)t]¼ exp(�i!t)exp(�
t). Let us
write the complex propagation constant dependent on the frequency ! as
~		ð!Þ, then the value for a frequency !� i
 is given by

~		ð!� i
Þ ¼ ~		ð!Þ þ @ ~		

@!
ð�i
Þ ¼ ~		� i


vg
ð5:141Þ

where �g is the group velocity of the guided mode. The validity of the above
simple treatment can be shown by using the time-dependent wave equations.
Then the optical wave in the waveguide can be written as

Eðx, y, z; tÞ ¼ Eðx, yÞEðzÞ expð�i!tÞ expð�
tÞ ð5:142Þ
and E(z) can be expressed by using the complex propagation constant
~		ð!� i
Þ as

EðzÞ ¼ Aþ exp½þi ~		ð!� i
Þz� þ A� exp½�i ~		ð!� i
Þz� ð5:143Þ
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Using the power reflectivities Rb and Rf of the left- and right-hand facet
mirrors, respectively, the boundary conditions can be written as

Aþ ¼ R1=2
b A�, A� ¼ R1=2

f
Aþ exp½þ2i ~		ð!� i
ÞL� ð5:144Þ

For the above equations to have nontrivial solutions except for Aþ¼A�¼ 0,

ðRfRbÞ1=2 exp½2i ~		ð!� i
ÞL� ¼ 1 ð145Þ
is required, and the above relation is decomposed into the real and imaginary
parts as follows:

2Ref ~		ð!� i
ÞgL ¼ 2mp ðm is an integerÞ ð5:146aÞ
ðRfRbÞ1=2 exp½�2Imf ~		ð!� i
ÞgL� ¼ 1 ð5:146bÞ

Equation (5.145) indicates that in the resonator there can exist only
such waves that are superimposed in phase after a round trip. Each of the
optical waves satisfying this condition is called a longitudinal mode. The
integer m is the order of the longitudinal mode. From Eq. (5.146), we see
that the longitudinal mode function E(z) can be written as

EðzÞ ¼ Aþ exp þ �mir

2
þ imp

L

� �
z

� 


þ A� exp � �mir

2
þ imp

L

� �
z

� 


�mir ¼
1

2L
ln

1

RfRb

� �
ð5:147Þ

To distinguish from the longitudinal mode presented here, the guided mode
of the waveguide described by E(x, y) is referred to as the lateral mode.
From Eq. (5.146a) we see that, for cases where ~		 is given by Eq. (5.131), the
angular frequencies !m for the mth longitudinal mode are aligned with a
separation

�! ¼ 2p
2L @	=@!

¼ 2p
vg

2L
¼ 2p

c

2LNg
ð5:148Þ

which is the same as the separation of the transmission peak frequencies.
The separation is called the longitudinal mode separation. If the wavelength
dependence of the effective index is neglected, the longitudinal modes are
aligned with a constant separation.
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When the lateral mode E(x, y) is normalized, the power flows Pþ and

P�, for the forward and backward waves, respectively, at t¼ 0 are given by

the absolute squares of the first and second terms of the right-hand side of

Eq. (5.147), i.e.,

PþðzÞ ¼ jAþj2 expðþ�mirzÞ ð5:149aÞ
P�ðzÞ ¼ jA�j2 expð��mirzÞ ð5:149bÞ

The energies per unit length of the forward and backward waves stored

in the waveguide are given by Pþ/vg and P�/vg, respectively, with the group

velocity vg; the total optical energy stored in the resonator is given by the

sum of Pþ/vg and P�/vg integrated over the waveguide section 0< z<L. By

normalizing the field so that the total stored energy equals to 1 J, Aþ and A�

are determined as

jAþj2
Rb

¼ jA�j2

¼ vg�mirR
1=2
f

½1� ðRfRbÞ1=2�ðR1=2
f þ R1=2

b Þ
ð5:150Þ

The normalized resonance mode is given by E(x, y)E(z) with the lateral

mode E(x, y) and the longitudinal mode E(z) given by Eq. (4.147) with the

above Aþ and A� substituted.
Equation (5.142) indicates that the power in the resonator decays with

time in a form of exp(�2
t). From Eqs (5.141) and (5.146b), the decay

factor 
 for cases where ~		 is given by Eq. (5.131) can be written as

2
 ¼ vg �int þ
1

2L
ln

1

RfRb

� �� 


¼ vgð�int þ �mirÞ ð5:151Þ

�mir ¼
1

2L
ln

1

RfRb

� �

If there is no optical power source, the optical wave can exist only in such a

form that the power stored in the resonator in the past is consumed and

attenuates with time. Equation (5.151) shows that the decay factor is given

by the sum of the internal loss �int of the waveguide and the mirror loss �mir.

The latter represents the attenuation due to partial power outgoing through

the facet mirrors and is given by the round-trip power multiplication factor

RfRb converted into a decay factor by taking the logarithm and dividing
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by the round-trip length 2L for averaging. In the right-hand side of the
above expression, the group velocity is included as a factor to convert the
decay per unit length to that per unit time. Rewriting 2
 given by Eq. (5.151)
as 1/
ph, we have

1


ph
¼ vg �int þ

1

2L
ln

1

RfRb

� �� 

ð5:152Þ

Then 
ph, the time for which the power in the resonator decays to 1/e times
the initial value, is referred to as the photon lifetime and is an important
parameter for the rate equation analysis of semiconductor lasers.

Figure 5.21 illustrates the distributions of the forward wave power Pþ

and backward wave power P�, given by Eq. (5.149), and PþþP�. As shown
in this figure, Pþ and P� observed at an instant exhibit distributions that
increase with position shift in the direction of propagation, to satisfy the
boundary conditions at the partially reflecting facet mirrors. However, the
optical waves actually propagate with time at the group velocity vg (proceed
a distance vgt), and the entire optical power attenuates in the form of
exp(�2
t). This means that the propagating optical power attenuates to be
exp(þ�mirvgt) exp(�2
t)¼ exp(��intvgt) times the initial value. Therefore,
the results obtained here are consistent with the physical insights. The
intensity distribution jE(z)j2 of a longitudinal mode is that of a standing
wave formed by the interference of the forward and backward waves, as
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Figure 5.21 Optical power flow distribution Pþ and P� and intensity distribution

jE(z)j2 of a resonance mode in a waveguide Fabry–Perot resonator.
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shown in Fig. 5.21. The number of standing-wave periods coincides with the
longitudinal mode order m.

5.9 FAR-FIELD PATTERNS

The optical wave transmitted through the waveguide is partly reflected at the
facet; simultaneously, it is partly transmitted through the facet and radiates
into the free space. The transmitted wave, observed just outside the facet, is in
a form proportional to the lateral mode E(x, y) of the waveguide and the
intensity distribution is called the near-field pattern (NFP). The output wave
propagates in free space, with evolution of the wavefront and the intensity
distribution. The intensity distribution observed at a plane sufficiently away
from the facet is called the far-field pattern (FFP). Analysis of the wavefront
and the intensity distribution in the far field provides important insights
useful for the design of focusing, collimating and coupling into an optical
fiber of semiconductor laser light for practical applications.

We put the near-field distribution, given by a lateral mode E(x, y), as

Eðx, yÞ ¼ eCðx, yÞ ð5:153Þ
where e is a unit vector for describing the polarization. Note that the spatial
expanse of C(x, y) is comparable with the effective thickness Teff (or width)
of the waveguide. We take a plane of observation (X–Y plane) perpendicular
to the z axis at a distance D from the facet, as shown in Fig. 5.22. According
to the scalar diffraction theory [18], the optical field amplitude C(X,Y) in
the Fraunhofer region satisfying D 
 2T2

eff=� is given by

CðX ,YÞ ¼ ð�i2pk0 cos �Þ
expðik0rÞ

r

� 1

2p

� �2ZZ
Cðx, yÞ exp½�ik0ðx sin �x þ y sin �yÞ�dxdy ð5:154Þ
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Figure 5.22 Radiation of guided wave through a facet.
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cos � ¼ D

r
, sin �x ¼ X

r
, sin �y ¼

Y

r

where r denotes the distance from the center of the facet to the observation
point (X,Y). On the right-hand side of the above expression, exp(ik0r)/r
describes a wavefront of a spherical wave diverging from the center of the
facet. The second line indicates that the field amplitude distribution in the
far field is proportional to the two-dimensional Fourier transform of that in
the near field. In many cases, this distribution can be written in a form of a
product of a function of X and a function of Y. The relative intensity profile
in the X direction is given by jcos dC(k0 sin �x)j2 using the Fourier transform
of the mode function C(x) given by

CðkÞ ¼ 1

2p

Z
CðxÞ expð�ikxÞ dx

with substitution of k¼ k0 sin �x into it. For a symmetrical step-index
waveguide, for example, the Fourier transform of the mode function is
calculated as

CðkÞ ¼ 21=2

pT1=2
eff

cos
�T

2

� �
k20ðn2G � n2cÞ


 cosðkT=2Þ � k sinðkT=2Þ
ð
2 þ k2Þð�2 � k2Þ

ðTEmodeÞ ð5:155aÞ

CðkÞ ¼ 21=2

pT1=2
eff

cos
�T

2

� �

� 
ðnG=ncÞ2 cosðkT=2Þ � k sinðkT=2Þ
�2 � k2

�

þ 
 cosðkT=2Þ � k sinðkT=2Þ

2 þ k2

�

ðTMmodeÞ ð5:155bÞ

The intensity distributions jcos dC(k0 sin �x)j2 for the fundamental modes
are single-peak functions, as shown in Fig. 5.23. The distributions of higher-
order modes have zeros of the same number as the mode order. A simple
Gaussian approximation C(x)¼ exp[�(x/w)2] for the fundamental mode
gives the Fourier transform:

Cðk0 sin �Þ ¼
w

2p1=2
exp � wk0 sin �

2

� �2
" #

ð5:156Þ
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Therefore, using cos � � 1, the far field pattern is also given approximately

by a Gauss function, and the 1/e2 half-width �w, of the angular divergence in
the far field can be calculated simply by

�w ¼ sin�1 �

wp

� �
ð5:157Þ

As the above equation shows, the smaller the near-field mode size, the larger

is the far-field angular divergence. Since semiconductor lasers usually have

an active channel width larger than the active layer thickness, they exhibit an

elliptic far-field pattern with a divergence angle �? in the direction

perpendicular to the active layer larger than the divergence angle �
==
that

in the parallel direction, as shown in Fig. 6.1 in the next chapter.
As Eqs (5.155) and (5.156) are real functions, the wavefront of the

output wave in the far field is identical with that of a spherical wave

diverging from the center of the facet. This is true for many lasers using an

index-guiding waveguide. Therefore, the output wave can readily be focused

or collimated by a single lens. The guided mode wavefront in lasers using a

gain-guiding waveguide, however, is curved in a convex shape extended

toward the direction of propagation with a radius r of curvature, as shown

in Fig. 5.14(b). Therefore, the output wavefronts observed in the plane of

waveguide are those of a spherical wave diverging from a virtual diverging

point shifted from the facet towards inside the waveguide by r/N (N is the

effective index). On the other hand, the diverging point for the output wave-

fronts observed in the plane perpendicular to the waveguide plane is at the

center of the facet. The separation between the two diverging points gives

rise to astigmatism in the output wave focused by an ordinary lens. Another

drawback of gain-guiding waveguides is that the refractive index change

Figure 5.23 Example of calculated far-field intensity distributions of a guide mode

(fundamental mode).
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related to the antiguiding factor �c makes it difficult to obtain a stable
single-peak far-field pattern.
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6
Characteristics of Semiconductor
Lasers

This chapter presents fundamental theory and characteristics of semicon-
ductor injection lasers from the device point of view. First, the structure of
the fundamental Fabry–Perot (FP)-type semiconductor lasers and the
outline of the oscillation are described. Then rate equations are introduced,
and the phenomenological analysis of the semiconductor laser performances
is presented. The laser performances clarified through the rate equation
analysis are discussed in detail. Distributed feedback lasers are presented in
the next chapter.

6.1 SEMICONDUCTOR LASER STRUCTURE AND
OUTLINE OF OSCILLATION

6.1.1 Fabry–Perot-type Semiconductor Laser Structure

Figure 6.1 illustrates the structure of a FP-type semiconductor laser, which
is a representative semiconductor laser. We consider a GaAs laser as an
example. Usually, a n-type GaAs crystal is used as a substrate and, on the
substrate, an AlxGa1� xAs lower cladding layer (n type), a GaAs active
layer (p type or n type), an AlxGa1� xAs upper cladding layer (p type), and a
GaAs contact layer (nþ type) are sequentially grown by epitaxy. The thickness
of the active layer for ordinary DH lasers is 0.1–0.2 mm. The active layer
serves as an optical waveguide, as described in Chap. 4. Except for broad-
area lasers, a channel waveguide of 2–5 mm width as shown in Fig. 5.15 is
formed by etching after the growth of the active layer. Then, a structure for
injecting the current within a narrow channel region is formed by etching the
upper cladding layer, deposition of an insulator layer and the patterning it.
Then the substrate is thinned by grinding to a thickness of approximately
100 mm. Ohmic electrodes are formed by deposition of AuGe/Au and Cr/Au
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layers on the back surface of the substrate and the top contact layer,
followed by thermal treatment. The crystal surface is cleaved to form facets
perpendicular to the channel axis, and then laser chips of a channel length of
several hundred microns are obtained. However, as cleaved facets are often
used as the resonator mirrors, the facet may be coated with dielectric films
to obtain the facet reflectivity optimized for accomplishing a high output
power. Semiconductor lasers for practical application are mounted on a
heat sink and packaged with wire bonding.

Quantum well lasers are fabricated by growing a separate-confinement
heterostructure (SCH) consisting of a single quantum well (SQW) or multi-
ple quantum wells (MQWs), as shown in Fig. 4.8, instead of a simple DH
structure. The following process is similar to that described above.

6.1.2 Oscillation Conditions

As discussed in Chaps 3 and 4, amplification of optical waves takes place in
a semiconductor laser, when it is excited by carrier injection into the active
region with a current across the p–n junction. The laser structure also serves
as an optical waveguide FP resonator. If the amplification gain becomes
sufficiently high, as a result of successive amplification of the optical wave
traveling back and forth with feedback by the reflection at the facet mirrors,
optical energy is accumulated and laser oscillation occurs.

Here we consider conditions for the laser oscillation. Laser oscillation,
in general, is nomore thanmaintaining a constant power of a coherent optical
wave propagating back and forth in the resonator. Therefore, the oscillation
condition is the condition required for the complex amplitude of the wave
after a round trip between the mirrors to equal the initial complex amplitude.

Active layer Insulation layer
Ohmic electrode

Ohmic electrode
Output laser light

Substrate Cladding layers

Figure 6.1 Schematic illustration of a double-heterostructure (DH) FP semicon-

ductor laser.
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Let g be the gain factor of the active region (material gain), and G be the

confinement factor for the guided wave; then the effective gain factor for a

guided mode (mode gain) is given by Gg. Let L be the length of the active

region (waveguide length), �int be the factor representing the propagation loss
for the guided wave due to absorption and scattering, and Rf and Rb be the

power reflectivities of the front and back facet mirrors, respectively. Then the

condition for the absolute amplitude of the wave after a round trip to equal

the initial amplitude is given by RfRb exp[2(Gg� �int)L]¼ 1, i.e.,

Gg ¼ �int þ
1

2L
ln

1

RfRb

� �
ð6:1Þ

Let ! be the angular frequency of the optical wave and 	(!) be the

propagation constant of the guided mode. For the moment we omit the

carrier-induced refractive index change. Then the condition for the phase of

the wave after a round trip to equal the initial phase is given by

2	ð!ÞL ¼ 2pm ðm is an integerÞ ð6:2Þ
The frequencies !m satisfying the above condition, are the longitudinal

mode frequencies explained in Section 5.8, and the longitudinal mode

separation is given by

�! ¼ 2p
ð2L @	=@!Þ ¼ 2p

c

2LNg
ð6:3Þ

where Ng is the effective group index.
The first and second terms on the right-hand side of the amplitude

condition for the laser oscillation, in Eq. (6.1) represent the propagation loss

and the loss due to the leakage of the optical power through the facet mirrors,

respectively. The equation indicates that an effective gain to compensate these

losses is required for the oscillation. The phase condition (Eq (6.2)), being a

positive feedback condition or a resonance condition, indicates that the

oscillation frequency is limited to the discrete longitudinal mode frequencies

with a separation given by Eq. (6.3). The laser oscillation takes place only for

optical waves satisfying both conditions. Therefore, when the injection

current is increased, and the mode gain Gg(!m) at the longitudinal mode

frequency !m closest to the peak of the gain spectrum g(!) reaches the value
given by the right-hand side of Eq. (6.1), the oscillation starts with this mode.

Note that Gg(!m) approximately equals the maximum mode gain Ggmax.

The oscillation condition is illustrated in Fig. 6.2.
The value of the injection current at which the laser oscillation starts is

called the threshold current. The value of the gain that enables the

oscillation to occur, given by the right-hand side of Eq. (6.1), is referred to
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as the threshold gain. The dependence of the maximum gain gmax before the

start of oscillation on the injection current density is given phenomen-

ologically by Eq. (3.45) or (3.44). Therefore, the threshold current can be
found by determining the injection current density at which gmax equals the

threshold gain.
The gain spectrum, injection-current-density-dependent maximum

gain, and the internal loss of the waveguide are important data for the

performance analysis and the laser design presented in this chapter. Methods

for determining these experimentally are presented in Appendix 4.

6.1.3 Injection Current and Optical Output Power

Once the oscillation starts when the injection current I reaches the threshold

current Ith, a further increase in I is not associated with an increase on the
gain g; the gain g is kept constant to maintain the condition given by

Eq. (6.1). Since the gain g is a function of the carrier density, this means that

the carrier density is also kept constant, under the assumption that the
energy distribution of the carriers maintains the quasithermal equilibrium

even after the start of oscillation. Similarly, the number of spontaneous

emissions is also kept constant. Therefore, the injected carriers corresponding
to the injection current exceeding the threshold, I� Ith, are depleted by the

stimulated emission recombination. Let Pout be the number of photons

Threshold gain
1/vg ph = lnt + (1/2L)ln(1/RfRb)

M
od

e 
ga

in
g

(
)

I = Ith

I < Ith

Longitudinal mode
separation

Longitudinal mode
frequency m

Frequency

Figure 6.2 Oscillation condition of a FP semiconductor laser.
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per unit time representing the optical output power of the laser; then Pout

can be written as

Pout ¼
Fspt�spt

I

q
ðI < IthÞ

Fspt�spt
Ith

q
þ Fstm�stm

I � Ith

q
ðIth < IÞ

8
>><
>>:

ð6:4Þ

The first line and the first term in the second line in the above expressions
represent the incoherent spontaneous emission component, and the second
term in the second line represents the coherent stimulated emission
component. The factors Fspt and Fstm represent the ratios of the power
coupled out of the laser to the power emitted in the laser. The spontaneous
emission diverges in all direction from the active region, while stimulated
emission occurs for resonance mode(s) of the waveguide FP resonator and
propagates along the waveguide axis. Therefore, Fspt	Fstm holds for
observation of the output on the waveguide axis. On the other hand, �spt
and �stm denote the internal quantum efficiencies. Note that �spt¼ �stm¼ 1
if the nonradiative recombination and the carrier leakage are negligible,
but �spt< 1, �stm< 1, if they are not negligible. As Eq. (6.4) indicates, the
output power versus injection current characteristic (I�P characteristic) is
indicated by a line with a kink at Ith, as illustrated in Fig. 6.3. The slope of
the line in the oscillation region

�D ¼ dPout

dðI=qÞ ¼ Fstm�stm ð6:5Þ
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Figure 6.3 Injection current dependence of the output optical power of a

semiconductor laser.
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is referred to as the external differential quantum efficiency. The external
differential efficiency �D and the threshold current Ith are important
parameters that characterize the laser oscillation. For a given laser, these
parameters can easily be measured. The optical power generated by the
stimulated emission is divided into the loss in the laser, and outputs
transmitted through the facet mirror at the both ends of the laser. As Eq. (6.1)
shows, the ratio of the loss to the total output is �int/[(1/2L) ln(1/RfRb)]
and, when Rf¼Rb¼R, the total output is halved for both facets. Then the
output coupling coefficient Fstm is given by

Fstm ¼ 1

2

ð1=LÞ lnð1=RÞ
�int þ ð1=LÞ lnð1=RÞ ð6:6Þ

Expressions for general cases will be derived in Section 6.3.

6.2 RATE EQUATIONS

6.2.1 Outline of the Rate Equation Analysis

The density matrix analysis discussed in Section 3.2 enabled a simple
calculation of the amplification gain in a semiconductor to be made and
clarified nonlinear phenomena such as hole burning and the associated gain
saturation. Density matrix analysis, however, would require a very
complicated formulation, if considerations on the guided mode and the
resonance mode discussed in Chap. 5 are incorporated. Analysis of the
behavior of many modes and dynamic characteristics would be even more
complicated. To facilitate the analysis of practical laser operation, a
simplified method should be developed on the basis of the results of density
matrix analysis and optical mode analysis.

The electrons in the valence and conduction bands each form energy
distributions depending on the state of laser operation. The electron states in
a band, however, tend to approach the equilibrium distribution through
relaxation with a time constant of the order of 0.1 ps. Therefore, for
discussion of the laser dynamics in the time range much longer than the
relaxation time, the electrons in the valence band as a whole can be treated
as if they are in a single energy level, and those in the conduction band as if
they were in another level. Thus, we approximate the electron energy
distribution in the semiconductor by two energy levels, one representing the
conduction band and the other representing the valence band, as shown
in Fig. 6.4. The optical wave, on the other hand, is described by separate
mathematical expressions for the intensity and the phase. Then, the
fundamental equations that govern the operation of a semiconductor laser
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are rewritten as the rate equations that describe the time variations in the
carrier density and the optical intensity. In the following, we derive the rate
equations and discuss the physical implications.

6.2.2 Rate Equation for the Carrier Density

We first describe the minority-carrier density in a semiconductor by using the
density matrix � discussed in Section 3.6. Let Nvc be the total number of
electrons in the conduction and valence bands of a semiconductor of unit
volume. The number of electrons in the conduction band (denoted by
subscript n) is given byNc¼Nvc

P
n�nn, the number of electrons in the valence

band (denoted by subscript m) by Nv¼Nvc

P
m�mm, and the total number

NcþNv¼Nvc is constant. Consider a p-type semiconductor, and letN be the
density of the minority carriers (electrons in the conduction band). Then,
from N¼Nc¼Nvc

P
n�nn and N¼Nvc�Nv¼Nvc�Nvc

P
m�mm, we obtain

N ¼ 1

2Nvc

 X

n

�nn �
X

m

�mm þ 1

!
ð6:7Þ

The zeroth-order term �ð0Þnn in the expansion expression for the diagonal
elements �nn of the density matrix satisfies Eq. (3.66). From Eqs (3.66b),
(3.56), (3.68), and (3.74), we see that the second-order term �ð2Þnn satisfies

d

dt
�ð2Þnn ¼ � p

2�hh2

X

m

�ð0Þnn � �ð0Þmm

� �
jPnmj2jEj2Lð!� !nmÞ

� �ð2Þnn

1


c
þ 1


s

� �
ð6:8Þ

Figure 6.4 Two-level approximation for carrier state in the active layer of a

semiconductor laser: (a) band structure; (b) two-level approximation.
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Omitting the terms of orders higher than fourth order, we can express �nn by
�ð0Þnn and �ð2Þnn , and from Eqs (3.66a) and (6.8) we see that the diagonal element

�nn for the conduction band electrons satisfies the equation

d

dt
�nn ¼ � p

2�hh2

X

m

�ð0Þnn � �ð0Þmm

� �
jPnmj2jEj2Lð!� !nmÞ

� �nn � �QE
nn


c
� �nn � �TEnn


s
þ Ln ð6:9Þ

Similarly, the diagonal element �mm for the valence-band electrons satisfies

the equation

d

dt
�mm ¼ � p

2�hh2

X

n

�ð0Þmm � �ð0Þnn

� �
jPnmj2jEj2Lð!� !nmÞ

� �mm � �QE
m


v
� �mm � �TEmm


s
þ Lm ð6:10Þ

Calculating the time variation inN using the above two equations, we obtain

d

dt
N ¼ � nrc"0

2�hh!
gjEj2

� 1

2Nvc

X

n

�nn � �QE
nn


c
þ 1

2Nvc

X

m

�mm � �QE
mm


v

�N �NTE


s
þNvc

X

n

Ln ð6:11Þ

Equation (3.73) was used in the first line of the above equation, and the

linear gain g(1)(�hh!) was written simply as g. This stimulated emission

recombination term can be rewritten as �(nrng"0/2�hh!)jEj2G, by using the

relation g¼G/vg¼G(ng/c) between the gain g per unit length and the gain G

per unit time. Here, (nrng"0/2�hh!)jEj2 equals the photon number per unit

volume, since it is the energy density (nrng"0/2)jEj2 of the optical field,

divided by the photon energy �hh!. For general cases where the carrier density
is not spatially uniform, the second line on the right-hand side of Eq. (6.11)

represents the carrier diffusion effect. The spontaneous emission term

(N�NTE)/
s in the third line can be approximated as N/
s, since the carrier
density NTE in thermal equilibrium is much smaller than the carrier density

N under carrier injection. As the carrier injection term Nvc

P
nLn, is equal to

the number of carriers injected in unit time and in unit volume, it can be

replaced by J/dq using the injection current density J, the elementary charge

q (¼� e), and the active layer thickness d. Through the above changes of the
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expressions, we obtain a rate equation for the carrier density:

d

dt
N ¼ � nrng"0

2�hh!
jEj2G�N


s
þ J

dq
ð6:12Þ

where the diffusion term is omitted. For an n-type semiconductor, exactly
the same rate equation holds, although here the minority carriers with
density N are the holes in the valence band.

6.2.3 Photon Density

Next we simplify Eq. (6.12) under the approximation and the assumption
that the injection current density J is uniform. Whereas the optical
intensity jEj2 is a function of position in the semiconductor laser and it
forms a distribution of a standing wave with a submicron period, the spatial
distribution of the carrier density N is affected by the diffusion effect and
tends to be smoothed out. Noting this, we replace the stimulated emission
recombination term proportional to jEj2 in Eq. (6.12) by the value averaged
in the active region. We also replace the carrier density N by the value
averaged in the active region, and consider it a position-independent quantity.
Then, the gain G is also considered position independent. These approxima-
tions and assumptions do not conflict with each other.

The optical field E in the laser must satisfy the boundary conditions in
the resonator, and therefore it can be expressed in terms of the resonance
mode discussed in Section 5.8.3. Assuming oscillation in a single optical
mode, the field can be written as

Eðr, tÞ ¼ EðrÞ expð�i!tÞ EðtÞ, EðrÞ ¼ Eðx, yÞEðzÞ ð6:13Þ
where E(r) is a normalized resonance mode function. Let Vc and Va be the
volumes of the resonator and the active region, respectively. We define a
photon density S by S¼ (number of photons in the resonator/volume of the
resonator). Noting that E(r) is normalized, we can write

SðtÞ �
Z

Vc

nrng"0
2

jEðr, tÞj2 dr
�hh!Va

¼ jEðtÞj2
�hh!Va

ð6:14Þ

The stimulated emission recombination term in Eq. (6.12) averaged in the
active region can be written as

nrng"0
2�hh!

� �
jEj2

D E
a
¼
Z

Va

nrng"0
2

jEðrÞj2 dr
�hh!Va

¼ GS ð6:15Þ
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G ¼
R
Va

nrngjEðrÞj2 drR
Vc
nrngjEðrÞj2 dr

�
R
Va

jEðrÞj2 dr
R
Vc
jEðrÞj2 dr ð6:16Þ

where G is the factor of field confinement in the active region discussed in
Section 5.5. Using Eqs (6.14)–(6.16), the rate equation for the carrier density
given in Eq. (6.12) is rewritten as the simpler form

d

dt
N ¼ �GGS �N


s
þ J

dq
ð6:17Þ

The first, second and third terms on the right-hand side of the above
equation represent the change in the minority-carrier density due to the
stimulated emission recombination, the spontaneous emission recombina-
tion, and the carrier injection, respectively.

6.2.4 Rate Equation for the Photon Density

As we saw in Section 5.8.3, the amplitude of a resonance mode field varies
with time in the form exp(�
t), and 
 is correlated with the complex
propagation constant ~		 of the guided mode in the resonator by Eqs (5.141)
and (5.145). For a passive resonator where ~		 is given by Eq. (5.131), it has
been shown that 
 is given by Eq. (5.151). For a laser resonator with a
carrier-injected active region, ~		 is given by Eq. (100) consisting of the carrier-
induced mode gain Gg and the mode index change Gk0�n, i.e.,

~		 ¼ 	þ G k0 �n� ig

2

� �
þ i�int

2
ð6:18Þ

and then, from Eqs (5.141) and (5.146b), and g¼G/vg, 
 is given by

2
 ¼ �GGþ vgð�int þ �mirÞ ¼ �GGþ 1


ph
ð6:19Þ

The parameter 
ph is the photon lifetime defined by

1


ph
¼ vgð�int þ �mirÞ ð6:20aÞ

�mir ¼
1

2L
ln

1

RfRb

� �
ð6:20bÞ
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where Rf and Rb are the reflectivities of the facet mirrors, and L is the
resonator length. Since, from Eqs (6.13) and (6.14), the photon density S is
proportional to the absolute square of the field amplitude, the time
dependence of S is exp(�2
t). Therefore, the time derivative of S equals
�2
S¼ (GG� 1/
ph)S. This result based on semiclassical theory, however,
does not include the effect of spontaneous emission. The second term on the
right-hand side of Eq. (6.17) indicates that N/
s photons are spontaneously
emitted per unit time per unit volume of the active region. Let Cs be the
ratio of the number of photons belonging to the same mode as the
laser oscillation mode to the total number of spontaneous emission photons,
then the spontaneous emission gives rise to an additional increase by
CsN/
s photons per unit time in the photon density S, defined as the
number of photons in the resonator per unit volume of the active region
additional increase. Therefore the rate equation for the photon density S is
given by

d

dt
S ¼ GGS � S


ph
þ CsN


s
ð6:21Þ

6.2.5 Rate Equation for the Optical Phase

Although Eq. (6.21) is appropriate for describing the temporal variation in
the optical intensity, it is not capable of describing the phase of the optical
field. In order to carry out the analysis on the laser characteristics related
to the optical phase, another equation is required for describing the time
variation in the phase. Noting that the optical field E in the laser can be
written as Eq. (6.13), we consider E(t) a complex function, let �(t) be the
phase, and put E(t)¼ jE(t)j exp[�i�(t)]. Then, the instantaneous frequency
of E is given by

!ðtÞ ¼ !þ d!ðtÞ, d!ðtÞ ¼ d�ðtÞ
dt

ð6:22Þ

The laser oscillation frequency !, on the other hand, is determined from the
complex propagation constant given Eq. (6.18) and the longitudinal mode
resonance condition given by Eq. (5.146a), by

2L 	ð!Þ þ G!
c

�n

� �
¼ 2mp ð6:23Þ

Generally, �n varies with time and, accordingly, ! determined by the above
equation varies with time. Let !th and �nth be the values of ! and �n,
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respectively, at the threshold, and put !(t)¼!thþ d!(t) and �n(t)¼�nthþ
dn(t); then from the above equations we obtain

	ð!thÞ þ
G!th

c
�nth ¼ 2mp

2L
ð6:24aÞ

d! ¼ �G!th

c

dn
@	=@!

¼ �G!th

Ng
dn ð6:24bÞ

where Ng is the effective group index of refraction for the guided mode,
and use has been made of a relation 1/(@	/@!)¼ vg¼ c/Ng. We identify ! in
Eqs (6.13) and (6.22) with wth determined by Eq. (5.24a). We also identify
d!(t) in Eq. (6.22) with the frequency change d!(t) given by Eq. (6.24b), and
rewrite it using the phase �(t). Then, from Eqs (6.22) and (6.24b), we obtain

d

dt
� ¼ �G!

Ng
dn ð6:25Þ

The refractive index change dn is correlated with the gain change
dG¼G�Gth through the Kramers–Kronig relation (see Appendix 3), and
the former is proportional to the latter. Using the antiguiding factor �c
defined by Eq. (5.115), dn can be written as

dn ¼ � �cc

2!

dG
vg

¼ � �cNg

2!
dG ¼ � �cNg

2!
G� 1

G
ph

� �
ð6:26Þ

and therefore Eq. (6.25) can be rewritten as

d

dt
� ¼ �c

2
GG� 1


ph

� �
ð6:27Þ

The above equation is the rate equation for the optical phase.
The rate equations, given by Eqs (6.17), (6.21), and (6.27), were derived

using the boundary conditions under the assumption that ~		 and ! are
independent of time. Therefore, they do not hold exactly for cases where the
laser is modulated with an ultrafast signal. However, they give sufficient
accuracy for analyzing the laser dynamics in time range longer than thephoton
lifetime 
ph (several picosecands or less for ordinary semiconductor lasers).

6.2.6 Diagram for and Extension of Rate Equations

A combination of the rate equations for the carrier density N and the
photon density S given by

d

dt
N ¼ �GGS �N


s
þ J

dq
ð6:28aÞ
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d

dt
S ¼ GGS � S


ph
þ CsN


s
ð6:28bÞ

simply describes the mutual correlation and the time variances of N and S
and provides a very powerful means for analysis of laser characteristics.
The rate equations can be depicted as a diagram as shown in Fig. 6.5.

The gain factor G in the rate equations is a function of the carrier
density N. If the gain saturation effect is taken into account, the gain G
depends not only on N but also on the photon density S. Although thus
far laser oscillation in a single optical mode has been assumed, in general a
laser may oscillate in several modes. In order to make an analysis of the
multimode oscillation, we express the optical field E(r, t) in the form of
summation of the mode components as Eq. (6.13) and define the photon
densities Sm for each mode m. Thus, taking into account the saturation
effect and the possibility of multimode oscillation, we obtain a set of
extended rate equations given by

d

dt
N ¼ �

X

m

Gm Gm �
X

m0
�mm0Sm0

 !
Sm �N


s
þ J

dq
ð6:29aÞ

d

dt
Sm ¼ Gm Gm �

X

m0
�mm0Sm0

 !
Sm � Sm


ph
þ CsmN


s
ð6:29bÞ
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J/dq

Carrier density N

Photon density S

Heat

Spontaneous
emissions

Coherent laser
output waveg

phS

Nonradiative
recombination

Spontaneous emission
recombination

Stimulated
emission

Stimulated
emission

recombination

Active region

GS

Optical resonator

Loss vg intS

CSN/ S N/ S

Figure 6.5 Diagram of the rate equations for a semiconductor laser.
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The coefficients �mm0 in the above equations represent the gain saturation in
terms of the photon density (note that the same saturation is represented by
� in Eq. (3.81)), and they satisfy �mm<�mm0(m 6¼m0).

6.3 STEADY-STATE OSCILLATION CHARACTERISTICS

This section presents the rate equation analysis to clarify in detail the steady-
state oscillation characteristics, which were outlined in Section 6.1.

6.3.1 Single-mode Model and Approximate Solution of
the Rate Equations

As the simplest model, let us consider first steady-state operation of a
semiconductor laser under the assumption that the oscillation takes place
with a single mode. We omit gain saturation. Noting that the maximum gain
Gmax¼ vggmax can be approximately given by a linear function of the carrier
sensity N as Eq. (3.40) or (4.41a), we put

G ¼ Gmax ¼ AðN �N0Þ ð6:30Þ

and put d/dt¼ 0 in the rate equations given by Eq. (6.28) to obtain

0 ¼ �GGS �N


s
þ J

dq
ð6:31aÞ

0 ¼ GGS � S


ph
þ CsN


s
ð6:31bÞ

As we see soon, the optical output power is proportional to S. The above
equations can easily be solved and, in particular, the approximate solution
for cases where Cs is small can be expressed by a simple formula. Omitting
the Cs term in Eq. (6.31b), we see that S¼ 0 or GG¼ 1/
ph. The former result
S¼ 0, represents the subthreshold situation before the oscillation starts. In
this situation, putting the terms representing the stimulated emission and the
stimulated emission recombination in Eq. (6.31) yields

N ¼ J

dq

s, S ¼ Cs
ph

J

dq
ðJ < JthÞ ð6:32Þ

which indicates that, whereas the carrier density N increases with increasing
injection current density J, the output light is only the spontaneous emission
component. On the other hand, the latter result GG¼ 1/
ph is equivalent
to Eq. (6.1) representing the oscillation condition. From this equation and
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Eqs (6.30) and (6.31a), the threshold carrier density Nth and the threshold

current density Jth are given by

Nth ¼ N0 þ
1

GA
ph
ð6:33aÞ

Jth ¼ dq


s
Nth ð6:33bÞ

After the start of the oscillation (Jth< J ), from GG¼ 1/
ph being maintained

and Eqs (6.30) and (6.31), the carrier density N and the photon density S are

given by

N ¼ Nth ð6:34aÞ

S ¼ 
ph Cs
Jth

dq
þ J � Jth

dq

� �
ð6:34bÞ

While N stays constant, S increases in proportion to J� Jth. Obviously, this

result is consistent with the discussion presented in Section 6.1.

6.3.2 Threshold Current and Output Power

The expression for the threshold current density in Eq. (6.33) shows that

attainment of a low threshold requires an active layer of small carrier

density N0 at transparency and a large differential gain coefficient A. From

this viewpoint, quantum well structures are advantageous compared with

bulk DHs. The internal loss �int of the waveguide must be minimized.

Guided mode analysis shows that the confinement factor G is close to unity

for large active layer thicknesses d, and, with decreasing d, G decreases

approximately in proportion to d2, requiring a large material gain g for a

small d as shown by Eq. (6.1). On the other hand, as Eq. (6.33b) shows,

increasing d results in an increase, in proportion to d, in the current density J

required to obtain a constant g. Accordingly, there exists a minimum of Jth
at a value of the thickness d. The active layer thickness of DH lasers is

usually designed at the value that minimizes Jth. For quantum well lasers,

the structures shown in Fig. 4.8 are adopted to attain a low threshold.
Since the optical field in the resonator can be expressed as Eq. (6.13)

using the normalized mode function E(r), the stored optical energy is given

by jE(t)j2¼ �hh!VaS with the photon density S defined by Eq. (6.14). On the

other hand, the value of the power Pþ(L), flowing in the þz direction of the

normalized mode field E(r) with unit energy at z¼L, is given by Eq.

(5.149a), and 1�Rf times the value is transmitted through the front facet

mirror of reflectivity Rf. Therefore, using Eqs (5.149a), (5.150), and (6.20b),
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we obtain a relation between the forward optical output power Pf and the
photon density S:

Pf ¼ �hh!VaSP
þðLÞð1� Rf Þ

¼ �hh!VaSvg�mir

1þ ðRf=RbÞ1=2ð1� RbÞ=ð1� Rf Þ
ð6:35Þ

Similarly, the backward output power is given by the above expression with
Rf and Rb exchanged. Comparison between the above expression, with S
given by Eq. (6.34) substituted, and Eq. (6.4) yields an expression for the
output coupling coefficient:

Fstm ¼ vg
ph�mir

1þ ðRf=RbÞ1=2ð1� RbÞ=ð1� Rf Þ
ð6:36Þ

For Rf¼Rb¼R, the above expression coincides with Eq. (6.6).
Basic FP lasers use facet mirrors with R� 0.32 that can easily be

formed by simple cleaving. However, the laser performances can be
improved by optimizing the mirror reflectivities Rf and Rb, since the
threshold current and the output power depend upon the reflectivities, as the
above expressions show. For ordinary applications, a high backward output
power is not required, and the forward power Pf can be enhanced by
increasing the back mirror reflectivity Rb to a value close to unity. Taking
the front mirror reflectivity Rf as a parameter, Eqs (6.20) and (6.36) show
that enhancing Rf results in a long photon lifetime 
ph, indicating
enhancement of the optical power accumulation in the resonator and, in
turn, reduction in the output coupling coefficient Fstm. Accordingly,
enhancing Rf results in reduction in the threshold current density but it is
associated with deterioration in the external differential quantum efficiency,
as shown in Fig. 6.6. In many cases, the maximum available output power is
limited by the catastrophic optical damage (COD) that occurs at the facet.
The optimization procedure for high-power lasers is to determine Rf in such
a manner that the injection current density required to obtain an output
power prescribed from the COD level of the material is minimized.

6.3.3 Effects of Spontaneous Emission

Spontaneous emission was omitted in the approximate analysis which gave
the result in Eq. (6.34). The effects of spontaneous emission can be examined
by using Eq. (6.31). A modification of Eq. (3.31b) yields

S ¼ CsN=
s
1=
ph � GG

ð6:37Þ
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which indicates that the resonance mode component CsN/
s of the

spontaneous emission as a seed is amplified to cause oscillation, and that

the photon density S increases rapidly as the gain approaches the threshold

gain given by GG¼ 1/
ph. Substituting Eq. (6.37) into Eq. (6.31a), with the

use of Eq. (6.30), we can easily deduce the solutions for N and S. The result

can be written as

N ¼
Nth J=Jth þ C00

s � J=Jth þ C00
s

� �2� 4ðJ=JthÞC0
s

h i1=2� �

2C0
s

S ¼ Nth
ph
2
s

J

Jth
� C00

s þ
J

Jth
þ C00

s

� �2

� 4
J

Jth
C0

s

" #1=2
8
<
:

9
=
;

ð6:38Þ

with

C0
s ¼ 1� Cs, C00

s ¼ 1� Cs
N0

Nth

The dependences of the carrier density and the photon density on the

injection current density are plotted in Fig. 6.7 using normalized variables.

The result shows that, with a large contribution of the spontaneous emission

represented by a large Cs, the laser output power starts to increase at values

of N smaller than the threshold value Nth given by Eq. (6.33a), and as a

Rf = 0.08, Rb = 1.0

Rf = 0.16, Rb = 1.0

Rf = 0.32, Rb = 1.0

Rf = 0.64, Rb = 1.0

Rf = 0.32, Rb = 0.32

0 1 2
Injection current density (relative) J [arb.]

3 4
0

1

2

3

4

5

6

Fo
rw

ar
d 

ou
tp

ut
 o

pt
ic

al
 p

ow
er

 (
re

la
tiv

e)
 P

f [
ar

b.
]

Figure 6.6 Output optical power versus injection current density depending on the

facet mirror reflectivity.
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result the kink in the graph for the output power versus the injection current

density at the threshold is rounded. A semilogarithmic plot of the injection

current density dependence of the output power is shown in Fig. 6.8. The

graph shows that the output power changes by several orders of magnitude

depending on Cs in the vicinity of the threshold.
The value of the spontaneous emission coupling coefficient Cs can be

estimated by an approximate expression derived for index-guiding lasers in

Appendix 5:

Cs ¼
Gl4

4p2nrngneVa�lsp
ð6:39Þ

where G is the confinement factor, �lsp the spectrum width of the

spontaneous emission, and Va the volume of the active region [1,2]. The

value of Cs is of the order of 10�5 – 10�4 for ordinary index-guiding lasers

and is several times this value for gain-guiding lasers. However, there exist

cases where the experimental result does not agree well with the theoretical

prediction on the injection current density dependence of the output power

using Cs estimated by the above expression. Since the injection current

density dependence of the output power can easily be measured for a given

laser, the value of Cs for the laser can be determined by comparing the

experimental result with the theoretical curves in Fig. 6.8. The spontaneous

emission not only affects the behavior of the optical output power and the
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carrier density in the vicinity of the threshold but also may dominate the
oscillation mode characteristics, as will be discussed in Section 6.3.4.

6.3.4 Lateral Mode Characteristics

The lateral and longitudinal modes of a resonator with which a FP-type
semiconductor laser was constructed were discussed in detail in Section 5.8.
If the above-described laser oscillation conditions are satisfied with several
modes, oscillation consisting of several modes would take place. The mode
competition that determines the actual behavior of the laser in this situation
which allows multimode oscillation can be analyzed by using the oscillation
condition given by Eq. (6.1) and multimode rate equations given by
Eq. (6.29).

The lateral modes can be classified into transverse electric (TE) and
transverse magnetic (TM) modes. For ordinary bulk DH lasers, the material
gains g are the same for TE and TM modes, and there is no significant
difference in the confinement factors G and also in the internal losses �int.
The facet reflectivity R for TE modes is considerably larger than that for
TM modes, as shown in Section 5.7, and, therefore, the threshold gain
determined by the right-hand side of Eq. (6.1) is smaller for TE modes.
Therefore, FP lasers oscillate with TE mode(s). For quantum well lasers, the
gain is also larger for TE modes, and the TE oscillation takes place with a
TM mode suppression ratio higher than that of bulk DH lasers.
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We next consider cases where the waveguide with which a semi-
conductor laser is constructed is of index guiding type and supports several
lateral modes of different orders. With low injection current levels, only the
fundamental lateral mode with the smallest internal loss �int and the largest
confinement factor G oscillates. However, with increase in the injection
current, the output power increases and the increase in the stimulated
emission reduces the carrier density on the center axis of the active channel,
giving rise to saturation of the increase in the fundamental mode gain
relative to the higher-order mode gain. Thus, the higher-order modes start
to oscillate. The reduction in the carrier density is referred to as spatial hole
burning. The change in the lateral mode, which is associated with a complex
change in the far-field pattern, is not desirable from an application point of
view. The lateral multimode oscillation makes it difficult to attain single-
longitudinal-mode oscillation. Therefore, it is required to design and
implement a waveguide that supports a single lateral mode or one close to
that for obtaining stable single-longitudinal-mode oscillation. In a narrow
active channel width, however, the carrier diffusion effect dominates the
carrier distribution and suppresses spatial hole burning, allowing the
practical fundamental mode output power to be achieved below the injec-
tion level before the start of the oscillation in higher-order modes. Thus a
single-mode waveguide is not a strictly necessary condition.

In gain-guiding lasers, the lateral mode itself changes with the change
in the carrier injection level. Lateral mode confinement may show a
complicated change with the injection level through the gain guiding and the
antiguiding due to the carrier-induced refractive index change. Moreover,
spatial hole burning promotes the transition to multiple-lateral-mode
oscillation. Therefore single-longitudinal-mode oscillation can hardly ever
be obtained. Another drawback is the problem in the far-field wavefront
pointed out in Section 5.9. Although gain-guiding lasers are easy to
fabricate, they involve the drawbacks described above, and nowadays the
technique for fabrication of index-guiding lasers has been well established.
Thus gain-guiding lasers are less important. In the following two sections,
the longitudinal mode characteristics of single-lateral-mode lasers will be
discussed in detail.

6.3.5 Longitudinal Mode Characteristics

As a simple model, we first consider steady-state oscillation without the
spontaneous emission coupled to the oscillation modes (Cs¼ 0). In the
region of small injection current densities J, where no mode started to
oscillate, the stimulated emission recombination term

P
mGmGmSm in

Eq. (6.29a) and the saturation effect term
P

m0�mm0Sm0 in Eqs (6.29a)
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and (6.29b) are zero, and Eqs (6.29a) and (6.29b) reduce to 0¼�N/
sþ J/dq

and 0¼ (GmGm� 1/
ph)Sm, respectively. Then, with increase in J, the carrier

density N increases as N¼ 
sJ/dq; the gain Gm for each mode also increases,

and oscillation starts with the mode that satisfies first the oscillation

condition GmGm¼ 1/
ph. After the start of oscillation in a mode, even with

further increase in J the oscillation conditions for the other modes are not

satisfied, since the increment is consumed by transformation to the optical

output of this mode and N is kept at the value to maintain the oscillation

condition for this mode. This means that, without coupling of the

spontaneous emission, the laser oscillates in a single mode.
To examine the oscillation mode characteristics of a realistic laser, the

effect of spontaneous emission must be considered [3]. If the coupling of the

spontaneous emission (Cs> 0) exists, the process is started by the spontane-

ous emission and then amplified; therefore the laser output is obtained even

before GmGm¼ 1/
ph is exactly satisfied, as shown by Eq. (6.37). Consider a

case where several longitudinal modes belonging to a single lateral mode are

simultaneously oscillating in a steady state. Then, by substituting 0 into the

left-hand side of Eq. (6.29), we obtain equations to determine the carrier

density N and the photon densities Sm of each longitudinal mode:

J

dq
¼ N


s
þ
X

m

Gm Gm �
X

m0
�mm0Sm0

 !
Sm ð6:40aÞ

Sm ¼ 
phCsN=
s

1� 
phGm Gm �P
m0 �mm0Sm0

� � ð6:40bÞ

By using the approximate parabolic expression for the gain spectrum G(!)
shown in Fig. 6.2, the gains Gm for each mode can be written as

Gm ¼ Gð!mÞ ¼ Gmax 1� !m � !0

�!G

� �2
" #

ð6:41aÞ

Gmax ¼ Gð!0Þ ¼ AðN �N0Þ ð6:41bÞ

where !m denotes the longitudinal mode frequencies, and �!G the half-

width of the gain band. Assuming that the maximum gain frequency !0

coincides with one of the longitudinal mode frequencies, we number the

longitudinal mode order m with reference to this central longitudinal mode

to obtain !m�!0¼m�!. Solving Eq. (6.40) for all modes m in the gain

bandwidth jointly, we obtain photon densities for each mode. The optical

output power Pm of each mode is proportional to Sm as shown by Eq. (6.35).
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For ordinary FP semiconductor lasers, the longitudinal mode

separation �! is narrower by more than one order of magnitude than the

gain bandwidth 2�!G, and the mode dependences of Gm and 
ph are small.

Therefore in the vicinity of the threshold the laser oscillates in several

longitudinal modes. Omitting the saturation effect term
P

m0�mm0Sm0 in

Eq. (6.40) for simplicity, from Eqs (6.40b) and (6.41a) we obtain

Sm ¼ 
phCsN=
s

1� 
phGGmax þ ðm�!=�!GÞ2
ð6:42Þ

where use has been made of the relation 
phGGmax� 1 obtained from the

oscillation condition. Putting m¼ 0 in the above equation, and using

N�Nth at the threshold or in the vicinity of the threshold, we obtain

S0¼ (
phCsNth/
s)(1� 
phGGmax). Therefore the intensities of each mode

relative to the central mode intensity are calculated as

Sm

S0
¼ 1þ S0
s

CsNth
ph

m �!

�!G

� �2
" #�1

ð6:43Þ

The above expression indicates that, the larger the spontaneous emission

coupling coefficient Cs, the stronger is the tendency of multiple-longitudinal-

mode oscillation. Consider next a case where the injection current is

increased over the threshold. The output power of the major oscillation

mode (m¼ 0) with the maximum gain increases approximately in proportion

to the increase in the injection current, as the denominator of the right-hand

side of Eq. (6.42) approaches zero, while the powers of other modes saturate.

From Eq. (6.43), the full width at half-maximum of the envelope of the

longitudinal mode spectrum is given by

2�!env ¼ 2�!G
CsNth
ph
S0
s

� �1=2

ð6:44Þ

Note that the oscillation spectrum width 2�!env is narrower than the gain

bandwidth 2�!G, and that 2�!env narrows further with increasing output

power. Thus, even if the laser oscillates in multiple modes at injection

currents slightly higher than the threshold, the increase in the injection

current results in a pronounced enhancement of the major oscillation mode

power and saturation in the relative powers of other modes. Thus the laser

oscillation approaches single-mode oscillation. The evolution of the

oscillation spectrum of single-lateral-mode FP semiconductor lasers is

shown in Fig. 6.9. The quasisingle-mode oscillation is obtained in index-

guiding lasers, where Cs is small, 10�5–10�4 [4]. From Eq. (6.43), the side
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mode suppression ratio is given by

Rsms ¼
S0

S1
¼ 1þ S0
s

CsNth
ph

�!

�!G

� �2

ð6:45Þ

For cases where Rsms
 1, the results of the analysis using the single-mode

model apply with good accuracy. In quantumwell lasers with gain bandwidth

�!G narrower than that of bulk DH lasers, a larger side mode suppression
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Figure 6.9 Calculated evolution of the longitudinal mode spectrum of a semi-

conductor laser (an index-guiding facet mirror laser, with a single lateral mode).
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ratio is obtained. Gain-guiding lasers havingCs larger than 10�4, on the other
hand, usually oscillate in multiple modes even at high injection level [5].

The above-described mode characteristics and the expressions in Eqs
(6.42)–(6.45) are the results of an analysis with the gain saturation omitted.
Since the gain saturation coefficients �mm0 in Eq. (6.40) satisfy �mm<
�mm0(m 6¼m0), the more strongly a mode oscillates, the more strongly the
gains for other modes saturate, suppressing the powers of the modes. Thus
the gain saturation enhances the tendency discussed above. When the
injection current is further increased to obtain even higher output powers,
however, the strong hole burning caused in the vicinity of the major
oscillation mode gives rise to gain saturation and therefore a relative
increase in the gains for other modes, and the tendency of the multiple-
longitudinal-mode oscillation may become stronger again.

6.3.6 Intermode Competition

We next discuss the temporal competition between modes. For simplicity,
we assume that two longitudinal modes p and q can oscillate. Then the rate
equations for the photon densities can be written as

d

dt
Sp ¼ GpðGp � �ppSp � �pqSqÞ �

1


ph

� 

Sp ð6:46aÞ

d

dt
Sq ¼ GqðGq � �qqSq � �qpSpÞ �

1


ph

� 

Sq ð6:46bÞ

where the spontaneous emission terms are omitted. Let Xp and Xq be equal
to GpðGp � �ppSp � �pqSqÞ � 1=
ph and GqðGq � �qqSq� �pqSpÞ � 1=
ph,
respectively. Oscillation of the mode p is temporally attenuated (annihilated)
if Xp< 0, and is increased (created) if Xp> 0. The situation is same for the
mode q. Here, we draw lines indicating Xp¼ 0 and Xq¼ 0 on a plane with Sp

and Sq as the ordinate and the abscissa, as shown in Fig. 6.10. Then, X< 0 in
the upper right region of these lines, and X> 0 in the lower left region of
them. In the plane, annihilation and creation of the oscillations in modes p
and q can be sectioned with these lines as the borders between them, and
therefore a steady-state point can be determined graphically [6]. As shown in
Figs 6.10(a)–6.10(d), the steady state is oscillation of mode p only,
oscillation of mode q only, simultaneous oscillation of modes p and q, or
bistable oscillation of mode p or q (steady-state oscillation of mode p or q is
selected by the initial condition). The steady-state oscillation mode that the
laser reaches can be determined by knowing which of Figs 6.10(a)–6.10(d) in
the figure represents the relation of the two lines for the given parameters.
The graphical method is useful for analyzing the change in the oscillation
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mode associated with the changes in ambient temperature and injection
current. The transition of the oscillation mode with hysteresis under
parameter changes can also be explained using this figure [6].

6.4 MODULATION CHARACTERISTICS

The output power of a semiconductor laser can be modulated directly by
driving the laser with a signal wave superimposed on the injection current
density, as shown in Fig. 6.11. The direct modulation is simple, efficient, and
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Sq Sq
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Figure 6.10 Graphical analysis of longitudinal mode competition of a semicon-

ductor laser: (a) single-mode oscillation of mode p; (b) two-mode oscillation of

modes p and q; (c) single-mode oscillation of mode p or q (bistable oscillation); (d)

single-mode oscillation of mode q. Sp and Sq represent the photon densities of the

longitudinal modes p and q, respectively. (Sp, Sq) moves towards the direction

indicated by arrows and settles at the point indicated by the open circle.
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applicable to high-speed modulation. It is an important feature of semi-
conductor lasers that allows a variety of applications. A semiconductor laser
under direct modulation driving exhibits a complicated behavior unlike
steady-state oscillation, because of the interaction between temporal changes
in the carriers and photons. This chapter presents a theoretical analysis of the
direct modulation to clarify the dynamic characteristics of semiconductor
lasers.

6.4.1 Rate Equation for Small-Signal Modulation

The rate equations for analyzing the temporal variations in the carrier
density N(t) and the photon density S(t) for a given time-dependent injection
current density J(t), under the assumption of single-mode oscillation, are
given by Eq. (6.28). They are nonlinear differential equations and cannot be
solved analytically. Therefore, we first consider cases where the modulation
amplitudes are not large and separate J, N, and S into constant bias
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Figure 6.11 Direct modulation of a semiconductor laser.
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components representing the operating point and time-dependent modula-
tion components:

JðtÞ ¼ J0 þ dJðtÞ ðJ0 
 jdJðtÞjÞ ð6:47aÞ
NðtÞ ¼ N0 þ dNðtÞ ðN0 
 jdNðtÞjÞ ð6:47bÞ
SðtÞ ¼ S0 þ dSðtÞ ðS0 
 jdSðtÞjÞ ð6:47cÞ

Assuming that the modulation components are much smaller than the bias
components, we can perform an approximate but analytical small-signal
analysis [7]. The bias components J0, N0, and S0 are values for injection
without modulation signal (dJ(t)¼ 0), and they satisfy the steady-state rate
equations:

0 ¼ �GG0S0 �
N0


s
þ J0

dq
ð6:48aÞ

0 ¼ þGG0S0 �
S0


ph
þ CsN0


s
ð6:48bÞ

The gain G, given as a function of the carrier density N and the photon
density S, can be approximated by the constant and linear terms in the
Taylor expansion around the bias point as

G ¼ GðN,SÞ ¼ G0 þ GN dN þ GS dS ð6:49Þ

GN ¼ @G

@N

� 


0

ð¼ A > 0Þ, GS ¼ @G

@S

� 


0

ð< 0Þ

where [ ]0 denotes the values at the bias point. The coefficients GN and GS

represent the differential gain and the gain saturation, respectively, and they
usually satisfy GN
jGSj. Substituting Eqs (6.47) and (6.49) into Eq. (6.28),
using Eq. (6.48), and omitting the small quantities of the second and higher
orders, we obtain differential equations for the modulation components:

d

dt
dN ¼ �GðG0 þ GSS0Þ dS � GGNS0 þ

1


s

� �
dN þ dJ

dq

d

dt
dS ¼ � CsN0


sS0
� GGSS0

� �
dS þ GGNS0 þ

Cs


s

� �
dN

ð6:50Þ

Eliminating dN from the above equations yields an equation for the
modulation in the photon density:

d2

dt2
dS þ 2GR

d

dt
dS þ O2

R dS ¼ GGNS0
dJ
dq

ð6:51Þ

Characteristics of Semiconductor Lasers 189

Copyright © 2004 Marcel Dekker, Inc.



where GR and OR are given by

2GR ¼ 1


s
þ GðGN � GSÞS0 þ

CsN0


sS0
ð6:52Þ

O2
R ¼ G

GN


ph
� GS


s

� �
S0 þ

Cs


s

1


ph
þ GGSS0 þ

N0


sS0

� �
ð6:53Þ

Equation (6.51) is a differential equation for a system with a resonance
frequency OR and a damping factor GR driven by a motive force represented
by the right-hand side. The spontaneous emission terms with the coupling
coefficient Cs, on the right-hand sides of Eqs (6.52) and (6.53), are small
compared with other terms and can be omitted. The values of GR and OR are
positive and, for realistic lasers, GR	OR except in the vicinity of the
threshold.

6.4.2 Step Response and Relaxation Oscillation

As a modulation signal dJ(t), consider a step increment in the injection
current density by Jm at t¼ 0:

dJðtÞ ¼ JmuðtÞ, uðtÞ ¼ 0 ðt < 0Þ
1 ð0 < tÞ

�
ð6:54Þ

The small-signal transient response can be examined by solving Eq. (6.51)
with initial conditions dN(0)¼ 0 and dS(0)¼ 0. The result is given by

dNðtÞ ¼ 1

OR0

Jm

dq
expð�GRtÞ sinðOR0 tÞ ð6:55aÞ

dSðtÞ ¼ GGNS0

O2
R

Jm

dq
1� expð�GRtÞ cosðOR0 tÞ þ GR

OR0
sinðOR0 tÞ

� �� 


ð6:55bÞ

OR0 ¼ O2
R � G2

R

� �1=2� OR ð6:55cÞ

The optical output power is proportional to the photon density S(t).
Equation (6.55) indicates that S(t) and N(t) approaches asymptotically to a
new steady state, after an evanescent oscillation of frequency OR with
damping factor GR, as shown in Fig. 6.12. This oscillation is referred to as
relaxation oscillation. An abrupt change in the injection current is followed
by a gradual change in the carrier density, since the carrier is accumulated
by the injection current density as indicated by the rate equation given by
Eq. (6.28). The photon density cannot vary more rapidly than the photon
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lifetime, since the optical field propagates round in the resonator. Therefore,
the increase in the injection current density is followed by an increase in the
carrier density ! increase in the photon density and the spontaneous
emission ! decrease in the carrier density ! decrease in the photon density
and the spontaneous emission, and this sequence is repeated with time delay
to form an oscillation. Thus the relaxation oscillation results from the
feedback with delay. The oscillation, however, attenuates in a time of the
same order of magnitude as the carrier lifetime, as the carrier density
approaches asymptotically the value that satisfies the oscillation condition
for the new steady state. The relaxation oscillation frequency OR and the
damping factor GR depend upon the laser structure and the choice of the
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Time t

Photon density S

Time t

Carrier density N
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JmJ0

Jth

0
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Figure 6.12 Transient response in direct modulation of a semiconductor laser.
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operation point; the parameter dependence is given by Eqs (6.52) and (6.53).
Omitting the gain saturation, which is small (jGSj	GN) in the vicinity of
the threshold and at ordinary operation points, omitting the spontaneous
emission coupling, and using an expression for the steady-state photon
density S0¼ 
ph(J� J0)/dq derived fromEq. (6.34), we obtain an approximate
expression for OR:

O2
R � GGNS0


ph
¼ GGNðJ0 � JthÞ

dq
ð6:56Þ

The above expression shows that OR is dominated by the effective
differential gain GGN and the volume density of the injection current. The
gain saturation makes OR higher. The damping factor GR, on the other
hand, is determined mainly by the carrier lifetime 
s. When the output power
increases, the attenuation becomes faster owing to the enhanced stimulated
emission.

6.4.3 Sinusoidal Modulation and Frequency Response

We next consider a case where the injection current density is modulated by
a small sinusoidal signal of frequency O. Using complex expressions for the
modulation components, we put

JðtÞ ¼ J0 þRefJm expð�iOtÞg ðJ0 
 jJmjÞ ð6:57aÞ
NðtÞ ¼ N0 þRefNm expð�iOtÞg ðN0 
 jNmjÞ ð6:57bÞ
SðtÞ ¼ S0 þRefSm expð�iOtÞg ðS0 
 jSmjÞ ð6:57cÞ

Solving the linearized differential equations in Eqs (6.50) with Eqs (6.57)
substituted for Nm and Sm, we obtain

Nm ¼ �ðiOþ GGsS0Þ
O2

R � O2 � 2iGRO

Jm

dq
ð6:58aÞ

Sm ¼ GGNS0

O2
R � O2 � 2iGRO

Jm

dq
ð6:58bÞ

The spontaneous emission coupling was neglected by putting Cs¼ 0. Using
Eq. (6.56), the complex amplitude of the modulation in the photon density
for low-frequency modulation (O! 0) can be written as

Smð0Þ ¼
GGNS0

O2
R

Jm

dq
� 
ph

Jm

dq
ð6:59Þ

and that for modulation at frequency O can be written as

Smð0Þ ¼ Smð0ÞHðOÞ ð6:60Þ
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where

HðOÞ ¼ O2
R

O2
R � O2 � 2iGRO

ð6:61Þ

The function H(O) is a normalized complex transfer function that describes
the transfer of the modulation from the current to optical output. The
frequency response of the intensity modulation is given by

jHðOÞj ¼ O2
R

O2
R � O2

� �2þ4G2
RO

2
h i1=2 ð6:62Þ

The frequency response is flat in the low-frequency region, has a peak in the
vicinity of the relaxation oscillation frequency OR, and decreases rapidly for
frequency higher than OR, as shown in Fig. 6.13. Equation (6.61) shows
that, as the modulation frequency approaches the relaxation oscillation
frequency, the modulation in the optical output starts to involve a phase
retardation. The normalized complex transfer factor at O¼OR giving the
peak of the transfer function is

HðORÞ ¼
SmðORÞ
Smð0Þ

¼ iOR

2GR
ð6:63Þ
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Figure 6.13 Example of frequency response of direct intensity modulation.
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Although the above discussion considered modulation with a sinusoidal
signal of a single frequency O, the modulation by an arbitrary small signal
can be described by a superposition of the Fourier components, as Eqs (6.50)
are linear equations. The above result shows that, whereas in the low-
frequency range the output power is modulated with a high fidelity to the
input signal, in the frequency range close to the relaxation frequency OR,
where the transfer function is not flat and phase retardation is involved, the
modulated output suffers from distortion of the waveform. In the frequency
range higher than OR, the output is not modulated substantially. This means
that the maximum frequency of practical direct modulation is limited by OR.
As we see from Eq. (6.56), OR is determined mainly by the effective
differential gain GGN and the injection current density level. For a given
laser, the larger the injection level is, the higher OR becomes. Therefore, for
high-speed modulation, the bias point must be set at a sufficiently large
injection level. The relaxation frequency OR of ordinary semiconductor
lasers at a high injection level is several gigahertz.

In order to design a laser of large OR for high-speed modulation, the
product of the effective differential gain GGN and the maximum volume
density of the injection current should be maximized. Decreasing the active
layer thickness d, within a constraint for avoiding large reduction in the
confinement factor G, leads to a large maximum volume density of injection
current, and therefore to a high OR. As presented in Section 4.3, quantum
well structures offer a differential gain GN higher than that for bulk DH
structures [8]. The small thickness d of quantum well structures is
advantageous in obtaining a high volume density of injection current. In
fact, in quantum well lasers using a SCH structure appropriately designed
to assure a large confinement factor G, direct modulation of maximum
frequency higher than that for bulk DH lasers can be obtained [8]. Although,
from Eq. (6.56), OR seems to be enhanced limitlessly by increasing the
volume density of the injection current, this is a false result because the gain
saturation was omitted. In fact, enhancement of OR is limited by the gain
saturation.

In the above discussion, the modulation characteristics determined by
the intrinsic character of a semiconductor laser itself were considered. In
practical laser devices, however, the high-speed modulation characteristics
are affected by the junction capacitance, the electrode capacitance, and the
inductance of the lead wire. There are many cases where the modulation
speed is limited by such driving circuit problems [9]. Thus, implementation
of semiconductor lasers for high-speed modulation requires careful design,
fabrication, mounting, and packaging for minimizing the parasitic circuit
elements. With such efforts, modulation bandwidths over 20GHz or wider
have been accomplished.

194 Chapter 6

Copyright © 2004 Marcel Dekker, Inc.



6.4.4 Frequency Chirping

The rate equation for the optical phase (Eq. (6.27)) indicates that the phase

� of the output wave changes when the refractive index changes through the

variation in the carrier density caused by modulation. This means that the

intensity modulation is associated with phase modulation [10]. To analyze

the phase variation under small-signal modulation, we separate �(t) into the

value at the bias point and the modulation component and put

�ðtÞ ¼ �0 þ d�ðtÞ ð6:64Þ

The first term �0 satisfies an equation for the steady state:

d

dt
�0 ¼

�c

2
GG0 �

1


ph

� �
ð6:65Þ

Substituting Eq. (6.64) into Eq. (6.27) and using Eq. (6.65), we obtain

d

dt
d� ¼ �c

2
GGN dN ð6:66Þ

The gain saturation has been omitted by putting GS¼ 0. The phase

modulation d� is correlated with the modulation d! in the instantaneous

frequency ! by d!(t)¼ dd�(t)/dt.
Consider small-signal modulation by a sinusoidal wave of frequency

O. Using J(t) and N(t) from Eq. (6.57), then from Eqs (6.58a) and (6.66) we

obtain an expression for the frequency modulation d!(t):

d!ðtÞ ¼ d

dt
d�ðtÞ ¼ �c

2
GGN RefNm expð�iOtÞg ð6:67aÞ

Nm ¼ �ðiOþ GGsS0ÞHðOÞ
O2

R

Jm

dq
ð6:67bÞ

The normalized transfer function H(O) is given by Eq. (6.61). The above

expression shows that the optical frequency of the output wave ! varies

sinusoidally with a period 2p/O (with an angular frequency O) [10]. Thus the
output wave is frequency modulated. The modulation depth d!max is

proportional to the antiguiding factor �c, the effective differential gain GGN

and the modulation amplitude Jm of the driving current density. The

frequency response is given by [�(iOþGGSS0)H(O)]; similarly to the

intensity modulation, the depth of the frequency modulation (FM) increases

in the vicinity of the relaxation oscillation frequency OR and decreases
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rapidly for frequencies O higher than OR. From Eqs (6.56), (6.61), and
(6.67), the FM depth d!max for O	OR is given by

d!max ¼
�c
ph
2S0

½O2 þ ðGGsS0Þ2�1=2
Jm

dq
ð6:68Þ

and, for a constant O, d!max decreases with increasing optical output power.
The time-averaged spectrum of the optical wave with sinusoidal

frequency variation as given by Eq. (6.67a) is given by the Fourier transform
of exp[�iOt�id�(t)]. As is well known concerning the frequency modulation
(FM) of a radio-frequency (RF) wave, the spectrum consists of side peaks at
equidistant frequencies ! � mO (m¼ 0, 1, 2, 3, . . .) with the carrier fre-
quency ! at the center. The magnitude of the mth side peak is given by

[Jm(d!max/O)]
2, where Jm is the Bessel function of mth order. Observation of

the spectrum of this output wave using a monochromator with resolution
lower than the side wave separation O gives a distribution corresponding to
the envelope of the side peaks. The width of the envelope is comparable with
d!max given by Eq. (6.68). With increasing modulation amplitude Jm of the
injection current density, the envelope spectrum evolves from a narrow

single peak for Jm¼ 0, through two-lobe to multilobe distributions with
extended bandwidth, as shown in Fig. 6.14. For modulation of ordinary
semiconductor lasers with O of the order of 100MHz, the wavelength width
of the spectrum can be as large as 1 Å or so [11].
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The FM in the output wave due to the modulation in the driving
current is referred to as frequency chirping. Frequency chirping can be
utilized as a modulation of the optical frequency (or optical wavelength)
[12], or for high-speed scanning of the optical frequency. In optical fiber
communication applications, however, this phenomena is recognized as an
unwanted optical frequency fluctuation caused by the intensity modulation
for giving information [11]. If frequency chirping occurs, the spectrum width
of the output wave is broadened to a width significantly larger than the
bandwidth essential for the transmission of the signal information, giving
rise to large distortion of the optical signal waveform after the transmission
through an optical fiber that exhibits group velocity dispersion. Thus
chirping prevents achievement of the ultimate transmission bandwidth and
the transmission distance. To reduce the harmful chirping, the antiguiding
factor �c must be reduced. Quantum well structures, compared with bulk
DH structures, offer a larger differential gain and accordingly a smaller �c
[8]. Therefore, quantum well lasers are advantageous for implementing a
laser of small frequency chirping.

6.4.5 Large-Signal Transient Response

In the previous sections, characteristics of small-signal modulation were
clarified under the assumption of single-mode oscillation. In many practical
applications, modulation with a large amplitude is required. Although the
results of the small-signal analysis give insights into understanding the
outline of the large-signal modulation characteristics, the validity must be
examined. To do this, general analysis should be done assuming multimode
oscillation, rather then treating as single-mode oscillation.

Themultimode rate equations, given by Eq. (6.29), are a set of nonlinear
differential equations and therefore cannot be solved analytically for general
cases including large-signal modulation. The analysis requires numerical
calculation [13]. As a simple example, here we assume an index-guiding GaAs
laser that oscillates in the quasisingle mode for constant-current driving as
discussed in Section 6.3 and consider the modulation by driving it with a step
current that rises from zero times to twice the threshold current Ith at time
t¼ 0. The result of the calculation of the transient response is shown in
Fig. 6.15. As for the longitudinal modes, the central mode at the gain maxi-
mum and the adjacent�first and�second side modes are considered, and the
photon density for each mode is denoted by Sm(t). The results indicates
that, with the rise of the injection current, the carrier density N(t) starts to
increase and, at the instance when the increasing N(t) reaches the threshold
carrier density Nth, the photon densities Sm(t) increase rapidly. Thus
the oscillation starts with a delay from the rise of the driving current.
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The turn-on delay will be discussed in detail in Section 6.4.6. After the start
of the oscillation, relaxation oscillation of large amplitudes occurs. The
relaxation oscillation attenuates in several nanoseconds, and after that the
laser reaches the steady state, maintaining the quasisingle-mode oscillation.

An important characteristic revealed by the result in Fig. 6.15 is that,
during the large-amplitude relaxation oscillation, not only the central mode
but also the side modes oscillate with large magnitudes associated with
relaxation oscillation. This implies that even a steady-state quasisingle-mode
laser oscillates in multiple longitudinal modes when it is modulated by a
fast large-amplitude signal with frequencies of the order of 100MHz or
higher. Note that, for FP lasers, the photon density 
ph does not depend
substantially on the longitudinal mode, and that the gains for the side modes
are very close to the gain for the central mode. In the transient state, the
time derivatives as the right-hand sides of rate equations are not zero and,
therefore, Eq. (6.42) does not hold. The absence of the condensation of the
optical power into the central mode, i.e., the side mode suppression,
described by Eq. (6.42), is the reason for the transient multimode oscillation.

Positive use of the multimode oscillation by large-signal fast
modulation can be made as a means to avoid the noise problems due to
mode hopping and external feedback, as will be discussed later. This method
is actually employed in some optical disk memory systems. For high-speed
long-distance optical fiber communication, the multimode oscillation is
a harmful phenomenon. Note that the wavelength separation between
adjacent longitudinal modes is usually a few ångstro00ms, larger than the
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wavelength bandwidth broadened by the frequency chirping discussed in
Section 6.4.4. If the laser operation becomes multimode oscillation, the
wavelength bandwidth is broadened to a few nanometres to 10 nm, and then
the transmission bandwidth and the transmission distance drastically
deteriorate. To avoid this problem, modulation must be accomplished by
using an external modulator rather than direct modulation, or dynamic
single-mode lasers, that will be presented in Chap. 7, must be employed. For
modulation at a relatively low frequency, on the other hand, the laser can be
considered to be in the quasisteady state. Then the results obtained with the
steady-state analysis, and the results using the single-mode model, discussed
in the previous sections, apply well as approximate results. It should also be
mentioned that, even for multimode oscillation under high-speed modula-
tion, the behavior of the total optical power can be interpreted
approximately on the basis of the single-mode model.

6.4.6 Turn-on Delay

As Fig. 6.15 shows, laser oscillation starts with a delay after the start
of carrier injecton. This turn-on delay is undesirable phenomenon for
applications of semiconductor lasers. The delay, however, can easily be
avoided by giving a bias current close to the threshold, since the delay is no
more than the time required for carrier accumulation up to the threshold.
Then the extinction ratio of the modulated output may deteriorate. An
appropriate bias level must be set in order to avoid substantially the delay
and deterioration of the extinction ratio.

The turn-on delay provides a method for analyzing experimentally
carrier recombination in a semiconductor laser. Since the turn-on delay is a
phenomenon before the start of the oscillation, we can analyze it by using
the rate equation of the carrier density where the photon density is set to zero:

d

dt
N ¼ �N


s
þ J

dq
ð6:69Þ

where the first term on the right-hand side, N/
s, represents the carrier
recombination rate for unit volume. As described in Chap. 3, the recom-
bination includes not only the spontaneous emission recombination but also
nonradiative recombination at surfaces and defects, and Auger recom-
bination. The carrier density dependences of the rates of these recombina-
tions are given by Rsp¼Br(P0NþN2)�BrN

2, Rsd�AsdN, from Eq. (3.43),
and RA�CAN

3, from Eq. (3.46), respectively. Therefore, we can write

1


sðNÞ � Asd þ BrN þ CAN
2 ð6:70Þ
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In this chapter, thus far, the lifetime 
s in the rate equations was treated as if
it were a constant independent of N. When a laser oscillates and gives an
optical output, the oscillation condition is satisfied at least approximately,
and therefore N is close to the threshold carrier density Nth. Accordingly,
the use of a constant 
s given by 
s(Nth) has been an appropriate approxima-
tion. For the analysis of problems such as turn-on delay, where N varies in a
wide range, Eq. (6.70) should be used to take the above dependence into
account.

The turn-on delay time TD for the case where the injection current den-
sity rises from J0 up to J at time t¼ 0 can be calculated using an expression
which yields from separation of the variables and integration of Eq. (6.69):

TD ¼
Z Nth

N0

dN

J=dq�N=
sðNÞ
Nth


sðNthÞ
¼ Jth

dq
,

N0


sðN0Þ
¼ J0

dq

ð6:71Þ

where Jth is the threshold current density and N0 the steady-state carrier

density for injection current density J0. For J0¼ 0 and J 
 Jth, from the
above equation we obtain

TD ¼ dq

J
Nth ¼ 
sðNthÞ

Jth

J
ð6:72Þ

Although Eq. (6.71) cannot be integrated analytically, TD can be calculated
easily by integrating numerically Eq. (6.71) with Eq. (6.70) substituted.

The delay time TD and Jth, J, and J0 can easily be measured in experiment.
Therefore, by comparing TD measured under various conditions for a
given laser with the theoretical values, one can determine the major
component of the carrier recombination and the each coefficient in
Eq. (6.70). The carrier recombination lifetime at the threshold 
s(Nth) can
also be determined using Eq. (6.72).

6.5 NOISE CHARACTERISTICS

In this section we return to steady-state oscillation of semiconductor lasers
and discuss the noise characteristics. As lasers, in general, are light-emitting
devices based on the optical transition of electrons, they inevitably involve a
quantum noise problem as described in Chap. 2. Semiconductor lasers, in
particular, are characterized by a high gain, a wide gain bandwidth and a
wide longitudinal mode separation. Ordinary FP semiconductor lasers use a
resonator consisting of the facet mirrors with low reflectivities. Since the
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active region is injected with a high density of carriers, the fluctuation in the
carrier density affects significantly the phase of the optical wave. Therefore,
semiconductor lasers exhibit unique noise characteristics unlike those of
other types of laser. Understanding and improving the noise characteristics
are very important for all applications, especially for achieving the ultimate
performances in long-distance high-speed optical data transmissions and
precision optical measurements. Noises of the output light from practical
laser are classified into intrinsic noises and extrinsic noises. In the following,
the basic concepts for theoretical noise analysis are summarized, and then
the quantum noises under the single-mode steady-state oscillation are
discussed in terms of the intensity and frequency noises. Subsequently,
noises for multimode operation, and noises caused by external feedback are
discussed.

6.5.1 The Wiener–Khintchene Theorem and Shot Noise

Consider the frequency spectrum of a quantity F(t) that fluctuates randomly
with time as noises [14]. We assume that the time average of F(t) is zero.
Although F(t) is a function for an infinite interval of time, for correlating the
analysis with practical observation we cut the part in the finite time interval
�T< t<þT and put

FT ðtÞ ¼ FðtÞ ðjtj5TÞ
0 ðjtj > TÞ

�
ð6:73Þ

Let FT ðOÞ ¼
R
FT ðtÞ expðiOtÞ dt be the Fourier transform of FT (t). Since F(t)

is real, we have FT (�O)¼FT (O)
*. Since

R
FT ðtÞ2 dt ¼

R
jFT ðOÞj2 dO=2p, the

energy belonging to a frequency width dO/2p is proportional to jFT (O)j2dO/
2p. We therefore define the power spectrum density of F by

SF ðOÞ � lim
T!1

	 jFT ðOÞj2 

2T

� �
ð6:74Þ

where 	
 denotes ensemble average. Then SF (O)dO/2p represents the
power belonging to a frequency width dO/2p. Whereas the above SF (O) is
defined for the frequency range �1<O<þ1, the power spectrum density
defined for positive frequency range is 2SF(O). If F(t) is a electric signal of
radio frequency (RF), 2SF (O) is obtained by a measurement using a RF
spectrum analyzer. Next consider the autocorrelation function of FT (t)
given by

Fðtþ 
ÞFðtÞ
	 


¼ lim
T!1

1

2T

� �Z
FT ðtþ 
ÞFT ðtÞ dt

� 

ð6:75Þ
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and assume that the ensemble average equals the temporal average
(assumption of ergodicity). Then the power spectrum and the autocorrela-
tion function are correlated by

SF ðOÞ ¼
Z

Fðtþ 
ÞFðtÞ
	 


expðiO
Þ d
 ð6:76Þ

This relation, referred to as the Wiener–Khintchene theorem, shows that the
power spectrum is given by the Fourier transform of the autocorrelation
function [14].

We next consider a stochastic signal, which is formed by quanta, such
as electrons and photons, flowing into a detector or flowing out at a
constant rate per unit time. Note that the flow is not of a continuous
medium but of discrete quanta. Even though the average flow rate is a
constant, the events are not a regular sequence of equal temporal separation,
but a stochastic process randomly arranged on the time axis, as illustrated in
Fig. 6.16. The intrinsic signal consists of random pulses of an infinitesimal
width and a same height. By a realistic measurement system having a finite
bandwidth, this signal is observed as a signal with a constant average value
associated with fluctuation (quantum noise). Assuming that there is no
correlation between quanta (Markov process), it can be shown that the
statistical distribution of the number of events in a constant time width is
Poissonion. The autocorrelation function of the signal is proportional to
Dirac delta function d(
), and the Fourier transform, i.e., the noise power
spectrum, is flat independent of the frequency (white noise). It is known that,
when the number of quanta per unit time is Q, the noise power spectrum
equals Q [15]. These results were derived on the basis of the classical
statistical theory for particles. The white noise is referred to as shot noise.

Uniform quantum flow

Schematic picture of a quantum

Quantum
detector

Detector
signal

Time t

Average value

Quantum noise

Signal for an infinite bandwidth Signal for a finite bandwidth

Figure 6.16 Schematic illustration of shot noise.
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It has been verified that the same result is obtained on the basis of the

quantum theory of photons. Thus, the quantum noise of a signal

resulting from a quantum flow at a rate of Q quanta per unit time is a

white noise of power spectrum density SF (O)¼Q. For example, the noise

power spectrum of a photocurrent resulting from detection of Q photons

per unit time, I¼ qQ [A], is SI (O)¼ q2Q¼ qI [A2/Hz], if the spectrum is

defined for �1<O<þ1, and 2qI [A2/Hz], if defined for positive

frequency range.

6.5.2 Langevin Noise Sources and Equations for
Fluctuation

The rate equations for the carrier density N (¼ number of carriers in the

active region/volume of the active region) and the photon density S

(¼ number of photons in the resonator/volume of the active region)

(Eqs (6.28)) can be rewritten as

d

dt
N ¼ �RstS þ RabS �N


s
þ J

dq
ð6:77aÞ

d

dt
S ¼ þRstS � RabS � S


ph
þ CsN


s
ð6:77bÞ

Rst � Rab ¼ GG ð6:77cÞ

by decomposing the net stimulated emission GGS into the stimulated

emission RstS and the absorption RabS. Here, from the discussion in

Appendix 5, we have the relation:

Rst ¼ Rspð!mÞ ¼
CsVaN


s
ð6:78Þ

where Va is the volume of the active region. Equations (6.77a) and (6.77b)

represent the variations in N and S, respectively, per unit time, and each

term on the right hand sides gives the specifications for each factor, i.e.,

stimulated emission, absorption, spontaneous emission, carrier injection,

and photon number attenuation. These terms represent the time averages

for the variation rates. Since each factor is an independent quantum process

and therefore is associated with quantum fluctuation (quantum noise), each

of these can be treated as shot noise. Therefore, we write the sum of the

fluctuations for each term on the right-hand sides as FN(t) and FS(t) and

append them to the right-hand sides of Eqs (6.77a) and (6.77b) to obtain

Characteristics of Semiconductor Lasers 203

Copyright © 2004 Marcel Dekker, Inc.



rate equations with fluctuations considered:

d

dt
N ¼ �GGS �N


s
þ J

dq
þ FN ð6:79aÞ

d

dt
S ¼ þGGS � S


ph
þ CsN


s
þ Fs ð6:79bÞ

Similarly, the rate equation for the optical phase with the fluctuation
considered can be written as

d

dt
� ¼ �c

2
GG� 1


ph

� �
þ F� ð6:80Þ

The terms FN(t), FS(t), and F�(t) appended to these equations represent
phenomenologically the origins of the quantum noise and are referred to as
Langevin noise sources [16]. Since they are random sources, the time
averages are zero, i.e.,

FNðtÞ
	 


¼ FsðtÞ
	 


¼ F�ðtÞ
	 


¼ 0 ð6:81Þ
We next represent the fluctuations in the carrier density, the photon

density, and the optical phase associated with the quantum noise by dN, dS,
and d�, respectively, and put

NðtÞ ¼ N þ dNðtÞ ðjdNðtÞj 	 NÞ ð6:82aÞ
SðtÞ ¼ S þ dSðtÞ ðjdSðtÞj 	 SÞ ð6:82bÞ
�ðtÞ ¼ �þ d�ðtÞ ðjd�ðtÞj 	 2pÞ ð6:82cÞ

Substituting these expressions into Eqs (6.79), in a similar manner to the
analysis of the modulation characteristics, we obtain

d

dt
dN ¼ �GðGþ GsSÞ dS � GGNS þ 1


s

� �
dN þ FN ð6:83Þ

d

dt
dS ¼ � CsN


sS
� GGsS

� �
dS þ GGNS þ Cs


s

� �
dN þ Fs ð6:84Þ

d

dt
d� ¼ �c

2
GGN dN þ F� ð6:85Þ

The above equations are linearized rate equations for the fluctuations and
can be used to analyze the noise characteristics of semiconductor lasers.

6.5.3 Correlation Functions and Power Spectra of
Langevin Noise Sources [16–18]

The absolute value of each term on the right-hand sides of Eqs (6.77a)
and (6.77b), multiplied by the volume Va of the active region gives
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specifications for each origin of the fluctuation rate per unit time in
the carrier number VaN and the photon number VaS. Therefore, treating the

fluctuations of these quantities as shot noises, their power spectra equal
the absolute value of each term, multiplied by Va. Since the noise sources
are mutually independent stochastic processes, the power spectra of the

total fluctuations VaFN and VaFS are given by the sum of the components
for each source. Let V2

a FNFNh i and V2
a FSFSh i be the autocorrelation

functions of VaFN and VaFS. Then, since from the Wiener–Khintchene

theorem the autocorrelation functions equal Fourier transforms of power
spectra, we have

V2
a FNFNh i ¼ RstS þ RabS þN


s
þ J

dq

� �
Vadð
Þ ð6:86Þ

V2
a FSFSh i ¼ RstS þ RabS þ S


ph
þ CsN


s

� �
Vadð
Þ ð6:87Þ

As for the cross-correlation function between VaFN and VaFS, V
2
a FNFSh i,

by taking the components that change N and S simultaneously, we can write

V2
a FNFSh i ¼ � RstS þ RabS þ CsN


s

� �
Vadð
Þ ð6:88Þ

where a minus sign is inserted in the right-hand side, since the correlation is
negative, i.e., the increase in N is associated with a decrease in S and vice

versa. Since we are considering a steady state, the rate equations, with the
left-hand sides replaced by zero, hold. These equations (Eqs (6.77c) and
(6.76)) and VaS 
1 can be used to simplify the above expressions to yield

FNFNh i ¼ DNNdð
Þ, DNN ¼ 2CsNS


s
þ 2N


sVa
ð6:89Þ

FSFSh i ¼ DSSdð
Þ, DSS ¼
2CsNS


s
ð6:90Þ

FNFSh i ¼ DNSdð
Þ, DNS ¼ � 2CsNS


s
þ S


phVa
ð6:91Þ

Consider next the phase noise source F�. Let dE(t) be a small

fluctuation, which results from the Langevin noise sources, in the complex
amplitude E(t) of the optical field in the resonator. We write the complex
amplitude E(t) as

EðtÞ ¼ E þ dEðtÞ
¼ jEðtÞj exp½�if�þ d�ðtÞg�
¼ ½jEj þ dE1ðtÞ � idE2ðtÞ� expð�i�Þ ð6:92Þ

The fluctuation dE(t) in the random phase can be decomposed into a
component dE1 of the same phase as E and another component dE2
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perpendicular to E, as shown in Fig. 6.17. Then the phase fluctuation can be
written as

d�ðtÞ ¼ dE2ðtÞ
jEj ð6:93Þ

On the other hand, the photon density S(t) and E(t) are correlated by
�hh!VaS(t)¼ jE(t)j2, and from Eq. (6.92) we have jE(t)j2� jEj2¼ 2jEj dE1(t).
Therefore, the Langevin noise source FS for S, and the Langevin noise source
FE1

for dE1 are correlated by �hh!VaFS¼ 2jEjFE1
. Let hFE1

FE1
i and hFE2

FE2
i be

the autocorrelation functions of the noise sources FE1
and FE2

for dE1

and dE2, respectively. Then the autocorrelation function hF�F�i of F�,
can be written as

F�F�

	 

¼ hFE2

FE2
i

jEj2

¼ hFE1
FE1

i
jEj2

¼ hFSFSi
4S2

¼ D��dð
Þ ð6:94Þ

D�� ¼ CsN

2
sS

Since dE(t) has a random phase independent of the fluctuation dS in the
photon density, there is no correlation between F� and FS. Since the
fluctuation in the optical phase � resulting from the fluctuation dN in
the carrier density has already been interpreted by the first term on the right-
hand side of Eq. (6.85), there is no need to consider here the correlation
between F� and FN. Thus we can put

hF�FSi ¼ hF�FNi ¼ 0 ð6:95Þ

Im {E}

Re {E}

 (t)
E + E (t)

E (t)

E

E2

E1

Figure 6.17 Relation between the amplitude fluctuation and phase fluctuation of

an optical wave.
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From the Wiener–Khintchene theorem, the power spectra (and the
cross power spectra) Sij(O) of the Langevin noise sources Fi (i¼N, S, �) are
given by the Fourier transforms of the correlation functions hFiFji
(calculated as above. Therefore, Sij(O) are given by

SijðOÞ ¼ Dij ði, j ¼ N,S,�Þ ð6:96Þ

As Eqs (6.90) and (6.94) show, both SSS and S�� are proportional to Cs, and
SSS¼S��¼ 0 for Cs¼ 0. This implies that the ultimate origin of the optical
noise is the coupling of the spontaneous emission to the laser oscillation
mode.

6.5.4 Intensity Noise

Figure 6.18 illustrates the various kinds of noise of an output light from a
semiconductor laser oscillating in a single mode. We first consider the
intensity noise [19]. The output power of a single-mode laser is associated
with fluctuation around the average value due to the quantum noise.
Since the fluctuation is random, the intensity noise has a broad frequency
spectrum. The noise power spectrum can be observed by using a wide-band
photodetector to convert the optical intensity into a photocurrent, and using
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Figure 6.18 Schematic illustration of noises in laser output light.
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a RF spectrum analyzer to measure and display the power spectrum of the

photocurrent.
Noting that the optical output power is proportional to the photon

density S, we first calculate the noise power spectrum for the photon density

jSS(O)j defined by putting F(t)¼ dS(t) in Eq. (6.74). To solve the fluctuation

equations (Eqs (6.83) and (6.84)), we use the Fourier transforms of the time

functions dN(t) and FN(t):

dNðOÞ ¼
Z

dNðtÞ expðiOtÞ dt ð6:97aÞ

FNðOÞ ¼
Z

FNðtÞ expðiOtÞ dt ð6:97bÞ

We also use similar Fourier transforms of dS(t) and FS(t). Solving Eqs (6.83)

and (6.84), with the inverse Fourier transform expressions for these

quantities substituted, we obtain

dNðOÞ ¼ ½HðOÞO2
R�

� CsN


sS
� GGSS � iO

� �
FNðOÞ � GðGþ GSSÞFSðOÞ

� 

ð6:98Þ

dSðOÞ ¼ ½HðOÞO2
R�

� GGNS þ Cs


s

� �
FNðOÞ þ

1


s
þ GGNS � iO

� �
FSðOÞ

� 

ð6:99Þ

where H(O) is the transfer function given by Eq. (6.61). The noise power

spectrum for the photon density SS(O) is obtained by calculating the

autocorrelation function for dS(t), the inverse Fourier transform of the

above dS(O), and Fourier transforming the result based on the Wiener–

Khintchene theorem. Using the correlation functions for the Langevin noise

sources, Eqs (6.89), (6.90), and (6.91), the factors related to FN and FS in

SS(O) are replaced by the power spectra (and cross power spectra) Sij(O)¼
Dij. Thus we obtain

SSðOÞ ¼
2
2ph

G2G2
NS

jHðOÞj2
"
CsN


s

 
O2 þ 1


2s

!

þ GGN


ph
sVa
ð1þ GGN
phNÞS þ G2G2

N


phVa
S2

#
ð6:100Þ

In the above calculation, we used Cs	 1, NVa
 1, and GGN
s/Va	 1 and

omitted the related small terms. Use has also been made of the approximate

expression for OR (Eq (6.56)). For laser operation near the threshold where
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S is small, SS(O) is dominated by the term proportional to (CsN/
s)(O
2þ

1/
2s ) resulting from the spontaneous emission coupling and is proportional
to S�1. For high output operation (large S), on the other hand, SS(O) is
dominated by the final term in Eq. (6.100) and is proportional to Sþ1. As

can be seen from the fact that H(O) is included in Eq. (6.100), SS(O) has a
large peak at and near the relaxation oscillation frequency OR.

From Eqs (6.52), (6.56), (6.62), and (6.100), SS(O) for large S can be

written approximately as

SSðOÞ �
2S
ph=Va

1þ 
2phO
2

ð6:101Þ

The total noise power is calculated by integrating the above power density

over all the frequency range to yield
Z

SSðOÞ dO
2p

¼ S

Va
ð6:102Þ

This result shows that the variance of the fluctuation in the photon number
VaS in the laser is given by V2

a (S/Va)¼VaS. This is consistent with the

theoretical result that the output light from a highly pumped laser is in the
coherent state described in Chap. 2.

Although the above discussion is with the intensity noise in the photon

density S, from a practical point of view, the important problem is the noise
in the output light. As Eq. (6.35) shows, the output power P is proportional

to S, and P in terms of the output photon number per unit time can be
written as

P ¼ KS, K � FstmVa


ph
ð6:103Þ

where Fstm is the output coupling coefficient given by Eq. (6.36) and satisfies

0<Fstm< 1. Although a simple consideration would give a result that the
noise power of P is the noise power of S multiplied by the square of the
coefficient in the above relation, this is not correct. For the photons

accumulated in the laser to leave the resonator to give an output, the
photons must penetrate through the output facet mirror. However, because

of the quantum nature of photons, the penetration and the reflection of the
photons at the mirror are stochastic processes and give rise to additional

noise [20]. Let a Langevin noise source FP represent the photon partition
noise, and put the fluctuation dP in the output power P as

dPðtÞ ¼ K dSðtÞ þ FPðtÞ ð6:104Þ
This noise source FP has no correlation with the noise source for the carrier
density FN. However, since increase in P is associated with decrease in S,

there is a negative correlation between FP and FS.
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The correlation functions and the power spectra can be calculated by a

similar method to that described in Section 6.5.3 as

FPFPh i ¼ DPPdð
Þ, DPP ¼ þP ð6:105Þ

FSFPh i ¼ DSPdð
Þ, DSP ¼ � P

Va
ð6:106Þ

FNFPh i ¼ 0 ð6:107Þ

The noise power spectrum for the output optical power SP(O) can then be

calculated by a procedure similar to that for the calculation of the noise

spectrum for the photon density.
As a convenient measure for representing the intensity noise and the

spectrum, relative intensity noise (RIN) is often used. The RIN for the

output power P is defined by

RINðOÞ � SPðOÞ
P2

ð6:108Þ

and the unit for the RIN is reciprocal Hertz. Calculating the noise power

spectrum for the output power SP(O), using Eqs (6.52), (6.56), (6.61), (6.99),

(6.100), and (6.103)–(6.107), and substituting the result in Eq. (6.108) yields

an expression for the RIN:

RINðOÞ ¼
(
2K


phK

GGNP

� �2

jHðOÞj2

�
"

CsN


s
þ GGSP

KVa

� �
O2 þ CsN


3s

� �

þ G2G2
NN


sVa
þ GGS


2sVa

� �
P

K

þ G2GNGS


sVa

P

K

� �2
#
þ 1

)
1

P
ð6:109Þ

The last term 1/P in the above expression corresponds to the shot noise, for

the output consisting of P photons per unit time, in terms of the RIN. This

quantity is referred to as the standard quantum limit (SQL) or shot noise

limit. Equation (6.109) indicates that the intensity noise of the semicon-

ductor laser output consists of the frequency-independent SQL noise and

frequency-dependent excess noises. An example of the calculated RIN is

shown in Fig. 6.19. The frequency dependence of the RIN is almost flat in

the low-noise frequency range but exhibits a peak due to the resonance of

the excess noises at and near the relaxation oscillation frequency OR. For
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frequency above OR, the excess noises decrease rapidly and the noise level
approaches asymptotically the SQL level. The RIN decreases with
increasing output power P. From Eq. (6.109), for low frequencies and
small S, we have the approximate expression

RIN � 2Kð
phK=GGNPÞ2 CsN=
3s
� �

þ 1

P
ð6:110Þ

This expression shows that, with increasing P in the vicinity of the threshold,
the RIN decreases in proportion to P�3. With further increase in P, the term
proportional to P2 in Eq. (6.110) becomes the dominant term, and therefore
the RIN decreases, with reduced speed, in proportion to P�1.

6.5.5 Frequency Noise

In applications where the frequency of the laser light is modulated with a
signal or measured, the fluctuation in the frequency is superimposed as a
noise on the signal. Since the fluctuation in the instantaneous frequency due
to the quantum noise is given by d!(t)¼ dd�(t)/dt, from Eq. (6.85) for the
phase fluctuation d�(t), d!(t) can be written as

d!ðOÞ ¼ �c

2
GGN dNðOÞ þ F�ðOÞ ð6:111Þ

where d!(O) and F�(O) are Fourier transforms of d!(t) and F�(t),
respectively. The above expression shows that the frequency fluctuation
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Figure 6.19 Example of the frequency spectrum of intensity noise.
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results from both the index fluctuation associated with the carrier
fluctuation and the coupling of the spontaneous emission to the oscillation
mode. Although the Fourier transform of the carried density fluctuation
dN(O), given by Eq. (6.98), includes a term proportional to FN and a term
proportional to FS, the latter is dominant and the former can be neglected.
As Eqs (6.95) and (6.98) show, there is no correlation between dN and F�. In
a similar manner to the calculation of SS(O) in Section 6.5.4, calculation of
the noise power spectrum S!(O) using Eqs (6.90), (6.94), (6.98), and (6.111)
results in

S! ðOÞ �
 
�cGGN

2

!2
HðOÞ
O2

R

�����

�����

2

G2G2Dss þD��

� CsN

2
sS

"
�2
c jHðOÞj2 þ 1

#
ð6:112Þ

where H(O) is the transfer function given by Eq. (6.61), and use has been
made of Eq. (6.56) and GG� 1/
ph to obtain the second line.

The frequency noise power spectrum given by Eq. (6.112) describes the
frequency O distribution of the time variation in the optical frequency
fluctuation d!. Since the antiguiding factor (linewidth enhancement factor)
�c is usually considerably larger than unity, and jH(O)j is larger than unity
for frequency O below the relaxation frequency OR, the index fluctuation
induced by the carrier density fluctuation dominates the frequency noise.
The spectrum is dominated by jH(O)j2, flat for O<OR, peaked at O�OR,
and decreases rapidly for O>OR. It should be noted, however, that even for
O>OR the frequency noise due to the spontaneous emission coupling to the
oscillation mode remains. An example of calculated frequency noise power
spectrum is shown in Fig. 6.20. We also see from Eq. (6.112) that, on
reducing the frequency noise, Cs and �c should be reduced and the laser
should be operated with a high bias level.

6.5.6 Multimode Noises

Mode-Hopping Noise

Many of the FP semiconductor lasers oscillate in quasisingle mode in the
high-output-power region. However, when the gain peak wavelength comes
to the center between the two adjacent longitudinal modes, depending upon
the operation conditions, alteration of the oscillation between the two
modes takes place. This phenomenon, called mode hopping, causes a large
intensity noise in the relatively low-frequency range lower than several tens
of megahertz, since it is associated with not only a change in the oscillation
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wavelength but also a change in the oscillation intensity. The mode-hopping
noise results from the alternate oscillation of the two modes with random
durations. Stable simultaneous oscillation of both modes does not occur,
since there are fluctuations due to the spontaneous emission and since
oscillation of one of the two mode is suppressed by the cross gain saturation.
Since the longitudinal mode wavelengths are sensitive to temperature
change, in ordinary operating conditions it is difficult to avoid mode
hopping by selecting the driving current level. Thus, mode hopping is a large
problem for applications of FP semiconductor lasers.

For applications such as optical disk systems, the problem can be
eliminated by various methods. One of these is to make the mode transition
have a hysteresis characteristic [21], by high-density Te doping in the
cladding layer to enhance the saturable absorption, or by enhancing the
facet reflectivity to increase the photon density and to enhance the gain
saturation. Then fast bidirectionalmode transitions are avoided and therefore
mode-hopping noise is eliminated. Another method is to implement a FP
laser that performs stable pulse oscillation with a high repetition rate, by
using the self-pulsation phenomenon discussed later. It is also possible to
attain stable multimode oscillation by superimposing a RF signal of several
hundred megahertz on the driving current [22]. Although then the output
power varies at a fast speed, for detection of the total output of all modes
with a narrow bandwidth around 10MHz or lower, the noise is significantly
reduced, enabling applications similar to those of lasers with stable
continuous oscillation.
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Figure 6.20 Example of the frequency spectrum of frequency noise.
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Mode Partition Noise

Even if a semiconductor laser is driven in a condition where mode hopping

is avoided, it does not oscillate strictly in a single mode. The output includes

not only the major oscillation mode but also side modes. Although the

intensity noise measured for the total output power agrees fairly well with

the result of single-mode analysis described in previous subsections,

additional noise is involved for separate detection of each mode [23]. The

additional noise results from random distribution of the photons produced

by stimulated emission in each mode and is called the mode partition noise.

The mode partition noise can be analyzed by using linearized multimode

rate equations for fluctuations:

d

dt
dN ¼ �

X

m

GðGm þ GsSmÞ dSm � GGNS0 þ
1


s

� �
dN þ FN

d

dt
dSm ¼ þ GGSSm � CsN


sSm

� �
dSm þ GGNSm þ Cs


s

� �
dN þ FSm

ð6:113Þ
which is an extension of Eqs (6.83) and (6.84). In the above equations, S0

denotes the photon density of the major oscillation mode. Here, the (cross)

power spectra of the Langevin noise sources can be written as

DNN ¼ 2CsN


s

X

m

Sm þ 2N


sVa

DSmSm ¼ 2CsN


s
Sm, DSmSm0 ¼ 0 ðm 6¼ m0Þ

DNSm ¼ � 2CsN


s
Sm þ Sm


phmVa

ð6:114Þ

since there is no correlation between noise sources for photon densities of

different modes. Similarly to a single-mode case, we can calculate the noise

power spectra for the photon densities SSm(O) and the relative intensity

noise spectra RIN(O), by solving Eq. (6.113) by using Fourier transfoms

and Eq. (6.114), and using the Wiener–Khintchene theorem. For the case

where only the major mode and the two side modes adjacent to it are

considered, an analytical solution can be obtained. Figure 6.21 shows the

calculated RIN(O) with the side mode suppression ratio Rsms as a

parameter. As the figure shows, the RIN coincides with the result of the

single-mode analysis in the high-frequency range above the relaxation

oscillation frequency. In the low frequency region, however, there is a

significant mode partition noise component. Although the mode parti-

tion noise can be reduced by enhancing Rsms, it is still significant for
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Rsms� 20 dB, which can be achieved in ordinary FP lasers. Thus, the mode
partition noise is an important noise that dominates the low-frequency RIN
of the major mode output of FP lasers. The fact that significant noise
remains in spite of the small side-mode powers is attributed to the fact that
owing to the fluctuation the side-mode powers can be instantaneously much
larger than the average power. In order to reduce the mode partition noise
to a negligible level, an Rsms value as large as 40–50 dB is required. Such a
high Rsms can be accomplished in distributed feedback (DFB) and
distributed Bragg reflector (DBR) lasers presented in the next chapter.

6.5.7 Feedback-Induced Noise

Thus far, we have discussed the noise properties of semiconductor lasers
operating independently. In many applications, however, some of the laser
output light is reflected by optical elements and returns to the laser. In
optical communications systems, reflection at the fiber input and output
ports gives rise to optical feedback and, in optical disk systems, reflection at
the disk also causes optical feedback. Semiconductor lasers under such
operation conditions exhibit complicated behaviors, and the feedback
significantly affects the noise characteristics. This section deals with
feedback-induced noise. The external feedback and therefore feedback-
induced noise can be eliminated by inserting a nonreciprocal isolator in the
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Figure 6.21 Example of the frequency spectrum of mode partition noise (S0 and

S1 are the intensities of the major oscillation mode and the side mode, respectively).
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output beam path, since the isolator transmits the forward wave but blocks
the reflected backward wave.

Model and Rate Equations

As a simple model for the analysis of feedback-induced noise, consider a
system where a mirror is positioned at a distance D from a semiconductor
laser, as shown in Fig. 6.22. The laser resonator and the external mirror
constitute a composite resonator, and, in the steady state, the laser oscillates
in the resonant mode(s) of the composite resonator. Although mathematical
formulation of the composite resonator modes is possible, the formulation
cannot enable analysis of laser dynamics to be made more rapidly than the
round trip time 
¼ 2D/c for the distance D, which can generally be much
longer than the laser resonator length L. Here we employ a method where
the external feedback is treated as a perturbation and the combination of the
laser output facet mirror and the external mirror is represented by an
effective reflection coefficient [24]. Let Rf be the reflectivity of the output
facet mirror, and Rex be the effective reflectivity of the external mirror,
including the optical losses during the round trip between the output facet
and the external mirror and the loss in coupling back into the laser
waveguide. Let S(t) and �(t) be the photon density and the optical phase,
respectively, according to the definition in Section 6.2. Then the amplitude
of the guided wave propagating in the laser towards the output facet is
proportional to ½SðtÞ�1=2 expf�½!thtþ �ðtÞ�g, and the wave is reflected at the
facet with the amplitude reflection coefficient rf ¼ R1=2

f . The amplitude of
the wave component that is fed back into the waveguide after a round trip to
the external mirror, noting the double transmission and the retardation time

, can be written as ð1� Rf Þ½RexSðt� 
Þ�1=2 expf�i½!thðt� 
Þ þ �ðt� 
Þ�g.
Therefore, omitting the multiple reflection under the assumption Rex	 1,
the effective amplitude reflection coefficient for the combination of the
output facet mirror and the external mirror can be written as

rfeff ¼ rf þ drf ð6:115Þ

L D

Rb Rf Rex

External feedback

Semiconductor laser External mirror

Figure 6.22 A model for the analysis of feedback-induced noise.
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drf ¼ ð1� Rf Þ
RexSðt� 
Þ

SðtÞ

� �1=2

expfi½!th
 þ �ðtÞ � �ðt� 
Þ�g

The perturbations in the reflectivity and the reflection phase due to the

external feedback are given by

dRf ¼ 2rf Refdrfg, d�f ¼ � Imfdrfg
rf

ð6:116Þ

We next consider how the rate equations are modified when the pertur-

bation is given by the external feedback. The equation for the carrier density

given by Eq. (6.17) should not be modified, since it is nothing to do directly

with the optical feedback. Since the photon lifetime 
ph included in the equa-

tion for the photon density given by Eq. (6.21) is a function of the reflectivity

as shown by Eq. (6.20), the effective value under the perturbation is given by

1


phef
¼ 1


ph
þ �g
2LRf

dRf ð6:117Þ

Thus the effective photon lifetime is not a constant any longer, and varies

with time depending on the oscillation state. The longitudinal mode

resonance condition (Eq. (6.23)) used in the derivation of the equation for

the optical phase (Eq. (6.27)) should be rewritten, under the perturbation in

the reflection phase, as

2L 	ð!Þ þ G!
c

�n

� �
� d�f ¼ 2pm ð6:118Þ

From Eqs (6.17), (6.21), (6.27), and (6.115)–(6.118), the rate equations for

cases with the perturbation due to the external feedback are given by

d

dt
NðtÞ ¼ �GGðtÞSðtÞ �NðtÞ


s
þ JðtÞ

dq
ð6:119aÞ

d

dt
SðtÞ ¼

 
GGðtÞ � 1


ph

!
SðtÞ þ CsNðtÞ


s

þ 2�½SðtÞSðt� 
Þ�1=2 cos½!th
 þ �ðtÞ � �ðt� 
Þ� ð6:119bÞ
d

dt
�ðtÞ ¼ �c

2

 
GGðtÞ � 1


ph

!

� �

 
Sðt� 
Þ
SðtÞ

!1=2

sin½!th
 þ �ðtÞ � �ðt� 
Þ� ð6:119cÞ

Note that the above equations are differential equations including time

difference. The parameter � represents the magnitude of the external
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feedback and is given by

� ¼ ð1� Rf ÞðRex=Rf Þ1=2

L

, 
L ¼ 2L

vg
ð6:120Þ

where 
L is the round-trip time in the laser resonator.

Steady-State Oscillation

Consider steady-state oscillation under constant external feedback. Assume
that N, S, and G do not depend upon time, let ! be the oscillation frequency,
and put �(t)¼ (!�!th)t. Then from Eq. (6.119) we obtain

0 ¼ �GGS �N


s
þ J

dq
ð6:121aÞ

S ¼ CsN=
s
GG� 1=
ph þ 2� cosð!
Þ ð6:121bÞ

!� !th ¼ ��½sinð!
Þ þ �c cosð!
Þ� �
�cCsN

2S
s
ð6:121cÞ

The spontaneous emission coupling term at the end of the right-hand side of
Eq. (6.121c) is small and can be neglected. Figure 6.23 illustrates the relation
between the threshold oscillation frequency !th without external feedback
and the oscillation frequency ! with external feedback.

We define a parameter C by

C ¼ �
 1þ �2
c

� �1=2 ð6:122Þ
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Figure 6.23 Relation between the threshold oscillation frequency without external

feedback and the oscillation frequency with external feedback (The dotted arrows

show mode hopping).
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and consider first a case where the external feedback is small so that C< 1.

Then, there is only one ! value satisfying Eq. (6.121c); the laser oscillates in

a single mode. It should be noted, however, that ! is slightly different from

!th, and the difference !�!th varies periodically when 
 varies. Equation

(6.121b) shows that the output power also changes periodically when 

varies. In ordinary working conditions, changing the injection current

density J gives rise to a change in !th through changes in the temperature

and the carrier density. Therefore, even if 
 is kept constant, ! varies

periodically around !th when J changes. Then the output power also varies

periodically around the output power for the laser without external

feedback. This means that the graph of the injection current dependence

of the output power (I–P characteristic) is a rippled line. This behavior

results from the phase of the effective reflection coefficient rfeff and the

dependence of the effective photon lifetime 
phef on ! and 
.
We next consider a case where the external feedback is large so that

C> 1. Then, Eq. (6.121c) is satisfied with a few values of !, as shown in

Fig. 6.23; the laser may oscillate in a few modes. This corresponds to the fact

that several composite resonator modes are developed in the vicinity of a

longitudinal mode of the laser resonator as shown in Fig. 6.24. The output

powers in this situation can be calculated by using Eqs (6.121) extended to

multimode oscillation. The result shows that the total output power for all

composite resonator modes is close to the power in the oscillation without

the external feedback. The frequency of each composite resonator mode and

the power of each mode exhibit complicated dependences on 
 and J.

Noise Characteristics

As described above, the magnitude of the external feedback can be specified

by using the parameter C, given by Eqs (6.120) and (6.122), as a measure.

Compared with other types of laser, the oscillation state of the semiconductor

laser is affected strongly by external feedback, since they have a short

Oscillation intensity S

m_1/2 m/2 m+1/2

Optical frequency /2

c/2L

c/2D = 1/

Laser resonator mode
without external feedback

Composite resonator mode

Figure 6.24 Composite resonance modes under the existence of external feedback.
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resonator length L, a low mirror reflectivity Rf, and a large carrier-induced
refractive index change represented by �c. The noise characteristics, in
particular, are strongly affected by external feedback, if any, and the
oscillation may be completely different from that without external feedback.
When the external feedback time t and/or injection current density J are
changed in steady-state oscillation, hopping between composite resonator
modes and hysteresis as shown by the arrows in Fig. 6.23 are observed. Mode
hopping is associated with large noise. Depending upon the operation
conditions, the slope d!/d!th of the curve in the figure may become infinitely
large. In such situations, small quantum fluctuation results in large instability
of the oscillation. As Eqs (6.119b) and (6.119c) show, the external feedback is
associated with a delay. Because of these factors, under external feedback
above a certain level, an abnormal increase in the noise and/or self-pulsation
may take place. Quantitative analysis of the noise under existence of the
external feedback can be made in a similar way to the cases without external
feedback, by using linearized rate equations for the fluctuations which can be
derived from Eq. (6.121) by adding the Langevin noise sources. The results of
such analysis are consistent with the qualitative insights obtained by using
Fig. 6.23. The laser behavior are classified into regions, denoted region I to
region V. In the region where the feedback is small so that C< 1 (region I),
when 
 changes, the RIN level is enhanced or reduced in comparison with the
level for cases without external feedback, depending upon the magnitude of
d!/d!th. In the region where the feedback is increased so that C> 1, in
addition to the enhancement or reduction in RIN, splitting of the oscillation
into two modes and hopping associated with increased low-frequency noise
take place (region II). For largerC, the angular frequency separation between
the adjacent composite resonator modes increases and approaches the upper
limit 2p/
. Then d!/d!th becomes small, the laser oscillates in a composite
resonator mode with the lowest threshold, and the noise is reduced. This
region (region III) is narrow. With further increase in C, many composite
resonator modes oscillate simultaneously withmutual interaction, which may
result in self-pulsation and unstable chaotic behavior (region IV). This
phenomenon is referred to as coherence decay.When stable external feedback
represented by an effective reflectivity comparable with the reflectivity of the
output facet mirror is given, the laser oscillates in one of the composite
resonator modes, which is selected depending upon the phase of the external
feedback. In this situation, the oscillation is rather stable and the noise is
reduced (region V). Thus the feedback-induced noise depends in a complex
way upon various parameters. It should be noted that, in practical applica-
tions, 
 and � often fluctuate randomly. Unless special care is intentionally
taken, external feedback generally increases the noise. Therefore, in
applications where this kind of noise is harmful, use of an isolator is essential.
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6.6 SINGLE-MODE SPECTRUM AND
SPECTRUM LINEWIDTH

Even if a semiconductor laser is stably oscillating in a single mode, the optical

frequency is not exactly a constant but is associated with fluctuation.

Accordingly, the optical frequency spectrum is a sharp peak but is not a delta

function. The spectrum has a finite linewidth, which is closely related to the

frequency noise. The spectrum and the linewidth can be observed and measured

using a high-resolution monochromator such as a FP spectrum analyzer. For

applications such as coherent optical communications and optical interference

measurements, where the coherence of laser light is utilized, it is very important

to understand the characteristics related to the spectrumand the linewidth. In the

following discussion, it is assumed that there is no external feedback.

6.6.1 The Schawlow–Townes Linewidth

We first consider the amplification of the stimulated emission in a laser

resonator and discuss how the amplification and resonance change the

emission spectrum to generate a coherent wave. As pointed out in Section

5.8, when an incoherent light source is put in a FP resonator, optical power

at the longitudinal resonance frequency is accumulated effectively. Even if

the spectrum of the source is wide, the output wave has a spectrum peaked

at the longitudinal mode frequencies. In a passive FP resonator consisting of

a waveguide of length L and propagation loss factor �, and facet mirrors

of reflectivities Rf and Rb, the full width at half-maximum of the peaks is

given from Eqs (5.135) and (5.137) by

d! ¼ vg

L

1� R

R1=2
, R ¼ ðRfRbÞ1=2 expð��LÞ ð6:123Þ

For a semiconductor laser injected with carriers, considering the mode gain

Gg and the internal loss �int, the loss factor � in the above expression should

be replaced by an effective loss � int�Gg. Then, for injection levels close to

the threshold,

R ¼ exp GG� 1


ph

� �
L

vg

� 

� 1þ GG� 1


ph

� �
L

vg
ð6:124Þ

and from Eqs (6.123) and (6.124) we obtain

d! � 1


ph
� GG ¼ CsN


sS
ð6:125Þ

where use has been made of the steady-state rate equation (Eq. (6.31b)) to

obtain the last expression. Whereas for the passive resonator the output
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spectrum width d! is 1/
ph determined by the photon lifetime 
ph,
the amplification gain extends the photon lifetime to an effective value

1/(1/
ph�GG) and, as a result, d! narrows. With increasing gain, the

photon density S increases, while d! narrows in inverse proportion to S and

therefore to the output optical power. These results agree well with

experimental results, for amplified spontaneous emission (ASE) below the

oscillation threshold. For laser operation above the threshold, on the other

hand, it has been shown by theoretical analysis that under oscillation the

field fluctuation is stabilized by the nonlinear interaction and the spectrum

width becomes half the value given by Eq. (6.125) [26]. The bandwidth d!
given by Eq. (6.125) is referred to as the Schawlow–Townes linewidth [27],

and half of it as the modified Schawlow–Townes linewidth.

6.6.2 Spectrum Linewidth of Semiconductor Lasers

One of the important unique feature of semiconductor lasers is that there

exist high-density carriers in the active region, and the fluctuation in the

carrier density induces fluctuation in the refractive index, affecting

significantly the oscillation spectrum. For this reason, the spectrum linewidth

of semiconductor lasers cannot be described properly by the (modified)

Schawlow–Townes formula, and an analysis with the index fluctuation

taken into account is required.
The time-dependent amplitude of the laser output field can be written as

RefEðtÞg ¼ RefjEðtÞj exp½�i!0t� i d�ðtÞ�g ð6:126Þ
where E(t) is the complex amplitude and d�(t) represents the phase

fluctuation. Although the fluctuation is involved in the absolute amplitude

jE(t)j, the effect on the frequency spectrum is minor. Therefore we omit the

fluctuation in jE(t)j and put jE(t)j¼E. Then, from the Wiener–Khintchene

theorem, the power spectrum SE(!) for the optical field amplitude is given

by the Fourier transform of the autocorrelation function for Re{E(t)}:

SEð!Þ ¼ 1
2

Z
Re Eðtþ 
Þ�EðtÞ

	 
� �
expði!
Þ d


¼ E2

2

Z
Re expði!0
Þ exp ½i��ðt, 
Þ�

	 
� �
expði!
Þ d
 ð6:127Þ

��ðt, 
Þ ¼ d�ðtþ 
Þ � d�ðtÞ
where ! is used for the optical frequency to distinguish from the frequency O
in the RF region appearing in discussions in the previous sections.
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The average phase factor expði��Þ
	 


is given by
R
f ð��Þ expði��Þ dð��Þ

using the statistical distribution f(��) of the time difference of the phase

fluctuation ��(t, 
). Assuming a Gaussian distribution for f, we obtain

expði��ðt, 
ÞÞ
	 


¼ exp � ��ðt, 
Þ2
	 


2

" #
ð6:128Þ

Since, as we saw in Section 6.6.1, the fluctuation in the instantaneous optical

frequency is given by d!(t)¼ d[d�(t)]/dt using the phase fluctuation d�(t),
the Fourier transforms of d!(t) and d�(t) are correlated by d!(O)¼
�iO d�(O). Therefore, the noise power spectra of ! and � are correlated by

S!(O)¼O2S�(O). Using this relation and the Wiener–Khintchene theorem

to calculate ��2
	 


, we obtain

��ðt, 
Þ2
	 


¼ ½d�ðtþ 
Þ � d�ðtÞ�2
	 


¼ 2 ½d�ðtÞ�2
	 


� 2 d�ðtþ 
Þ d�ðtÞ
	 


¼ 
2
Z

S!ðOÞ
sinðO
=2Þ
O
=2

� 
2
dO
2p

ð6:129Þ

The frequency noise power spectrum S!(O) included in the above

integration is given approximately by Eq. (6.112). The phase fluctuations

due to the spontaneous emission and the index fluctuation are included in

S!(O). Since the [ ]2 factor in the above expression is small for large O, the
integration is dominated by the value of S!(O) in the low-O region.

Approximating S!(O) by S!(0) for simplicity, we obtain

��ðt, 
Þ2
	 


� 
2S!ð0Þ
Z

sinðO
=2Þ
O
ð2Þ

� 
2
dO
2p

¼ j
jS!ð0Þ ð6:130Þ

Substituting Eq. (6.130) into Eq. (6.128) and then into Eq. (6.127), and

calculating the power spectrum SE (!) of the optical wave, we obtain

SEð!Þ ¼
S!ð0ÞE2=4

ð!� !0Þ2 þ ½S!ð0Þ=2�2
þ S!ð0ÞE2=4

ð!þ !0Þ2 þ ½S!ð0Þ=2�2
ð6:131Þ

This approximate expression shows that the optical spectrum is a Lorentzian

distribution with peaks at the mode frequency �!0. A more accurate

expression can be obtained, through calculation of h��2i by substitution

of the frequency noise spectrum S!(O) associated with the relaxation

oscillation peaks, given by Eq. (6.112), into Eq. (6.129), and numerical

integration of Eq. (6.127) using the result of h��2i and Eq. (6.128).
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The result is a spectrum with a nearly Lorentzian main peak at the frequency

!0, (Fig. 6.25) as given by the approximate expression in Eq. (6.131), asso-

ciated with subpeaks at frequencies !0�OR. The subpeaks result from the

resonant enhancement in the frequency noise by the relaxation oscillation,

but the intensity is low. Therefore, for evaluation of the full width at half-

maximum of the main peak, we can use Eq. (6.131) to obtain [18, 28]

d! ¼ S!ð0Þ ¼
CsN

2
sS
ð1þ �2

cÞ ð6:132Þ

From Eq. (A5.7), the spontaneous emission coupling term can be written as

Cs/N
s¼Rsp(!m)/Va¼ nspGG/Va using the population inversion factor nsp.

Using this relation and GG� 1/
hp for an oscillating laser, Eq. (6.132) can be

rewritten as

d! ¼ nsp

2
phVaS
1þ �2

c

� �
ð6:133Þ

The above two expressions for d! give a value 1þ �2
c times the value of the

modified Schawlow–Townes linewidth. This implies that, for semiconductor

lasers, the linewidth is increased by a value representing the spontaneous

emission fluctuation effect, multiplied by �2
c representing the enhancement

due to the index fluctuation. Therefore, �c is often referred to as the

linewidth enhancement factor. This factor is also denoted by � and is called
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Figure 6.25 Calculated example of the frequency spectrum and the spectrum

linewidth of the output light from a single-mode semiconductor laser.
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the alpha parameter. Since �c is usually larger than unity, the index
fluctuation dominates the linewidth. The linewidth d! narrows in inverse
proportion to S, i.e., in inverse proportion to the output power. For many
semiconductor lasers, a typical value of d! at the maximum output is several
tens of megahertz. The photon lifetime 
ph can be increased by reducing the
internal loss �int, increasing the resonator length L, and enhancing the
reflectivities Rf and Rb. Using quantum well structures, �c smaller than that
for DH structures can be obtained [8]. By increasing the threshold carrier
density, nsp and �c can be reduced. By these methods, quantum well lasers of
submegahertz linewidth have been implemented.

6.7 ULTRASHORT OPTICAL PULSE GENERATION

The temporal waveform and frequency spectrum of an optical pulse are
correlated to each other by a Fourier transform. Therefore, the generation
of short pulses requires a large spectrum width that is inversely proportional
to the pulse width. Generation of ultrashort pulses is possible with
semiconductor lasers, in principle, since they have a wide gain bandwidth.
Optical pulses of picosecond width can be generated with relatively simple
methods, and they offer many applications in ultrafast optical data
transmissions, signal processing, and measurements. This section outlines
the various methods for ultrashort pulse generation.

6.7.1 Self-Pulsation Oscillation

The relaxation oscillation discussed in Section 6.4.2 is a transient oscillation
at a frequency OR given by Eq. (6.53) decaying with the damping factor GR

given by Eq. (6.52). Usually the gain saturation coefficient GS in Eq. (6.52) is
negative and therefore GR is positive. However, if GS is positive, GR can be
negative. Then, even under constant-current driving, the relaxation
oscillation does not attenuate but the amplitude increases with time. An
increase in the stimulated emission is associated with a decrease in the
carrier density, and the laser oscillation stops when the gain is reduced to
below the threshold. Repetition of this sequence results in self-oscillation at
frequencies of the order of several hundred megahertz, and optical pulses
are periodically generated. This phenomenon is referred to as self-pulsation
[29]. Many gain-guiding lasers oscillate in such a self-pulsation mode.
In these lasers, nonuniformity in the current injection and the surface
recombination of carriers in the vicinity of the facets give rise to formation
of absorption regions in some parts within the resonator length, and the
absorption tends to saturate with increase in the optical intensity. The
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mechanism of the self-pulsation may be attributed to such saturable
absorption, which makes the effective GS averaged over the resonator length
negative. Index-guiding lasers, which oscillate in a similar self-pulsation
mode, can also be implemented by inserting in the resonator a section
without current injection, and/or designing the structure for weak index
guiding, to incorporate intentionally a saturable absorption characteristic.
Since with the saturable absorption the quality factor Q of the resonator is
enhanced with increase in the optical intensity, the self-pulsation can be
considered a kind of passive Q switching. Since the repetition period of the
self-pulsation cannot be controlled externally, and the pulse width cannot be
ultrashort, self-pulsation lasers are not very useful as a short optical pulse
source. However, self-pulsation lasers are used in applications such as
optical disk systems, as an effective method to avoid mode hopping and
feedback-induced noises.

6.7.2 Gain Switching

As discussed in Section 6.4.5, when a semiconductor laser is driven with a step
current of large step height, relaxation oscillation of large amplitude occurs at
the start of the laser oscillation. If the current is kept constant, the relaxation
oscillation attenuates, and the laser operation approaches steady-state
oscillation. If the current injection is terminated at the instant when the
first period of the relaxation oscillation is completed, a single short optical
pulse having a width determined by the relaxation oscillation frequency is
generated. Repeating such driving, periodic optical pulses can be generated.
This technique, utilizing the rise and extinction of the laser oscillation
through rapid changes in the gain by pulse driving, is referred to as gain
switching. Advantages of the technique include the generation of ultrafast
optical pulses using simple driving electronics, and the possibility of
controlling the pulse width and the repetition rate by the driving current
waveform. As the driving current, not only positive pulses, but also a large-
amplitude sinusoidal wave superimposed on a negative bias current-can be
used. In order to avoid the destruction of the laser diode, the backward
voltagemust be shunted by connecting a Shottky-barrier diode having a high-
speed switching characteristic with inverse polarity in parallel with the
laser diode.

Generation of ultrafast optical pulses by gain switching requires careful
optimization of the driving current waveform so as to maintain the large gain
only within one period of the relaxation oscillation. Under the optimum
condition, the pulse width is dominated by the relaxation frequency. It should
be noted that, even with a driving current pulse with widths of several
hundred picoseconds, optical pulses of much shorter width, several tens of
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picoseconds, can be generated [30]. Using a quantum well laser with a
differential gain larger than that for a bulk DH laser, the relaxation
oscillation frequency can be enhanced, and shorter pulse widths can be
achieved [31]. In quantum well DFB lasers, the differential gain and the
relaxation frequency can be enhanced, and the pulse width can be shortened,
by appropriate detuning of the Bragg wavelength towards a wavelength
shorter than the gain peak wavelength. Through these optimization
and improvements, pulse widths shorter than 10 ps were obtained. In gain-
switching operation of FP lasers, the laser oscillates in multiple longitudinal
modes, the spectrum bandwidth is remarkably broadened, and therefore the
coherence degrades. In DFB and DBR lasers that maintain single-mode
oscillation, the spectrum bandwidth is not greatly broadened. However, the
frequency of the output pulse is chirped in the pulse duration, owing to the
fast variation in the carrier density and the carrier-induced refractive index
change. This chirping can be utilized for compressing the pulse width. The
chirped pulses are transmitted through an element such as an optical fiber
having an appropriately designed group delay dispersion, to realize the
coincidence of the time of arrival for the leading and trailing edges of
the pulse. For example, nearly Fourier-transform-limited ultrashort pulses of
widths shorter than 3 ps have been generated by compressing gain-switching
optical pulses of 10–20 ps widths [32].

6.7.3 Mode Locking

In ordinary multiple-longitudinal-mode oscillation of a FP semiconductor
laser, the longitudinal modes have of frequencies nearly equal separations,
but the mutual phases between modes are associated with random
fluctuations. Accordingly, the frequency of the intensity variation resulting
from the interference between modes (beat frequency) is associated with
broadening and fluctuation. Therefore, the total output power fluctuates
randomly like a noise in the frequency range of the same order of magnitude
as the beat frequency, although the power averaged over a longer time is
constant. However, if the mode separations are equalized and the relative
phases of the modes are kept constant, as a result of coherent interference
between modes, periodic optical pulses of a short pulse width are generated.
This method of optical pulse generation is called mode locking. As a simple
model for ideal mode locking, we consider an optical wave consisting
of longitudinal modes arranged within a Gaussian envelope, as shown in
Fig. 6.26. It is assumed that each mode has an infinitesimal linewidth, and
all modes have a same phase at t¼ 0. Let �! be the frequency separation
between adjacent modes, and 2�!e be the width of the envelope. Then the
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frequency spectrum of the optical field can be written as

Fð!Þ ¼
X

m

exp � m�!

�!e

� �2
" #

dð!� !0 �m�!Þ ð6:134Þ

The optical field amplitude, given by the Fourier transform of the above

expression, is calculated as

EðtÞ ¼ 1

2p1=2
�!e

�!

X

n

exp � �!e

2

� �2

ðt� nTÞ2
" #

expði!0tÞ ð6:135Þ

T ¼ 2p
�!

¼ 2LNg

c

which represents periodic pulses with a 1/e2 full width of 4/�!e and a period

T corresponding to the round-trip time for an optical wave in the resonator

[33]. Since the broad gain bandwidth of semiconductor lasers allows a large

value of 2�!e, it is possible, in principle, to generate ultrashort pulses with a

subpicosecond width.
Actual mode locking is classified into active mode locking and passive

mode locking. Active mode locking of a semiconductor laser is accom-

plished by superimposing a RF wave of frequency O equal to the

longitudinal mode separation �! on a constant driving current. Each

mode is intensity modulated at a frequency O, and therefore, from a mode

of frequency !, optical wave components of frequency !�O are induced.
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Figure 6.26 Frequency spectrum and temporal optical intensity waveform of

mode-locked laser light.
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If O is equal or very close to �!, the side-mode frequencies coincide
(approximately) with the adjacent mode frequencies. As a result of coupling
between adjacent modes, the laser operation is pulled into oscillation of
equidistant modes with constant phase relation. Mode locking is thus
accomplished. However, since ordinary FP lasers have a resonator length L
of 1mm or shorter, the longitudinal mode separation �!/2p¼ c/2NeL is
around 100GHz. There is no practical RF source of such high frequency
available. To solve the problem, an extended cavity laser with an effective
resonator length L around 10 cm is constructed by combining a FP laser
with one of the facets antireflection (AR) coated and an external mirror
or grating. Then, the mode separation is as low as 1GHz or so, and
appropriate RF sources are available. An example of such a configuration is
shown in Fig. 6.27. There exist many longitudinal modes within the gain
bandwidth, and they are arranged with a wavelength separation. The
separation, however, is not exactly a single value, since the group index of
the laser waveguide is wavelength dependent. If a large number of modes are
to be mode locked, only some of them are locked well, and the oscillations in
other modes give rise to deterioration in the pulse shape. It is therefore
necessary to limit the number of oscillation modes by using a grating or an
etalon to reduce the feedback bandwidth and to optimize the driving
condition. Under such optimization, ultrashort optical pulses of width from
a few picoseconds to a few tens of picoseconds can be generated [34].

Passive mode locking is accomplished by inserting a saturable
absorber in the laser resonator. Even if mode locking is not accomplished,
the optical intensity distributed in the resonator is not uniform. In the
saturable absorber, the optical wave is less attenuated and is amplified more
in places where the intensity is high. Therefore the circulating optical wave is
amplified more in positions where the intensity is higher, and the wave

RF oscillator

Bias current source

Lens
Semiconductor laser

Grating
Antireflection coating

Facet mirror
Mode-locked pulse
output light

Figure 6.27 Example of the construction of a mode-locked semiconductor laser.
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approaches the mode-locked pulses described by Eq. (6.125) [33]. A large

saturation and a fast response are required for the saturable absorber for

effective mode locking. Multiple quantum well (MQW) structures bom-

barded with protons to improve the temporal response are often used as a

saturable absorber. Mode-locked semiconductor lasers were implemented

by inserting a MQW saturable absorber in an extended cavity, or by

monolithic integration of a laser and a saturable absorber. Ultrafast optical

pulses of subpicosecond widths to widths of a few picoseconds have been

generated by passive mode locking or by hybrid (active and passive) mode

locking [35].
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7
Distributed Feedback Lasers

This chapter presents distributed feedback (DFB) and distributed Bragg
reflector (DBR) lasers, which maintain stable single-mode oscillation even
under high-speed modulation. They are suitable for monolithic integration
and accomplishing advanced functions and performances. After the con-
cepts of the dynamic single-mode lasers are outlined, the fundamental
theory based on coupled-mode equations is explained. Then, characteristics
of DBR and DFB lasers are discussed in some detail.

7.1 DYNAMIC SINGLE-MODE LASERS

In many applications, such as optical communications and measurements,
semiconductor lasers that maintain stable and pure single-mode oscillation
even under high-speed modulation are required. Fabry–Perot (FP) lasers
cannot satisfy this requirement. Therefore, various types of dynamic single-
mode semiconductor laser have been developed.

Dynamic single-mode oscillation can be achieved by giving the
oscillation threshold gain a sharp mode selectivity to prevent oscillation
of modes except for a single mode. One of the simplest methods is to combine
a FP laser with an external mirror, thereby constructing of a composite
resonator consisting of the two facet mirrors and the third external mirror,
as shown in Fig. 7.1(a). One of the laser waveguide FP modes that coincides
with one of the resonance frequencies for the facet and the external mirror
oscillates [1]. Figure 7.1(b) shows a coupled-cleaved-cavity (C3) laser [2]. A
composite resonator is constructed by coaxial alignment of two FP lasers of
different waveguide lengths with an appropriate gap. Single-longitudinal-
mode operation is achieved by adjusting the injection currents for both
sections to obtain coincidence of the resonance modes for the two FP
resonators. The external grating resonator laser, shown in Fig. 7.1(c), uses a
semiconductor laser with one of the facet mirrors antireflection (AR) coated
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to suppress the FP mode, and an external grating with Littrow configura-

tion for wavelength-selective feedback. The longitudinal modes are defined

by the round-trip phase shift, and the laser oscillates with a mode that is fed

back most efficiently. The wavelength of the strongest feedback can be

tuned by changing the grating angle, and the longitudinal mode wavelengths

shift with the change in the distance of the grating from the laser. Therefore,

a semiconductor laser capable of continuous tuning of the oscillation

wavelength can be implemented by using a mechanism for changing the

angle and the shift of the grating with appropriate correlation.
If a grating having sharp wavelength selectivity is integrated as a

feedback element in a semiconductor laser waveguide, dynamic single-mode

lasers can be implemented without spoiling the compactness of semicon-

ductor lasers [3–5]. This type of semiconductor laser is classified as a

distributed feedback (DFB) laser using a grating within the active section

(carrier injection section), and a distributed Bragg reflector (DBR) laser

using a grating outside the active section. Figure 7.2 illustrates the DFB and

DBR laser structures. Although the fabrication of these lasers requires

advanced techniques, they can offer excellent performances including

dynamic single-mode oscillation. The DFB and DBR configurations are

(a)

(b)

(c)

Figure 7.1 Constructions of dynamic single-mode lasers: (a) external mirror com-

posite reasonator laser; (b) coupled cleaved cavity (C3) laser; (c) external grating

composite reasonator laser.
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suitable for implementing advanced devices such as wavelength-tunable
lasers. They do not require facet mirrors, and this unique feature facilitates
monolithic integration of lasers and other optical elements, such as
photodetectors and passive elements, in a semiconductor waveguide. With
these advantages, DFB and DBR lasers are the most important components
for implementation of various photonic integrated circuits.

7.2 COUPLED-MODE EQUATIONS

7.2.1 Wave Vector Diagram and Bragg Condition

Figure 7.3(a) shows schematically the cross section of a typical waveguide
grating structure used in DFB and DBR lasers. As a generalized structure,
consider a periodic structure, where the optical constants, such as the
refractive index, of the medium are spatially modulated with a period L [6].
The grating structure is represented by a grating vector K (jKj ¼K¼ 2p/L)
having a magnitude of 2p/L and an orientation along the direction of the
period. When an optical wave represented by a wave vector b propagates in

Injection area Injection area
Channel
waveguide
structure

Grating

GratingActive layer

Active layer

(a) (b)

Channel
waveguide
structure

Figure 7.2 Schematic illustrations of (a) DFB and (b) DBR lasers.

Guiding layer Grating

z
(a) (b)

_

Backward wave Forward wave

K

Grating vector

Figure 7.3 Waveguide with a grating: (a) cross-sectional structure; (b) wave vector

diagram.
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this structure, spatial harmonic waves represented by wave vectors b�qK
(q¼ 1, 2, . . .) are induced. If b�qK equals a wave vector of an optical wave
that can propagate in the medium, the incident wave couples with this wave.
This is the Bragg diffeaction of the qth order. When

b� qK ¼ �b ðq ¼ 1, 2, . . .Þ ð7:1Þ
holds, in particular, the incident wave of b couples with a backward wave
of �b. This is the Bragg reflection. For guided waves in a waveguide, the
Bragg condition is given by jbj ¼ 	 ¼ 2pNe/l, where l is the wavelength and
Ne the effective index of refraction. The wave vector diagram for b and K is
shown in Fig. 7.3(b), and the Bragg condition given by Eq. (7.1) can be
written as

	 ¼ qK

2
ð7:2Þ

The above relation, called the phase-matching condition, indicates that only
an optical wave with a wavelength that satisfies l¼ 2LNe/q is effectively
reflected. Effective reflection for a wave at wavelength l can be attained
by using a grating with a period L¼ ql/2Ne. Although the best performances
are obtained with a grating of fundamental order (first order). Second- and
third-order gratings are also used because of easier fabrication.

7.2.2 Mathematical Expression for Gratings

Consider a canonical waveguide lossless and uniform in the direction of
wave propagation (z direction). The structure is represented by a
distribution of relative dielectric constant "(x, y). The amplification gain
and the index change induced by the carrier injection and the scattering loss
are represented by a distribution of complex dielectric constant d"(x, y).
Let �"(x, y, z) be the perturbation in the distribution of (complex) dielectric
constants representing a grating structure formed in the waveguide. Then the
waveguide grating structure shown in Fig. 7.3(a) is expressed by "(x, y)þ
d"(x, y)þ�"(x, y, z). Since the grating is a structure that is periodic in the
z direction, �"(x, y, z) can be written as a Fourier expansion:

�"ðx, y, zÞ ¼
X

q

�"qðx, yÞ expðiqKzÞ ð7:3Þ

where �"q(x, y) is the Fourier amplitude of the qth order. If the grating is in
the form of refractive index modulation, �"(x, y, z) is real and, therefore,
we have �"�q(x, y)¼�"q(x, y)

*. If the grating is symmetrical with respect
to the sign inversion of the z axis, �"(x, y, �z)¼�"(x, y, z), the relation
�"�q(x, y)¼�"q(x, y) holds and, therefore, �"q(x, y) and �"�q(x, y) are
real. A grating that results when the above grating is shifted by s in the z
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direction is expressed by �"(x, y, z� s)¼Pq�"q(x, y) exp(�iqKs) exp(iqKz).

If�"(x, y, z) is complex, we put�"¼ j�"jexp(i�). Then, by using the�"q(x, y)
value for the symmetrical index-modulated grating, the general grating can

be expressed as

�"ðx, y, zÞ ¼
X

q

expði� � iqKsÞ �"qðx, yÞ expðiqKzÞ ð7:4Þ

�"qðx, yÞ ¼ �"qðx, yÞ� ¼�"�qðx, yÞ ¼ �"�qðx, yÞ�

7.2.3 Coupled-Mode Equations [6,7]

Let E and H be the optical electromagnetic fields in the waveguide with a

grating, and E0 and H0 be the fields in the canonical waveguide. Then, from

the Maxwell equations

�� E ¼ i!�0H , ��H ¼ �i!"0ð"þ �"þ�"ÞE ð7:5Þ
�� E0 ¼ i!�0H

0, ��H0 ¼ �i!"0"E
0 ð7:6Þ

with the use of a vector formula, in the same manner as the derivation of

Eq. (5.89), we obtain

�½E �H0� þ E0� �H � ¼ i!"0E
0�ð�"þ�"ÞE ð7:7Þ

Integration of both sides of the above equation in a region having an

infinitely large area perpendicular to the waveguide z axis and an infinitesimal

thickness yields

@

@z

ZZ
½E �H0� þ E0� �H �z dxdy

¼ i!"0

ZZ
E0�ð�"þ�"ÞE dx dy ð7:8Þ

We here identify E 0 and H 0 as a guided mode in the canonical waveguide

and put

E0 ¼ Emðx, yÞ expðþi	mzÞ, H0 ¼ Hmðx, yÞ expðþi	mzÞ ð7:9Þ
The field E(x, y, z) in the waveguide with a grating can be expanded with the

canonical waveguide modes Em(x, y) as

Eðx, y, zÞ ¼
X

m

AmðzÞEmðx, yÞ expðþi ~		mzÞ ð7:10Þ

where ~		m ¼ 	m þ �	m is a complex propagation constant, and the

perturbation term d	 representing the effects of the perturbation d" is
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given by Eq. (5.92). Substituting Eqs (7.9) and (7.10) into Eq. (7.8), and
using the orthonormal relation of the modes given by Eq. (5.29), we obtain

� d

dz
AmðzÞ ¼ i

X

n

�mnðzÞAnðzÞ ð7:11Þ

�mnðzÞ ¼
!"0
4

ZZ
E�

mE�"En dxdy exp½ið ~		n � ~		mÞz� ð7:12Þ

Since we used d	 determined by Eq. (5.92), the d" term has been canceled
out. On the left-hand side of Eq. (7.11), the plus sign is taken for modes m
propagating towards the þz direction, and the minus sign is taken for modes
m propagating towards the �z direction. Equation (7.11) represents a group
of equations that describe generally the variation in the mode amplitudes Am

under propagation along the z direction in the waveguide. They are called
coupled-mode equations.

Consider next a case where the qth order Bragg condition 2	¼ qK is
satisfied at least approximately. A single-lateral-mode waveguide is assumed.
Then Eq. (7.10) reduces to a sum of the forward and backward waves of
fundamental mode:

Eðx, y, zÞ ¼ Eðx, yÞEðzÞ ð7:13aÞ

EðzÞ ¼ Af ðzÞ expðþi ~		zÞ þ AbðzÞ expð�i ~		zÞ ð7:13bÞ
The complex propagation constant ~		 can be written as

~		 ¼ i�

2
þ 	 ¼ � ig

2
þ 	 ð7:14Þ

where � is themode attenuation constant and g is themode gain. The function
�(z), calculated by substituting Eq. (7.3) into Eq. (7.12), includes components
that oscillates rapidly with respect to z. The oscillation components, however,
do not contribute substantially to the optical coupling. Therefore, omitting
the oscillation components, we obtain coupled-mode equations describing
the interaction between the forward and backward waves:

þ d

dz
Af ðzÞ ¼ i�fbAbðzÞ expð�i2 ~DDzÞ ð7:15aÞ

� d

dz
AbðzÞ ¼ i�bfAf ðzÞ expðþi ~DDzÞ ð7:15bÞ

where 2 ~DD is a complex parameter defined by

2 ~DD ¼ 2 ~		� qK ¼ i�þ 2D, 2D ¼ 2	� qK ð7:16Þ
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and the real part 2D represents the deviation from the Bragg condition.
The quantities �fb and �bf are coupling coefficients defined by

�fb ¼ � expði� � iqKsÞ, �bf ¼ � expði� þ iqKsÞ ð7:17Þ
� ¼ �q

¼ !"0
4

ZZ
�"qðx, yÞ jEðx, yÞj2dx dy ð7:18aÞ

¼ k2

2	

RR
�"qðx, yÞ jEðx, yÞj2 dxdyRR

jEðx, yÞj2 dx dy ð7:18bÞ

where � is a real constant. Although Eq. (7.18a) applies for the mode field
E(x, y) normalized so as to satisfy Eq. (5.29), Eq. (7.18b) can be used for an
unnormalized field.

7.2.4 Solution of Coupled-Mode Equations and
Normal Modes

To solve the coupled-mode equations in Eqs (7.15), we assume a solution in
the form

Af ðzÞ ¼ F expð�i ~DDzÞ expði
zÞ ð7:19aÞ
AbðzÞ ¼ B expðþi ~DDzÞ expði
zÞ ð7:19bÞ

and substitute them into Eqs (7.15). Then, we obtain a characteristic equation
to determine 
:

ð
 � ~DDÞF � �fbB ¼ 0 ð7:20aÞ
�bfF þ ð
 þ ~DDÞB ¼ 0 ð7:20bÞ

For Eq. (7.20) to have solutions other than the trivial solution F¼B¼ 0,
the determinant of the coefficient matrix must vanish. We therefore obtain

2 ¼ ~DD2 � �fb�bf . We put


 � � ~DD2 � �fb�bf

� �1=2
¼ � ~DD2 � expð2i�Þ�2

� �1=2
ð7:21Þ

where, on the right-hand side, the sign is selected so as to have the same sign
for Im{
} and Imf ~DDg ¼ �=2. Putting


þ � 
 � ~DD
�fb

¼ � �bf


 þ ~DD
ð7:22aÞ


� � 
 � ~DD
�bf

¼ � �fb


 þ ~DD
ð7:22bÞ
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the general solution of the coupled-mode equations in Eqs (7.15) can be
written as

Af ðzÞ ¼ F expð�i ~DDzÞ expðþi
zÞ þ r�B expð�i ~DDzÞ expð�i
zÞ
AbðzÞ ¼ rþF expðþi ~DDzÞ expðþi
zÞ þ B expðþi ~DDzÞ expð�i
zÞ

ð7:23Þ

Substituting Eq. (7.23) into Eq. (7.13b), we see that the z dependence of the
optical field amplitude can be written as

EðzÞ ¼ F expðþi
zÞ exp þ iqKz

2

� �
þ rþ exp � iqKz

2

� �� 


þ B expð�i
zÞ r� exp þ iqKz

2

� �
þ exp � iqKz

2

� �� 

ð7:24Þ

The first and second lines of the above equation express modes of an optical
wave that can exist independently in the waveguide with a grating and are
called normal modes [5,6]. As this expression shows, a normal mode is a
combination of the forward wave and the backward wave. Without the
grating, �¼ 0 and rþ¼ r�¼ 0, and the normal modes reduce to a forward
wave and a backward wave.

To consider the characteristics of normal modes, we assume a case
where there is no gain nor loss (�¼ 0). Then the normal mode propagation
constant 	nm is given by �qK/2� 
¼� qK/2� (D2� exp(2i�)�2)1/2, where
D¼ 	� qK/2. Figure 7.4 illustrates the relation between the normal mode
propagation constant 	nm and the wave number k (¼2p/l¼!/c). This is called
the Brillouin diagram. In the frequency region far away from the Bragg
condition where jDj is large, the normal mode propagation constant is close to
the propagation constants of the forward- and backward-propagating spatial
harmonics�	 or�	� qK. In the vicinity of the Bragg condition, however, the
normal modes exhibit a dispersion different from that of single forward or
backward wave. For a refractive index grating (�¼ 0), the normal mode
propagation constant takes a complex value in the region of jDj<j�j, as shown
in Fig. 7.4(a). This implies that the optical wave undergos Bragg reflection and
cannot propagate for a long distance. This frequency range is referred to as a
stop band. For a grating in the form of periodic modulation in loss or gain
(�¼� p/2), on the other hand, the normal mode propagation constant for
�� 0 is approximately �	� �, implying that the forward wave couples with
the backward wave without the appearance of a stop band.

7.2.5 Coupling Coefficient and Radiation Decay Factor

The coupling coefficient �, which is an important parameter for analysis of a
waveguide with a grating, is given by Eq. (7.18). The value can be calculated
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through integration by substituting in this expression the Fourier amplitude

�!q(x, y) of the grating and the lateral mode function E(x, y) [6,8]. The

magnitude depends upon the optical constants and structure parameters

describing the waveguide and the grating. The grating is usually formed by

periodic etching of the cladding layer, or a boundary of the separate-

confinement heterostructure (SCH). As a typical example, a grating of

periodic rectangular cross section is shown in Fig. 7.5. The Fourier

amplitude describing this structure is

D"qðxÞ ¼
1

L

Z
�"ðx, yÞ expð�iqKzÞ dz

¼ n22 � n21
� � sinðqapÞ

qp
ð7:25Þ

in the grating layer, and it is zero outside the grating layer. Here, n1 and n2
are the refractive indexes of the media above and below the corrugated

boundary, respectively, and a denotes the ratio of the width of the grating

tooth to the grating period L. Exact calculation of the coupling coefficient �
can be made by using the lateral mode expression. However, since the

grating groove depth dg of gratings used in semiconductor lasers is much

smaller than the lateral expanse of the lateral mode, from Eq. (7.18), � can

nm = qK _ Nek

nm = Nek

nm = qK _ Nek

nm = Nek

nm

Re { nm}

Im { nm}
(qK/2 + )/Ne

qK/2Ne

qK/2

qK/2Ne
(qK/2 _ )/Ne

qK/2 _ qK/2 + 

0
0

qK/2
Normalizes propagation constant nm

(a)

Normalizes propagation constant nm

(b)

0
0

k 
= 

/c

k 
= 

/c

Figure 7.4 Brillouin diagram describing the dispersion characteristic of waveguide

gratings (the region where 	nm< 0 is given by the mirror image with respect to the

ordinate): (a) index grating; (b) gain grating.
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be written approximately as

�q ¼
k2

2	
n22 � n21
� �

Gg
sinðqapÞ

qp
ð7:26Þ

where Gg is the ratio of the optical power propagating in the grating layer to

the total power in the waveguide. Calculation of Gg can be made in a similar

manner to the calculation of the confinement factor in the active region, and

Gg is proportional approximately to dg. The above expression shows that � is
also proportional to the difference in the squared refractive index. For the

fundamental order, �1 is a maximum at a ¼ 1
2
. Note that, for a symmetrical

grating with a ¼ 1
2
, the �q values for even q are zero. The second-order

coupling coefficient �2 or third-order coupling coefficient, �3 utilized in the

second-order or third-order grating, respectively, is maximized at a ¼ 1
4

and 3
4
, or at a ¼ 1

2
, respectively. The magnitude of �2 or �3 is smaller than the

value obtained by a grating of fundamental order.
In a structure with a grating of second or higher order, in addition to

the coupling between the forward and the backward waves, coupling

between the guided mode and radiation modes takes place owing to the

lower-order Fourier component �"q. In a second-order grating, for

example, optical waves propagating along directions perpendicular to the

waveguide axis are induced. The coupling to radiation modes gives rise to

attenuation of the guided mode power in the form of exp(�arz) or

exp(þ�rz). The radiation decay factor �r is given by �r¼ pjkrj2, where the

coupling coefficient kr is calculated by Eq. (7.18a) with jE(x, y)j2 replaced by

the product E�
r ðx; yÞ EEðx; yÞ of the radiation mode Er(x, y) and the guided

mode E(x, y). Other methods for calculation of the radiation decay factor �r
include series expansion based on the Floquet–Bloch theorem, and use of

equivalent electric circuits [6]. The radiation decay factor is approximately

proportional to j�"qj2 with the order q of the radiation coupling, and the

square d2
g of the grating groove depth. The effect of the radiation decay

x
n1

n2 a
dg

z

Grating layer

Active layer

Figure 7.5 Cross section of a waveguide grating structure.
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factor �r on the laser oscillation is similar to that of the internal loss �int of
the waveguide; both of these give rise to an increase in the oscillation
threshold and reduction in the efficiency. In the analysis, the radiation loss
effect can be taken into account by simply including �r in �int.

7.3 DISTRIBUTED FEEDBACK LASERS

7.3.1 Oscillation Condition of Distributed Feedback Lasers

The propagation of optical waves in a DFB laser is expressed by Eq. (7.24),
which can be rewritten in a form of the sum of the forward- and backward-
propagating components as

EðzÞ ¼ exp þ iqKz

2

� �
½F expðþi
zÞ þ r�B expð�i
zÞ�

þ exp � iqKz

2

� �
½rþF expðþi
zÞ þ B expð�i
zÞ� ð7:27Þ

Consider a waveguide with a grating that is terminated with facet mirrors
of reflectivities Rf and Rb at positions z¼L (>0) and z¼ 0, respectively.
Then from the boundary conditions

R1=2
f exp þiqKL

2

� �
½F expðþi
LÞ þ r�B expð�i
LÞ�

¼ exp � iqKL

2

� �
½rþF expðþi
LÞ þ B expð�i
LÞ� ð7:28aÞ

R1=2
b ðrþF þBÞ ¼ ðF þ r�BÞ ð7:28bÞ

we obtain

ðrþ � rf Þ expðþ2i
LÞF þ ð1� rfr�ÞB ¼ 0 ð7:29aÞ
ð1� rbrþÞF þ ðr� � rbÞB ¼ 0 ð7:29bÞ

with

rf ¼ R1=2
f expðþiqKLÞ, rb ¼ R1=2

b

The oscillation condition for the DFB laser is that the above equations have
a solution other than the trivial solution F¼B¼ 0. From the determinant of
the coefficient matrix, we obtain the oscillation condition

ðrþ � rf Þðr� � rbÞ
ð1� rbrþÞð1� rfr�Þ

expði2
LÞ ¼ 1 ð7:30Þ
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For the case where there is no grating present (�¼ 0), the above equation

coincides with the oscillation condition of FP lasers. For cases where the

facet reflectivities are zero, rf¼ rb¼ 0, the oscillation condition reduces to

the simple form

rþr� expði2
LÞ ¼ 1 ð7:31Þ

This equation is in a form similar to the oscillation condition of FP lasers

and show that a DFB laser is represented by the effective reflectivities rþ and

r� and the effective gain i
. It should be noted, however, that, unlike FP

lasers, rþ and r� depend not only on the coupling coefficient � but also on

the deviation D from the Bragg condition and the gain 
, and the effective

gain i
 depends not only on g but also on � and D. Increasing the gain by

injecting carriers into a DFB laser, oscillation starts when Eq. (7.30) or

(7.31) is satisfied. In the following, the oscillation wavelength and the

threshold gain are discussed for various kinds of DFB laser.

7.3.2 Index-Coupled Distributed Feedback Lasers

The relief-type grating shown in Fig. 7.5 is in the form of periodic

modulation in the refractive index and is expressed by Eq. (7.4) with �¼ 0

substituted. Consider the oscillation condition for the case where the facets

are free from reflection. At the wavelength that satisfies the Bragg condition

D¼ 0, ~DD ¼ �ig=2, 
¼�i(g2/4þ �2)1/2 and therefore both ~DD and 
 are pure

imaginary. Although exp(i2
L) in Eq. (7.31) can be increased by increasing

g, Eq. (7.31) cannot be satisfied since 
þ
� ¼ ð
 � ~DDÞ2=�2 < 0. This implies

that oscillation does not take place at the Bragg wavelength, since the

phase condition cannot be satisfied. To clarify the oscillation wavelength

and threshold, we next simplify Eq. (7.31). From Eq. (7.22), 
þ
� ¼
ð
 � ~DDÞ2=�2 ¼ �2=ð
 þ ~DDÞ2, and Eq. (7.31) is rewritten as ½ð
 � ~DDÞ=���
expðþi
LÞ ¼ �1 or �½�=ð
 þ ~DDÞ� expðþi
LÞ ¼ �1. Eliminating ~DD from this

expression, the oscillation condition can be rewritten as

�L sinhði
LÞ ¼ �
L, 
 ¼ �i
g

2
þ iD

� �2
þ�2

� 
1=2
ð7:32Þ

The above equation shows that the oscillation condition is satisfied at

wavelengths corresponding to positive and negative values with the same

absolute value of D. The solution of the above equations cannot be obtained

analytically. In the limiting case when �! 0, however, the above equation

can be rewritten approximately as (�L)2 exp(gLþ i2DL)¼�(gLþ i2DL)2
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and can then be decomposed into the amplitude and phase conditions

ð�LÞ2 expðgLÞ ¼ ðgLÞ2 þ ð2DLÞ2 ð7:33aÞ

DL ¼ m� 1

2

� �
pþ tan�1 2DL

gL

� �
ð7:33bÞ

where m¼ 1, 2, . . . is the order of the DFB modes. Omitting the tan�1 term
in Eq. (7.33b), from DL¼ p we see that the DFB mode separation is given
approximately by �!¼ vgp/L, which is approximately the same as the
longitudinal mode separation of FP lasers. Equation (7.33a) shows that the
threshold gain depends upon the mode and is higher for a higher mode.
The oscillation wavelength and threshold gain satisfying Eq. (7.32) can be
calculated by iterative calculation with the result for weak coupling as the
first approximation. The calculated dependences of the normalized
deviation DL of the oscillation wavelength from the Bragg wavelength
and the normalized threshold gain gL on the normalized coupling
coefficient �L are shown in Fig. 7.6.

The result in Fig. 7.6 is consistent with the result obtained under the
weak-coupling approximation. It shows that the threshold gain for a mode
decreases with increasing �L, and that the deviation DL increases with
increasing �L. Because of the significant mode dependence of the threshold
gain, actual oscillation takes place with the fundamental mode m¼ 1.
However, as pointed out above, the oscillation condition is satisfied
simultaneously at wavelengths corresponding to positive and negative
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Figure 7.6 Oscillation threshold gain and oscillation wavelength detuning of an

index-coupled DFB laser.
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values of D, and therefore the two modes oscillate simultaneously. In fact,
such two-mode oscillation is experimentally observed. The above result was
obtained under the assumption of reflectionless facets. For realistic lasers,
the facet reflection cannot be neglected, unless the facets are antireflection
coated. By reducing the reflectivity for the forward facet and enhancing it
for the back facet, the output power can be enhanced, and single-mode
oscillation may be achieved. For this case, the exact oscillation condition is
given by Eq. (7.30) and is affected by the reflection phase determined by the
position(s) of the facet(s) relative to the grating phase [9]. Since the facet is
formed by cleaving, it is almost impossible to control precisely the facet
position for the optimization of reflection phase that requires submicron
accuracy. Accordingly, some fabricated lasers oscillate in two modes, and
some of them oscillate in a single mode. There are significant sample-to-
sample variation in the oscillation wavelength and the threshold current.
Thus, the DFB laser of this type suffers from the rather low yield of devices
with good performances. This is the outstanding drawback of index-
coupling DFB lasers.

7.3.3 Phase-Shifted Index-Coupled Distributed
Feedback Lasers

The drawback pointed out in Section 7.3.2 comes from the fact the DFB
lasers do not oscillate at the Bragg wavelength. To eliminate the problem,
the device structure should be modified to satisfy the phase condition at
the Bragg wavelength. From the boundary condition for Eq. (7.27) in
the case where the reflectivity is zero at z¼L, we obtain the relation
Frþ exp(þ2igL)þB¼ 0. From this, the ratio of the amplitude of the
backward wave to that of the forward wave at z¼ 0, i.e., the complex
reflection coefficient R, is given by

R ¼ rþf1� expð2i
LÞg
1� rþr� expðþ2i
LÞ

¼ 
 � ~DD
�

exp ðiqKsÞ

� 1� expðþ2i
LÞ
1� ½ð
 � ~DDÞ2=�2� expðþ2i
LÞ

ð7:34Þ

where use has been made of Eqs (7.17) and (7.22) for the modification to
obtain the second line, and �¼ 0 was used to consider an index grating. Since,
in index gratings, at the Bragg wavelength, ~DD ¼ �ig=2, 
¼�i(g2/4þ �2)1/2,
and both ~DD and 
 are pure imaginary, the factor ½1� expðþ2irLÞ�=
f1� ½ðr� ~DDÞ2=�2� expðþzirLÞg in the above expression is real. Therefore,
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the phase of R equals the phase of �i exp(iqKs). Thus the phase of R is

determined by the grating phase s. The phase factor of R is�i for s¼ 0 and is

�1 for qKs¼ p/2 or s¼L/4q. In a DFB laser constructed from a combination

of a grating section with s¼L/4q in 0< z<L and a grating section in

�L< z< 0 corresponding to its mirror image, as shown in Fig. 7.7, the phase

factor corresponding to a round trip of the optical wave is (�1)2¼ 1, showing

that the phase oscillation condition is satisfied [10]. The phase shift between

the right- and left-hand sections of the grating is 2s¼L/2q¼ l/4Ne (for q¼ 1),

i.e., a quarter of the optical wavelength in the waveguide. Thus, the DFB laser

using a l/4 phase-shifted index grating can oscillate at the Bragg wavelength.

The simple index grating DFB laser presented in Section 7.3.2 can be

considered a structure consisting of a grating section of s¼ 0 and its mirror

image. The phase factor corresponding to a round trip is (�i)2¼�1, showing

that the feedback is negative and therefore oscillation does not occur at the

Bragg wavelength.
The oscillation condition for DFB lasers of structures having mirror

symmetry with respect to z¼ 0, as described above, is the condition for the

optical wave to have the same complex amplitude after a round-trip

propagation in the sections in z> 0 and z< 0 as the initial amplitude. It can

be written as R2¼ 1 or R¼�1 using R given by Eq. (7.34). For a DFB

laser using a l/4 phase-shifted index-coupled grating, �¼ 0, s¼L/4q, the
oscillation condition can be written as

expði
LÞ ¼ � i�½��� ið
 � ~DDÞ�
ð
 � ~DDÞ½��þ ið
 � ~DDÞ�

ð7:35Þ

~DD ¼ � ig

2
þ D, 
 ¼ �i

g

2
þ iD

� �2
þ�2

� 
1=2

where the total resonator length 2L, with use of Eq. (7.34), has been rewritten

asL. The coupling coefficient � is real, and both ~DD and 
 are pure imaginary at

the Bragg wavelength. The above equation shows that the oscillation

z

x

/2
Phase shift

Figure 7.7 l/4 phase shift grating.
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condition is satisfied at wavelengths corresponding to the positive and
negative values with the same absolute value ofD. In the limiting case of weak
coupling (�! 0), the above equation reduces to ��L exp(gL/2þ iDL)¼
gLþ 2iDL, which can be decomposed into amplitude and phase conditions:

ð�LÞ2 expðgLÞ ¼ ðgLÞ2 þ ð2DLÞ2 ð7:36aÞ

DL ¼ mpþ tan�1 2DL
gL

� �
ð7:36bÞ

where m¼ 1, 2, . . . is the order of the DFB modes. The above expression
shows hat the fundamental DBR coincides with the Bragg wavelength
corresponding to D¼ 0. The DBR mode separation equals approximately
the separation of the FP mode. Since the threshold gain is higher for a
higher-order DFB mode, the laser oscillates in the single fundamental mode.
It should also be noted that the threshold gain for the fundamental mode is
lower than that for the DFB laser without the phase shift. Because of these
advantages, at present the l/4 phase-shifted DFB laser is the major DFB
laser [11]. The calculated dependences of the normalized deviation DL of
the oscillation wavelength from the Bragg wavelength and the normalized
threshold gain gL on the normalized coupling coefficient �L, calculated
from Eq. (7.35), are shown in Fig. 7.8. The result is consistent with the result
obtained using the weak-coupling approximation. Although the facet
reflection is omitted here again, the threshold gain is affected by the facet
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Figure 7.8 Oscillation threshold gain and oscillation wavelength detuning of a l/4
phase-shifted index-coupled DFB laser.
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reflection, in a manner similar to that presented in Section 7.3.3. Therefore

the facet should be antireflection coated to achieve a good performance.

7.3.4 Gain-Coupled Distributed Feedback Lasers

Another method to attain laser oscillation at the Bragg wavelength is to

employ a grating structure in the form of periodic modulation in the gain (or

loss) [3]. The grating can be realized by several methods, such as periodic

etching of an absorption layer inserted in the laser waveguide, and

formation of a structure including the active and cladding layers with

periodically modulated thickness by crystal regrowth on a corrugated

substrate [12]. Although the gratings fabricated by these methods involve

periodic modulation in both refractive index and gain or loss, it is possible

to implement pure gain gratings by appropriate design of the cross-sectional

structure for canceling out the index grating.
A simple gain (loss) grating can be expressed by Eq. (7.4) with �¼�p/2.

Then, fromEqs (5.93), (7.4), and (7.18) we see that the gain factor varies in the

form gþ 4� cos(qKz). At the Bragg wavelength satisfying D¼ 0, ~DD ¼ �ig=2,

¼�i(g2/4� �2)1/2, and therefore, for large g, both ~DD and 
 are pure

imaginary. In the oscillation condition in Eq. (7.31), rþ r� satisfies

rþr� ¼ �ð
 � ~DDÞ2=�2 > 0 and, with increasing g exp(i2gL) in Eq. (7.31)

rþ r� increases. Therefore, the phase and amplitude oscillation conditions

can be satisfied, and the laser oscillates at the Bragg wavelength. Since, from

Eq. (7.22), rþr� ¼ �ð
 � ~DDÞ2=�2 ¼ ��2=ð�þ ~DDÞ2, Eq. (7.31) can be rewritten

as ½ð
 � ~DDÞ=�� expðþi
LÞ ¼ �i or ½�=ð
 þ ~DDÞ� expðþi
LÞ ¼ �i. Eliminating ~DD,
the oscillation condition can be written as

�L sinhðþ i
LÞ ¼ � i
L, 
 ¼ �i
g

2
þ iD

� �2
� �2

� 
1=2
ð7:37Þ

For the limiting case of weak coupling (�! 0), the above equation can

be rewritten approximately as (�L)2 exp(gLþ i2DL)¼ (gLþ i2DL)2.
Decomposing this equation into the amplitude and the phase, we obtain

the same result as Eq. (7.36) in Section 7.3.4. This means that gain-coupled

DFB lasers oscillate in a single fundamental mode, in a similar manner to

phase-shifted index-coupled DFB lasers. The dependences of the normalized

deviation DL of the oscillation wavelength from the Bragg wavelength

and the normalized threshold gain gL on the normalized coupling

coefficient �L, calculated from Eq. (7.37), are shown in Fig. 7.9. The

result is consistent with the result obtained by using the weak-coupling

approximation, and analogous to the result shown in Fig. 7.8. Thus gain-

coupled DFB lasers have the same advantage as phase-shifted index-coupled
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DFB lasers. Another advantage of the gain-coupled DFB lasers is that they

are less sensitive to the facet reflectivities, and good performance can be

obtained without an antireflection coating on the facets.

7.3.5 Photon Lifetime and Rate Equations

In order to apply the rate equation analysis to DFB lasers, the photon

lifetime 
ph, the photon density S, and output power P must be expressed by

using the device parameters of DFB lasers. The threshold gain g¼ gth of a

DFB laser calculated in the previous sections is given in the form of the net

gain for the guided mode. The threshold gain Gth for use in the rate

equations is expressed in the form of a temporal material gain G, and gth and

Gth are correlated to each other by

gth ¼
GGth

vg
� �int ð7:38Þ

where G is the confinement factor and �int the internal loss. The oscillation

condition is satisfied when the complex propagation constant is ~		 ¼
	� igth=2. Equation (7.27) with this ~		 substituted gives the DFB resonance

mode function satisfying the wave equation and the boundary conditions.

According to the definition of the photon lifetime 
ph described in Section

5.8.3, the temporal attenuation of the optical power in a resonator without
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gain is in the form exp(�t/
ph). This means that the optical wave of a

complex frequency !� i/2
ph satisfies the wave equation and the boundary

conditions in the resonator without gain. From Eq. (5.141), the complex

propagation constant of this wave is given by ~		 ¼ ~		ð!� i=2
phÞ ¼ 	þ i�int�
i=2vg
ph. By equating this complex propagation constant to 	� igth=2,
we obtain an expression for the photon lifetime for DFB lasers:

1


ph
¼ vgð�int þ gthÞ ð7:39Þ

For DFB lasers using a higher-order grating, the radiation decay factor �r
should be included in the internal loss �int. The oscillation condition is

expressed in the form of the rate equation is GGth¼ 1/
ph, and this equation

with Eq. (7.39) substituted coincides with Eq. (7.38).
The multimode rate equations for the carrier density and the photon

densities for a FP laser are given by Eq. (6.29). For a DFB laser, they are

given in a similar form:

d

dt
N ¼ �

X

m

GmGmSm �N


s
þ J

dq
ð7:40aÞ

d

dt
Sm ¼ GmGmSm � Sm


phm
þ CsN


s
ð7:40bÞ

where the gain saturation is omitted. The outstanding difference from FP

lasers is that, since the threshold gain gth of a DFB laser depends upon the

DFB mode order m, the photon lifetime 
ph given by Eq. (7.39) exhibits a

remarkable dependence on the mode. To clarify this, in the above equations,


ph is denoted as 
phm. The fundamental mode has the largest lifetime 
phm.
On the other hand, the mode dependences of the gain G and the

confinement factor G are not so strong as to that of 
ph, and therefore the

values for the side modes can be approximated by the value for the

fundamental mode. For DFB lasers that oscillate in the fundamental mode

at the Bragg wavelength, from the Bragg condition 	¼ qK/2, Eq. (6.24a)

with the right-hand side replaced by qK/2 and Eq. (6.24b) hold. Therefore,

similarly to FP lasers, the rate equation for the optical phase for the major

oscillation mode, i.e., the fundamental mode, is given by

d

dt
� ¼ �c

2
GG� 1


ph

� �
ð7:41Þ

Consider next the optical power distribution of the DBR resonant

mode function. When the lateral mode function E(x, y) is normalized, the

power flows of the forward and backward waves, denoted by Pþ and P�,
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respectively, are given by the absolute squares of the first and second lines

respectively, of Eq. (7.27). For a DFB laser without a phase shift in 0< z<L

and without reflection at the facets, (rf¼ rb¼ 0), we can write

PþðzÞ ¼ j2F sinhði
zÞj2 ð7:42aÞ
P�ðzÞ ¼ j2F sinh½i
ðL� zÞ�j2 ð7:42bÞ

where use has been made of a relation Fþ r�B¼ 0, obtained from Eq. (7.29),

and the oscillation condition in Eq. (7.31). The forward output power is

given by

Pf ¼ PþðLÞ ¼ j2F sinhði
LÞj2 ð7:43Þ

Optical energy stored in the resonator is given by the sum of Pþ/vg and

P�/vg (vg is the group velocity) integrated over the waveguide resonator in

0< z<L. Since this equals the product of the photon density S, the volume

of the active region Va, and �hh!, we have

vg�hh!VaS ¼
Z

½PþðzÞ þ P�ðzÞ�dz ð7:44Þ

and, from Eqs (4.42)–(4.44), we obtain a relation between the optical output

power Pf and the photon density S:

Pf ¼ S
vg�hh!Va

L

� j sinhði
LÞj2 sinh ½2 Imf
gL�
2 Imf
gL � sin½2Ref
gL�

2Ref
gL

� 
�1

ð7:45Þ

For a l/4 phase-shifted index-coupled DFB laser in �L/2< z<þL/2,

the power flow for the fundamental mode can be calculated by using

Eq. (7.27) as

PþðzÞ ¼ jF ½expðþi
jzjÞ þ jrj2 expði
LÞ expð�i
jzjÞ�j2

P�ðzÞ ¼ 2Fr exp þ i
L

2

� �
sinh þi


L

2
� jzj

� �� 
����
����
2

jrj2 ¼ f½ðg=2Þ2 þ �2�1=2 � g=2g2
�2

ð7:46Þ

where i
 takes a positive value. The distribution of the power flow described

by the above expression is shown in Fig. 7.10. From the above equation, the
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forward output power is given by

Pf ¼ Pþ ðL=2Þ ¼ F exp þ i
L

2

� �
ð1þ jrj2Þ

����
����
2

ð7:47Þ

and the output power Pf and the photon density S are correlated to each

other by

Pf ¼
i
vg�hh!Vað1þ jrj2Þ

½1þ jrj2 expði
LÞ� ½1� expð�i
LÞ�S ð7:48Þ

As we see in Fig. 7.10, the optical intensity in a DFB laser is not

uniform. Therefore, the validity of the rate equation analysis, where the

intensity is considered constant and represented by the average value, is not

necessarily guaranteed. In many cases, the accuracy of the rate equation

analysis applied to DFB lasers is lower than that for FP lasers. The intensity

distribution should be examined to check the validity. If the nonuniformity

of the intensity is large, spatial hole burning occurs at positions where the

intensity is large: it gives rise to nonuniformity in the refractive index and

leads to deterioration of the laser performances. The nonuniformity can be

reduced by optimizing the phase shift in the grating, appropriate design of

the injection current distribution, and/or use of a phase-shifted grating

having more than two sections. Improvement can also be made by using

quantum wells with a small linewidth enhancement factor �c.
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7.3.6 Operating Characteristics

DFB lasers, as well as FP lasers, are implemented by using a bulk double
heterostructure (DH) or quantum well structure as an active region, various
types of channel waveguide structure, and a structure for current injection.
In this structure, a grating of the Bragg wavelength that coincides with the
gain peak wavelength is fabricated. The grating should have sufficient
spatial overlap with the guided mode. Direct formation of the grating on the
surface of the active layer, however, involves deterioration of the light
emission characteristics due to the damage induced by the processing. To
avoid this problem, in many cases the grating is formed by patterning a
grating layer inserted at an appropriate distance from the active layer. The
grating pattern is formed with holographic interference recording or
electron-beam writing, and the pattern is transferred to a semiconductor
layer by chemical etching or ion etching. Although ion etching is
advantageous to the resolution and the controllability, the apparatus
should be carefully selected and the etching conditions should be optimized
to avoid degradation of the light-emitting characteristics due to the damage
that may be caused by the processing. After the grating formation, the upper
cladding is deposited by crystal regrowth. This means that fabrication of a
DFB laser generally requires two epitaxal growth steps. At least one of the
two waveguide ends should be cleaved for output coupling, and the cleaved
facet is often antireflection coated to improve the performance.

DFB lasers have specified device parameters more than those of FP
lasers, and the operating characteristics have complex dependences on them.
As presented above, the oscillation condition for DFB lasers is significantly
different from that of FP lasers. They have unique longitudinal mode
characteristics and oscillate in a single longitudinal mode. However, many
of the operating characteristics are common to those of FP lasers, as they
are described by rate equations similar to those of FP lasers. Although care
must be taken for the hole-burning problem pointed out in Section 7.3.5, the
steady-state oscillation characteristics, modulation characteristics, and noise
characteristics are interpreted in terms of the results obtained upon the basis
of a single-mode analysis, which was discussed in detail with FP lasers in
Chap. 6. In the following, characteristics peculiar to DFB lasers, except for
the oscillation condition discussed already, are presented.

Oscillation Wavelength

The oscillation wavelength of a DFB laser is determined by the Bragg
wavelength of the grating. The Bragg wavelength must be within the gain
bandwidth. Although the highest output power is obtained for the case
where the Bragg wavelength coincides with the gain peak wavelength, it is
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not necessary for them to coincide exactly each other. Even if a slight

detuning is given intentionally between them, the laser oscillates at the
Bragg wavelength. This is in contrast with FP lasers, where oscillation takes

place with the major longitudinal mode closest to the gain peak. The
oscillation wavelength can be fine controlled by only a slight change in the

grating period in lasers of the same material and structure. This feature

allows production of DFB lasers belonging to several groups for different
wavelengths from a single epitaxal structure, and implementation of a

monolithic array of DFB lasers that emit light of various wavelengths.
However, while the temperature dependence of the Bragg wavelength is

dominated by the temperature coefficient of the refractive index, that of the

gain peak wavelength is dominated by the temperature coefficient of the
bandgap energy. Because the latter is approximately one order of magnitude

larger than the former, a large change in ambient temperature gives rise to
large detuning and the oscillation stops. Therefore it is necessary to optimize

the relation between the bandgap energy and the grating period, so that the

detuning is small at the prescribed operation condition.

Polarization Characteristic

As presented before, the material gain G of a bulk semiconductor does not

depend upon polarization. The confinement factors G for the active layer are
slightly different for transverse electric (TE) and transverse magnetic (TM)

modes; it is larger for a TE mode that is better guided. The mode gain GG is

therefore slightly larger for a TE mode, but the difference is not significant.
The Bragg wavelengths for a TE and TMmodes, however, are different from

each other, since the mode indexes are different. The mode gain at the Bragg
wavelength may be larger for a TE mode or for a TMmode, depending upon

the detuning of the grating. The TE and TM mode gains are also affected by

the strain imposed in the active region. The coupling coefficient �, on the
other hand, is approximately proportional to the overlap of the mode profile

with the grating layer as shown by Eq. (7.26) and is larger for a TEmode with
a largermode size inmany cases. The radiation decay factor ar for a second-or

third-order grating is larger and enhances more the oscillation threshold for a

TE mode where electric fields of the guided and radiation modes are parallel
to each other, in comparison with that for a TM mode where the fields are

perpendicular to each other. Thus, for bulk DH DFB lasers, the oscillation
polarization is determined depending upon many factors, and some lasers

oscillate in a TEmode and some lasers in a TMmode. A laser may oscillate in

both TE and TMmodes, and on changing the injection current the oscillation
polarization may alternate between TE and TMmodes because of the change

in detuning through the change in the temperature. This characteristic of DH
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DFB lasers is in contrast with that of FP lasers, which oscillate in a TE mode
without exception. Although the possibility of TM mode oscillation may be
an advantage, the oscillation polarization is not fixed and a high extinction
ratio is not assured automatically. Optimization of device parameters is
required to obtain a significant difference between the thresholds of the
desired polarization and the other polarization. These drawbacks and
problems are eliminated if quantum well structures are used. As presented
in Chap. 4, the gain of the quantum well exhibits a strong polarization
dependence. For ordinary single-quantum-well and multiple-quantum-well
structures, the TE gain is significantly larger than the TM gain. Strained
quantum wells can be designed so as to have a larger gain for a TE mode or a
TM mode. Therefore, DFB lasers with a high polarization extinction ratio
can be implemented by using a SCH structure with a quantum well active
region and an appropriately designed grating.

Side-Mode Suppression Ratio

Consider the (longitudinal) mode spectrum of the output light from a DFB
laser under steady-state oscillation. Putting the left-hand side of Eq. (7.40b)
as zero, we obtain

Sm ¼ 
phmCsN=
s
1� 
phmGG

ð7:49Þ

where m is the DFB mode order. The m dependence of the mode gain GG
and the spontaneous emission coupling coefficient Cs are neglected. The
photon lifetime 
phm are correlated with the threshold gain gthm by Eq.
(7.39). For the major fundamental oscillation mode (m¼ 0), Eq. (7.49)
reduces to S0¼ (
ph0CsN/
s)/(1� 
ph0GG). Therefore, the photon density for
the adjacent side-mode relative to that for the major oscillation mode, i.e.,
the side-mode suppression ratio, is given by

Rsms ¼
S0

S1

¼ 1þ 1


ph1
� 1


ph0

� �
S0
s

CsNth0

¼ 1þ�Gth
S0
s

CsNth0
ð7:50Þ

�Gth ¼ �g �gth, �gth ¼ gth1 � gth0

The output power Pf0 of the major oscillation mode is proportional to the
photon density S0, and they are correlated by Eq. (7.45) or (7.48). The
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suppression ratio Rsms increases with increasing output power. As DFB
lasers use an index waveguide, Cs is small, of the order of 10�5–10�4. The
threshold gain margin �gth is large; �gthL is roughly of the order of unity.
Therefore, a very high Rsms can be achieved in the high-output region. While
in FP lasers, where the side mode is suppressed by the slight gain margin, the
suppression ratio Rsms given by Eq. (6.45) is 100 or less even in the high-
output region, in DFB lasers Rsms larger than 1000 (30 dB) can easily be
obtained. In quantum well DFB lasers, in particular, Rsms as large as 40–
50 dB has been obtained [13]. The high side-mode suppression ratio Rsms

and the small linewidth enhancement factor �c enable high-purity single-
mode oscillation of sub-megahertz spectrum linewidth to be attained [14].
The very high side-mode suppression ratio leads to excellent noise
characteristics. There is no problem of mode-hopping noise. Mode partition
noise is also very low. Therefore, the result of the noise analysis based on the
single-mode model presented in Chap. 6 applies with good accuracy.

High-Speed Modulation Characteristics

Under high-speed modulation or in transient state, the side-mode
suppression ratio cannot be defined simply, since the intensities of each
mode vary with time. However, from the rate equation in Eq. (7.40b),
omitting the mode dependence of the gain GG, we obtain the relation

Sm ¼ CsN=
s
ðdSm=dtÞ=Sm � GGþ 1=
phm

ð7:51Þ

and from this we obtain a formal expression for the ratio of the photon
density of the major mode to the photon density of the side mode:

S0

S1
¼ 1þ �Gth þ

dS1=dt

S1
� dS0=dt

S0

� �
S0
s
CsN

ð7:52Þ

�Gth ¼ vg �gth, �gth ¼ gth1 � gth0

This ratio, which can be considered a time-dependent side-mode suppression
ratio, is in the form of the suppression ratio for the steady state given by Eq.
(7.50) to which (dS1/dt)/S1� (dS0/dt)/S0 has been added. This added term
varies with time. Assuming that the laser is modulated with a signal of fre-
quency O superimposed on an appropriate bias current, j(dS1/dt)/S1� (dS0/
dt)/S0j can be estimated at most as values of the same order of magnitude as
O. On the other hand, for appropriately designed DFB lasers, �gthL is the
order of unity, and therefore�Gth¼ (vg/L)�gthL is of the order of 1010 s�1 or
larger. Therefore, the factor �Gthþ (dS1/dt)/S1� (dS0/dt)/S0 in Eq. (7.52)
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remains at values comparable with �Gth even under gigahertz modulation.

This implies that the side-mode suppression ratio is not greatly degraded even

under high-speed modulation. More precise analysis of the high-speed

modulation characteristics can be made, by solving the multimode rate

equation in Eq. (7.40) numerically. It has been shown that appropriately

designed DFB lasers maintain a side-mode suppression ratio higher than

30 dB even under large-signal pulse modulation in the gigahertz band,

provided that the laser is driven with an appropriate bias current. For small-

signal modulation, the results of the single-mode analysis discussed in Chap. 6

apply with good accuracy including the high-frequency range. The frequency

chirping characteristic is similar to that of FP lasers, as seen from the fact that

the rate equation for the optical phase (Eq. (7.41)) is common. In quantum

well DFB lasers having a high relaxation oscillation frequency and a small

linewidth enhancement factor �c, in particular, single-mode high-speed

modulation above 10GHz is possible [13], and frequency chirping is small.

Because of these excellent characteristics, quantum well DFB lasers are most

suitable as a light source for high-speed optical fiber communications.

7.4 DISTRIBUTED BRAGG REFLECTOR LASERS

7.4.1 Distributed Bragg Reflector

A DBR is a structure where an index grating of a period corresponding to

the Bragg condition is formed in a passive waveguide. The optical wave in

this waveguide can be expressed, similarly to Eq. (7.27), as a sum of the

forward and backward wave components:

EðzÞ ¼ exp þ iqKz

2

� �
½F expðþi
zÞ þ rB expð�i
zÞ�

þ exp � iqKz

2

� �
½rF expðþi
zÞ þ B expð�i
zÞ� ð7:53Þ


 ¼ i
�

2
� iD

� �2
þ �2

� 
1=2
, r ¼ ½
 � ði�=2þ DÞ�

�

2D ¼ 2	� qK

ð7:54Þ

where � is the propagation loss factor. For higher-order gratings, � includes

the radiation decay factor�r representing the radiation loss due to lower-order
diffraction. We assume a grating of index modulation type (�¼ 0), and put

s¼ 0 for simplicity. When the grating is terminated by a facet of a reflectivity
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Rf at z¼L, a boundary condition

R1=2
f exp þ iqKL

2

� �
½F expðþi
LÞ þ rBexpð�i
LÞ�

¼ exp � iqKL

2

� �
½rF expðþi
LÞ þ B expð�i
LÞ� ð7:55Þ

holds. If the reflection at the grating end is negligible, the above equation

reduces to

B ¼ �rF expð2i
LÞ ð7:56Þ

Using Eqs (7.54) and (7.56), Eq. (7.53) can be rewritten as

EðzÞ ¼ A exp

 
þ iqKz

2

!"

 cosh½i
ðL� zÞ�

�
 
i�

2
þ D

!
sinh½i
ðL� zÞ�

#

þ A exp

 
� iqKz

2

!
� sinh½i
ðL� zÞ� ð7:57Þ

A ¼ � 2rF expði
LÞ
�

Let Pþ(z) and P�(z) be the power flows of the forward and backward waves,

respectively. From the above equations, the relative spatial distributions of

Pþ(z) and P�(z) can be written as

PþðzÞ
Pþð0Þ ¼

j
 cosh½i
ðL� zÞ� � ði�=2þ DÞ sinh½i
ðL� zÞ�j2
j
 coshði
LÞ � ði�=2þ DÞ sinhði
LÞj2 ð7:58aÞ

P�ðzÞ
Pþð0Þ ¼

j� sinh½i
ðL� zÞ�j2
j
 coshði
LÞ � ði�=2þ DÞ sinhði
LÞj2 ð7:58bÞ

Note that, at the Bragg wavelength, i
 is negative. The power flow

distributions are shown in Fig. 7.11 for cases where the Bragg condition is

satisfied. Here a lossless waveguide (�¼ 0) is assumed. The figure shows

that, during the propagation, the forward wave power is transferred to the

backward power owing to the distributed Bragg reflection.
From Eq. (7.57), the ratio of the amplitude of the backward wave to

that of the forward wave, i.e., the complex amplitude reflection coefficient,
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can be written as

rDBR ¼ � sinhði
LÞ

 coshði
LÞ � ði�=2þ DÞ sinhði
LÞ ð7:59Þ


 ¼ i
�

2
� iD

� �2
þ �2

� 
1=2
, 2D ¼ 2	� qK

From Eq. (7.58b) or (7.59), the power reflectivity is given by

RDBR ¼ jrDBRj2

¼ P�ð0Þ
Pþð0Þ

¼ j� sinhði
LÞj2
j
 coshði
LÞ � ði�=2þ DÞ sinhði
LÞj2 ð7:60Þ

The reflectivity at the Bragg wavelength (D¼ 0) in a lossless waveguide (�¼ 0)
is given by RDBR¼tanh2(�L). The power transmissivity is given by

TDBR ¼ PþðLÞ
Pþð0Þ

¼ j
j2
j
 coshði
LÞ � ði�=2þ DÞ sinhði
LÞj2 ð7:61Þ
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Figure 7.11 Power flow distribution for the forward and backward waves

in a DBR.
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Obviously, the relation RDBRþTDBR¼ 1 holds in lossless waveguides
(�¼ 0), although RDBRþTDBR< 1 in waveguides with loss. The depen-
dences of RDBR and TDBR at the Bragg wavelength on a normalized grating
length �L is shown in Fig. 7.12. The reflectivity decreases with increasing
detuning from the Bragg wavelength. The dependences of the power
reflectivity RDBR¼ jrDBRj2 and the reflection phase �DBR¼ arg{rDBR} on
the normalized detuning DL (D¼ 	� qK/2) are shown in Fig. 7.13. The
graph of the reflectivity shows that a DBR grating functions as a reflector
with a sharp wavelength selectivity. The Bragg reflection bandwidth can be
represented by 2 (DL), the full width of DL for the half-maximum of RDBR.
When �L¼ 1 and �¼ 0, the bandwidth is given approximately by 2DL� 4.
The bandwidth 2DL is broadened with increasing �L and �. The reflection
phase is �DBR¼ p/2 at the Bragg wavelength. For a grating with �L< 1, the
dependence of the phase �DBR upon detuning is given approximately by
�DBR� p/2þDL, within the Bragg bandwidth, since the effective center of
reflection is at z�L/2.

7.4.2 Oscillation Condition of Distributed
Bragg Reflector Lasers

A DBR laser is implemented by replacing both or one of the facet mirrors of
a FP laser by DBR grating(s). Accordingly, the mathematical expressions
for a DBR laser are obtained by substituting the DBR reflectivity, instead of
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Figure 7.12 Power reflectivity and transmissivity of a DBR at the Bragg

wavelength.
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the facet reflectivity, into the expressions for a FP laser [15]. The oscillation
condition for a DBR laser that results when both facets are replaced by
symmetrical gratings, i.e., the condition for the optical wave to have the
same complex amplitude after a round trip, can be written as

r2DBR exp½ðGg� �int þ 2i	ÞLact� ¼ 1 ð7:62Þ

where Lact is the length of the active section, GG the mode gain, and �int the
internal loss. The above equation can be rewritten as separate amplitude and
phase conditions:

Gg ¼ �int þ �DBR, �DBR ¼ 1

Lact
ln

1

RDBR

� �
ð7:63Þ

�DBR ¼ mp� 	Lact ¼ mp� Dþ qK

2

� �
Lact ð7:64Þ

where �DBR represents the reflectivity of the DBR grating converted into a
form of loss and corresponds to the mirror loss for a FP laser. The detuning D
corresponding to the oscillation wavelength that satisfies Eq. (7.64) can be
indicated by the crossing points of the curves for both sides of Eq. (7.64), as
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shown in Fig. 7.14(b). Each crossing point represents a DBR longitudinal
mode. The values of the DBR loss �DBR given by Eq. (7.63) for each mode are
indicated by full circles on the curve shown in Fig. 7.14(a). They have strong
mode dependence. Accordingly, the threshold gains Ggthm¼ �intþ �DBRm for
each mode exhibit strong mode dependence. Noting that �DBR� p/2
þDLDBR within the Bragg bandwidth, and using D¼ 	� qK/2, Eq. (7.64)
can be approximated as (LactþLDBR)D¼ (m�1/2)p� qKLact/2. Therefore,
the separation between the major oscillation mode and the adjacent side is
given by

D! ¼ 2pc
2NgðLact þ LDBRÞ

ð7:65Þ

which is similar to the expression for a FP laser.

7.4.3 Implementation and Operation Characteristics of
Distributed Bragg Reflector Lasers

DBR lasers are fabricated by forming a grating structure, similar to that of
DFB lasers, at a position adjacent to the active section of a channel
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Figure 7.14 Oscillation condition of a DBR laser.
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waveguide structure including a bulk DH or quantum well structure similar

to that of FP lasers. An outstanding feature of DBR lasers, unlike DFB

lasers, is that the structure with a DBR grating formed independently out of

the active section offers large design and fabrication flexibilities. Since the

DBR section does not require an amplification function, the possible

degradation of the light emission characteristic due to damage by grating

fabrication process is not a concern, and there is no need to form a p–n

junction and an electrode for carrier injection in the DBR section.

Therefore, fabrication of DBR lasers does not necessarily require crystal

regrowth on the grating. On the other hand, the propagation loss in the

DBR section without carrier injection can be a large problem. For bulk DH

structures, an optical wave with a wavelength at or near the gain peak

wavelength for an active section suffers from a large absorption loss in a

passive waveguide of the same material and structure as the active section.

To realize a high-reflectivity DBR grating, a passive waveguide of different

composition must be connected to the active section. Therefore, the device

fabrication is complicated, and a connection loss may be involved. As

pointed out in Section 4.3.8, for quantum wells and strained quantum wells,

the absorption loss in the passive waveguide for the gain peak wavelength is

significantly smaller than that for bulk DH structures. By detuning the

Bragg wavelength to a wavelength appropriately longer than the gain peak

wavelength, the propagation loss can be reduced. Careful design enables

implementation of a high-reflectivity DBR grating and a high-performance

DBR laser. Moreover, it is possible to reduce further the passive waveguide

loss by the area-selective disordering of quantum well in the DBR section.

Long-optical-cavity DBR lasers, which are advantageous for achieving a

very narrow spectrum linewidth, have also been implemented by inserting a

passive waveguide section with loss reduced by disordering between the

active and DBR sections.
The operation characteristics of a DBR laser can be analyzed using

rate equations, in a similar manner to those for FP and DFB lasers. The

photon lifetime 
phm is given by

1


phm
¼ Ggthm ¼ �int þ �DBRm ð7:66Þ

where �DBRm is the DBR loss given by Eq. (7.63). The relation between the

photon density and the optical output power is given by the expression for

FP lasers, with the reflectivity R and the transmissivity 1�R of the facet

mirror(s) replaced by the reflectivity RDBRm and the transmissivity TDBRm of

the DBR grating(s). Since the photon lifetime 
phm exhibits strong mode

dependence, DBR lasers as well as DFB lasers oscillate in a single mode with
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a high side-mode suppression ratio. A laser using two DBRs at both ends of
the active section has a side-mode suppression ratio higher than that of a
laser using a single DBR and a facet mirror. The high side-mode suppression
ratio is maintained also under high-speed modulaton. It should be noted
that, as we see from Fig. 7.15, two different modes close to the Bragg
wavelength may have values of 
phm the same or very close to each other,
depending upon the relation between the resonator length and the Bragg
wavelength. This problem can be avoided by appropriate choice of the
operating point, since the effective optical length of the resonator depends
upon the carrier density and the ambient temperature. The characteristics of
DBR lasers concerning the oscillation wavelength, polarization mode, high-
speed modulation, noise, and spectrum linewidth are similar to those of
DFB lasers. Although the quantitative characteristics of DBR lasers depend
upon many device parameters in a complicated manner, performances as
high as, or in part even higher than, those of DFB lasers have been obtained,
particularly in quantum well DBR lasers.

7.4.4 Wavelength-Tunable Distributed
Bragg Reflector Lasers

Semiconductor lasers that oscillate in a high-purity single mode at a
wavelength continuously tunable electrically are required in many applica-
tions such as wavelength-division-multiplexed optical communication,
coherent optical communications, and precision optical measurements.
Compact lasers satisfying this requirement can be implemented by
modifying a DBR laser [16,17]. An example is schematically illustrated in
Fig. 7.15 [17]. The device, called a three-section-type wavelength-tunable
DBR laser, is constructed with an active section, a passive waveguide
phase control section, and a DBR section, monolithically integrated in a
continuous-channel waveguide structure. Each section has an independent

DBR section Phase control section Active section

Grating
Passive wavelength with a
disordered quantum well

Quantum well
active layer

Figure 7.15 Cross-sectional structure of a three-section-type wavelength-tunable

DBR laser.
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electrode. Let Neact, Nepc, and NeDBR be the effective refractive indexes for

each section. Then the Bragg wavelength and the longitudinal mode

resonance condition are given by

lB ¼ 2LNeDBR

q
ð7:67Þ

2
2p
l
ðNeactLact þNepcLpcÞ þ �DBR ¼ 2mp ð7:68Þ

The DBR reflection phase is �DBR¼ p/2 for the Bragg wavelength lB.
Carrier injection in the phase control section or in the DBR section gives rise

to an increase in the carrier density. Then the refractive index decreases

through the band-filling effect. When Nepc is adjusted so that Eq. (7.68)

holds for l¼ lB, by control of the current injection in the phase control

section, the laser oscillates at lB. The Bragg wavelength lB can also be

changed through change in NeDBR by control of the current injection in the

DBR section. Therefore, by changing the currents injected in both sections

jointly to maintain an appropriate condition, continuous tuning of the

oscillation wavelength can be achieved. The refractive index can also be

changed by applying a backward bias voltage to the electrode, instead of

current injection. This effect can be utilized to increase the tuning range. In

two-section-type devices without the phase control section, the oscillation

wavelength can be tuned, but a mode jump takes place when the injection

current in the DBR section is changed over a wide range. The three-section-

type tunable lasers have been implemented by using quantum wall

structures. Tuning ranges of 2–10 nm, high-speed tuning of the order of

nanoseconds, and submegahertz spectrum linewidths have been obtained.
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8
Semiconductor Laser Amplifiers

Chapters 6 and 7 described semiconductor laser oscillators. Another

important function of semiconductor lasers is an optical amplifier.

Semiconductor optical amplifiers (SOAs) offer many applications in optical

communication systems, including direct amplification of optical signals such

as optical power boosting in a transmitter, amplification in a repeater, and

preamplification in a receiver, and also applications as a power amplifier to

implement a high-power laser source. SOAs can also be used to realize other

functions such as optical wavelength conversion, wavelength filtering, and

optical phase conjugation. This chapter presents the fundamental character-

istics of semiconductor laser amplifiers.

8.1 GAIN SPECTRUM AND GAIN SATURATION

Let us consider the optical amplification gain in a carrier-injected active

region from the viewpoint of application as an amplifier. The gain factor g

can be given approximately by a linear function of the carrier density as in

Eq. (3.40). Approximating the gain spectrum by a Lorentz function of width

2�!, the dependences of g on the optical frequency and the carrier density

can be written approximately as

gð!,NÞ ¼ AgðN �N0Þ
1þ ½ð!� !0Þ=�!�2

ð8:1Þ

The carrier density N in the active region, where the optical wave is

amplified by stimulated emission, depends not only on the injection current

density but also on the optical intensity. Therefore, it is convenient to

rewrite the above expression as a function of the injection current density

and the optical power density. In the analysis of optical amplifiers, in

general, it is not appropriate to employ the rate equations used in the
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analysis of laser oscillators in the same form, since the carrier density N and

the photon density S in an amplifier, depending upon the injection current

density J and the input optical power, have distributions that are

nonuniform in the direction of the optical axis. However, so far as the

carrier density N(z) is concerned, the rate equation

d

dt
N ¼ �vgGgS �N


s
þ J

dq
ð8:2Þ

holds locally at each position in the amplifier. The local photon density S(z)

in a laser amplifier is correlated with the local optical power flow P(z) by

P ¼ �hh!dWvgS ð8:3Þ

where d and W are the thickness and the width, respectively, of the active

channel. Putting d/dt¼ 0 in Eq. (8.2) for the steady state, solving for N by

substituting Eq. (8.1) into Eq. (8.2), and substituting the result into Eq. (8.1)

again yield

gð!, J,PÞ ¼ BgðJ � J0Þ
1þ ½ð!� !0Þ=�!�2 þ P=Psat

ð8:4Þ

Bg ¼
Ag
s
dq

, J0 ¼
dqN0


s
ð8:5Þ

Psat ¼
�hh!dW

G
sAg
¼ �hh!

qGBg
W ð8:6Þ

where J0 is the current density at transparency. Here use has been made of

Eq. (8.3) to convert S into P. The effective gain factor for a guided mode is

given by Gg� �int, where g is the material gain given by the above

expression, G the confinement factor, and �int the internal loss.
Equation (8.4) indicates that the gain g depends not only on the

injection current density J but also on the optical power P, as shown in

Fig. 8.1. In the region where the optical power is small, most injected

carriers are consumed by spontaneous emission recombination. Here, as

Eq. (8.2) shows, N
sJ/dq and, with increasing injection current density, the

carrier density and the gain increase. The small-signal gain in this region

does not depend significantly on the optical power. In the region where the

optical power is high, on the other hand, the large value of S limits g to a

small value, as seen from Eq. (8.2). Here, most of the injection current

density J over the J0 required for maintaining transparency is consumed by

stimulated emission recombination. Thus the carrier density is limited to

270 Chapter 8

Copyright © 2004 Marcel Dekker, Inc.



a value close to the transparency value N0, and the gain is limited. In this
region, the increment in the optical power, dP/dz¼GgP, equals the
stimulated recombination carrier number per unit length in the z direction
per unit time, (J� J0)W/q, multiplied by the photon energy �hh!. Therefore,
g� �hh!W(J� J0)/qGP, and the gain is inversely proportional to P. Thus, the
gain saturates with increase in the optical power. Equation (8.4) gives a
convenient approximate expression for the gain including the saturation
characteristic. In the expression, Psat represents the optical power level
where the gain starts to be involved with substantial saturation and is given
by Eq. (8.6). For ordinary index-guiding lasers, Psat is 1w to several tens
of milliwatts.

8.2 RESONANT LASER AMPLIFIERS

A Fabry–Perot (FP) laser can be used as an optical amplifier, as shown in
Fig. 8.2, when driven by an injection current below the threshold level, by
coupling an optical signal from one of the facets and taking the output
through another facet [1]. This type of amplifier is called a resonant
amplifier or FP-type amplifier. We assume for simplicity that the carrier and
photon densities are approximately uniform in the resonator, as in the
analysis of oscillators. Then, by replacing the loss factor � in the expression
for the transmissivity of a passive FP resonator (Eq. (5.134)) by the effective
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Figure 8.1 Characteristic of saturation in a semiconductor laser amplifier.
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gain factor Gg� �int with the sign inverted, the power amplification gain for

a signal of frequency ! is given by

GFPð!Þ ¼
ð1� Rf Þð1� RbÞGs

1þ RfRbG2
s � 2ðRfRbÞ1=2Gs cosð2	LÞ

ð8:7Þ

Gs ¼ Gsð!Þ ¼ expf½Ggð!Þ � �int�Lg

where Rf and Rb are the reflectivities of the input and output facets, L is

the resonator length, and Gs is the one-way gain. Since the propagation

constant 	 in the above expression depends upon !, GFP(!) exhibits an

oscillatory spectrum consisting of peaks at the FP modes with separation

�!¼ 2pvg/2L and a width narrower than the bandwidth of the gain g(!),
similar to the transmissivity shown in Fig. 5.20. The maxima are given by

GFPmax ¼
ð1� Rf Þð1� RbÞGs

½1� 2ðRfRbÞ1=2Gs�2
ð8:8Þ

and from the above expression and Eq. (5.137) the 3 dB bandwidth of each

peak for the high-gain case is given by

d! ¼ ð�!=pÞ½ð1� Rf Þð1� RbÞ�1=2

ðRfRbÞ1=4G1=2
FPmax

ð8:9Þ

The equation shows that increasing the injection current to increase the gain

is associated with narrowing of the bandwidth d! in inverse proportion to

G1=2
FPmax.

The effect of the saturation on the amplification gain can be analyzed by

using Eq. (8.4). Assuming uniform carrier and photon densities, the output

powerPf and photon density S are correlated by Eq. (6.35), thePf dependence

of the amplification gain G can be calculated using Eqs (8.3), (8.4), and (8.7)

Active waveguide channel

Input power Pin Output power PinGFP

Rb
Facet mirror

Rf
Facet mirror

Figure 8.2 Resonant semiconductor laser amplifier.
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or (8.8), and using Pf¼GPin the result can readily be converted into the
dependence of G on the input power Pin and also into the input–output
characteristics.

As the above expressions show, resonant amplifiers have the
advantage that the amplification with positive feedback gives a high gain
even with a low injection level. A typical gain is 15–25 dB. The output
power, however, saturates at a small level, from �10 to �5 dBm (dBm is a
power unit defined so that 1mW is 0 dBm). A high efficiency is difficult to
achieve, since the output power is delivered also to the input port. The
drawbacks also include a narrow gain bandwidth (around 1010Hz), a gain
peak wavelength that varies with the operation conditions, difficulty in
wavelength matching required for stable operation, and large noises.

The above discussion was with respect to amplification at subthres-
hold injection level. When the injection level exceeds the threshold, the laser
oscillates. The oscillation, however, is pulled into oscillation at the same
frequency as the input wave and with the phase synchronized with it, unless
the input optical power is too small. This operation is referred to as injection
locking [2]. Increasing the input power gives rise to a reduction in the gain
due to saturation. Then, the oscillation stops, and the operation transfers to
resonant amplification as described above. In this way, the laser serves as an
amplifier even with injection above the threshold. The injection-locking
amplifiers offer a gain and output power higher than those obtained with
subthreshold injection. The application, however, is limited, because the
output power does not reach zero for zero input, and the input–output
characteristic exhibits remarkable nonlinearity.

8.3 TRAVELING-WAVE LASER AMPLIFIERS

The drawbacks of resonant amplifiers can be eliminated by depositing
an antireflection coating on the input and output facets. Then the optical
wave propagates in the laser as a unidirectional traveling wave, as shown in
Fig. 8.3, and hence a laser amplifier of this type is called a traveling-wave
type amplifier [3].

8.3.1 Amplifier Gain and Amplifier Bandwidth

The gain spectrum given by Eq. (8.4), when the gain saturation is omitted,
can be written as

gð!Þ ¼ g0

1þ ½ð!� !0Þ=�!�2
ð8:10Þ
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and the effective mode gain is given by Gg� �int, The power gain of an
amplifier of length L is given by

GTWð!Þ ¼ Gsð!Þ ¼ expf½Ggð!Þ � �int�Lg ð8:11Þ
and the maximum gain is GTW(!0)¼ exp[(Gg0� �int)L]. A typical gain is
20–30 dB. Assuming that �int¼ 0, the amplifier exhibits a frequency response
given by Eq. (8.11) and shown in Fig. 8.4, and the 3 dB bandwidth is given by

2�!TW ¼ 2�!
ln 2

Gg0L� ln 2

� �1=2

ð8:12Þ

Active waveguide channel

Input power Pin Output power PinGTW

Antireflection
coating

Antireflection
coating

Figure 8.3 Traveling-wave semiconductor laser amplifier.
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The frequency bandwidth of an amplifier given by the above expression is

different from the 3 dB bandwidth of the gain spectrum 2�! given by

Eq. (8.10). A bandwidth of around 1012Hz, much wider than that for a FP

laser amplifier, is obtained, although the bandwidth is narrowed when the

amplification gain is high. In practical devices, the facet reflectivity cannot be

completely reduced to zero; the residual reflection degrades the smoothness

of the amplifier gain spectrum, as described by Eq. (8.7) for FP amplifiers.

The reflectivity can be reduced to around 10�4 by a fine antireflection coating

[4], by slanting the waveguide channel with respect to the facet [5], or forming

a window structure where the waveguide channel is terminated before the

facet of the crystal is reached [6]. Then a reasonably smooth frequency

response appropriate for practical applications can be achieved.

8.3.2 Saturated Output Power

We next consider the effect of the gain saturation. The internal loss is

omitted for simplicity. The change in the power of an optical wave at the

gain peak frequency !0 propagating in an amplifier can be written, by using

g given by Eq. (8.4), as

d

dz
PðzÞ ¼ GgPðzÞ ¼ Gg0PðzÞ

1þ PðzÞ=Psat
ð8:13Þ

The above equation can easily be integrated to yield an expression for the

amplifier gain GTW¼G¼P(L)/P(0):

G ¼ PðLÞ
Pð0Þ ¼ G0 exp

�ðG� 1ÞPout

GPsat

� �
ð8:14Þ

Pout ¼ PðLÞ, G0 ¼ expðGg0LÞ

where Pout is the output power and G0 the amplifier gain with the saturation

omitted. The relation between the output power and the amplifier gain

calculated by the above equation is shown in Fig. 8.5. From Eq. (8.14), the

output power at which G¼G0/2 is given by

P s
out ¼

G0 ln 2

ðG0 � 2ÞPsat � ðln 2ÞPsat ð8:15Þ

The above P s
out represents the output power level at which the gain

saturation starts to appear and is referred to as the saturation output power.

A typical value of P s
out for double-heterostructure lasers is 0–10 dBm.
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For quantum well lasers, P s
out can be higher since, as Eq. (8.6) indicates, Psat

is inversely proportional to G; a P s
out value as high as 20 dBm has been

achieved. In applications to optical communications, the saturation effect
gives rise to problems such as distortion in signal waveform, intersymbol
interference, and crosstalk among multiplexed signals.

8.3.3 Noise Characteristics

An important requirement for applications as a preamplifier, where a weak
signal is amplified, is a low noise level. The noise characteristics of
semiconductor laser amplifiers [7] can also be analyzed by using rate
equations similar to those for laser oscillators. Although the rate equation
for photon density for FP-type oscillators is given by Eq. (6.21), it must be
modified for application to traveling-wave amplifiers. The photon lifetime
term on the right-hand side of Eq. (6.21) is S/
ph¼ vg(�intþ �mir)S, and the
second term represents the outgoing photon flow through the mirrors. In
traveling-wave amplifiers, there are no mirrors present, and traveling-wave
power is amplified. Accordingly, the second term should be replaced by
vg(dS/dz) to represent the net number of photons that flow from a unit
volume of the active region per unit time in the form of a traveling-wave
power flow. On the other hand, the final term on the right-hand side of
Eq. (6.21) representing the contribution of spontaneous emission can be
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rewritten as CsN/
s¼ nspvgGg/dWL, where nsp is the population inversion
factor given by Eq. (A5.8), dW and L are the cross section and the length of
the active region. This term represents the contribution to a mode under
oscillation. It should be noted that, in amplifiers, the spontaneous emission
that is mixed with the signal wave and gives rise to noise is not limited to a
single mode but includes several modes within the signal bandwidth.
Although the spontaneous emission in an amplifier consists of many modes,
components belonging to lateral modes different from the signal mode can
be removed by inserting a spatial filter or coupling to an optical fiber.
The components of the same lateral mode as the signal still consist of
many longitudinal modes with a frequency separation of vg/L. Although
some of these can be removed by inserting a wavelength filter, the
bandwidth of the filter should not be narrower than the signal bandwidth,
since the signal must be transmitted. Let d�(¼ d!/2p) be the frequency
bandwidth with which the output signal is detected; then this bandwidth
corresponds to a mode number (L/vg)d�. Therefore, in the rate equation for
amplifiers, it is appropriate to replace the spontaneous emission term by
(nspvgGg/dWL)(L/vg) d�¼ (nspGg/dW) d�. As a result of this modification,
we obtain a rate equation for the local photon density S(z) for traveling-
wave amplifiers:

d

dt
S ¼ vg ðGg� �intÞS � dS

dz

� 

þ nspGg

dW
d� ð8:16Þ

For the steady state, using Eq. (8.3), the above equation can be converted
into the equation for optical power P:

d

dz
P ¼ ðGg� �intÞPþ ðnspGg�hh!Þ d� ð8:17Þ

Let P(0)¼Pin be the input power. Solving the above equation with the
saturation omitted, we obtain an expression for the output power:

Pout ¼ PðLÞ ¼ GPin þ ðG� 1Þnspef�hh! d� ð8:18Þ

nspef ¼ nsp
Gg

Gg� �int
ð8:19Þ

The amplifier gain G is given by Eq. (8.11). The first term on the right-hand
side of the above expression represents the amplified spontaneous emission
(ASE) and indicates that the ASE is mixed with the signal. In order to
examine the ASE inclusion, let As cos(!st) be the amplitude of the amplified
wave for a coherent input wave, and aASE(!) be the time-truncated Fourier
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transform of the incoherent ASE amplitude. Then the amplifier output power

is given by

PðtÞ ¼ As cosð!stÞ þ
1

2p

Z
aASEð!Þ expð�i!tÞ d!

� �2
* +

¼ A2
s

2
þ 2SASEð!Þ d�

þ 2As

Z
Re aASEð!Þ exp½�ið!� !sÞt�

� � d!

2p
ð8:20Þ

where h i indicates the average over a time interval much longer than the

period corresponding to the optical frequency, and SASE(!) is the ASE noise

power spectrum based on the definition in Eq. (6.74). From the fact that the

first term on the right-hand side of the above expression representing the

time average of P(t) equals Pout of Eq. (8.18), we have

A2
s

2
¼ GPin, 2SASEð!Þ d� ¼ ðG� 1Þnspef�hh! d� ð8:21Þ

As the last line of Eq. (8.20) shows, inclusion of the ASE gives rise to beat

noise due to the interference between the signal and the ASE.
The input light is considered to be a photon flow with a photon

number per unit time of Pin/�hh!. Assuming the noise of the standard

quantum limit (SQL), the noise power for Pin is given by (�hh!)2(Pin/�hh!) d�.
Therefore, the signal-to-noise ratio (SNR) for the input light is given by

SNRin ¼ P2
in

ð�hh!Þ2ðPin=�hh!Þ d�
¼ Pin

�hh! d�
ð8:22Þ

We next calculate the noise power for the output light P(t). Neglecting the

second term in Eq. (8.20) under the assumption that A2
s=2 
 SASEð!Þ d�, the

major time fluctuation of P(t) is the beat noise represented by the third term,

and the noise power is given by 2A2
sSASEð!Þ d�. The first term in Eq. (8.20)

equals GPin and the associated SQL noise power is given by G�hh!Pin d�.
Therefore, the total noise power of the output light is given by

[G�hh!Pinþ 2A2
sSASE(!)] d�, and using Eq. (8.21) the SNR for the output

light is given by

SNRout ¼
GPin

½1þ 2ðG� 1Þnspef ��hh! d�
ð8:23Þ

A convenient numerical figure for representing the noise characteristics of

an amplifier is the noise figure (NF), defined as NF¼ SNRin/SNRout, which
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describes the degradation in SNR caused by the amplification. From Eqs
(8.22) and (8.23), the NF for the TWA is given by

NF ¼ 1þ 2nspef ðG� 1Þ
G

� 2nspef ð8:24Þ

Quantum theory calculation also gives a result consistent with the above
result. As the above result shows, in optical laser amplification, 3 dB
degradation of the SNR is inevitable even in ideal cases when �int¼ 0 and
nsp¼ 1. Typical values for practical traveling-wave amplifiers are 6–8 dB.

8.4 TAPERED LASER AMPLIFIERS

8.4.1 Amplifier Structure

As presented in Section 8.1, since in the region above the saturation power
level most of the injected carriers is consumed by stimulated emission
recombination, the saturation output power is limited by the injection
power. Therefore, to attain a high output power, it is necessary to enhance
the saturation power level and to construct a structure that allows injection
of a large current. However, it is evident that the heat problem and the
catastrophic optical damage (COD) problem limit the achievement of a high
output power; for lasers using an ordinary channel waveguide, the
maximum output power is 100mW or so. A structure that allows further
enhancement of the output power is a tapered amplifier [8], where the width
of the active region of a traveling-wave amplifier is enlarged gradually along
the direction of light propagation, as shown in Fig. 8.6. The amplifier serves
as a planar waveguide, and the light, coupled in the input port as a guided
wave with a narrow lateral width, propagates as a two-dimensional
diverging Gaussian-like beam in the waveguide. The propagation is
associated with amplification. In this structure, however, the saturation
effect is significantly reduced, since the lateral broadening of the guided

Electrode (injection area)y

x

z

Input wave

Antireflection
coating

Antireflection
coating

Active layer

Output wave

Figure 8.6 Tapered semiconductor laser amplifier.
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beam gives rise to suppression of the increase in the optical power density

and improvement of the uniformity in the amplifier area. The large area of

the injection region and the large width of the output port allow a high

current injection and reduce the heat and COD problems.

8.4.2 Beam Propagation Method Analysis

An optical wave in a tapered amplifier having a large-area active region

propagates in the planar waveguide with evolution of the lateral

distribution. The optical amplitude, the optical power flow, and the carrier

density are functions of both the longitudinal coordinate z and the lateral

coordinate y. The gain saturation is not uniform, and the carrier-induced

refractive index is not uniform. Moreover, the temperature in the plane of

the active region forms a nonuniform distribution, which gives a thermal

lens effect on the optical wavefront through the temperature dependence of

the refractive index. Thus, the nonuniform index changes resulting from the

nonuniform distribution of the temperature and the carrier density affect

significantly laser performances. The analysis of a tapered amplifier requires

treatment of these two-dimensional distributions, and therefore cannot be

made using the simple rate equations presented thus far. The analysis of

tapered amplifier performances can be made by numerical simulation based

on the beam propagation method (BPM) [9].
Let E be the optical field amplitude in the amplifier, P the power flow

per unit width in the y direction, T the temperature, and J the injection

current density. The complex propagation constant for the optical wave is

given by

~		ð y, zÞ ¼ 	0 þ d ~		ð y, zÞ, 	0 ¼ k0Ne0 ð8:25Þ

d ~		ð y, zÞ ¼ �Gð�c þ iÞgð y, zÞ
2

þ i�int

2
þ k0�TTð y, zÞ ð8:26Þ

gð y, zÞ ¼ BgðJ � J0Þ
1þ Pð y, zÞ=Ps

ð8:27Þ

Pð y, zÞ ¼ jEð y, zÞj2, Ps ¼
�hh!

qGBg
ð8:28Þ

where �T denotes the temperature coefficient of the refractive index. The

dependence of the gain on the injection current density and the saturation

are expressed by Eq. (8.27), and the carrier-induced and heat-induced

refractive index changes are represented by the first and the fourth terms on
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the right hand side of Eq. (8.26). Let Q( y, z) be the heat power per unit area

given by the power provided by the current injection and the optical

absorption, from which the power converted into the stimulated emission

power is substracted. Let G( y� y0) be the one-dimensional temperature

distribution describing the heat response, to a unit line heat source, of the

semiconductor multilayer structure constructing the amplifier. Then the

temperature distribution T( y, z) can be calculated, by taking a convolution

of Q( y, z) and G( y� y0), as

Tð y, zÞ ¼
Z

Gð y� y0ÞQð y0, zÞ dy0 ð8:29Þ

Qð y, zÞ ¼ VJ þ �intPð y, zÞ � Ggð y, zÞPð y, zÞ ð8:30Þ

V ¼ �hh!

q
þ Vd þ �J

where V is the voltage across the electrodes, Vd the diffusion voltage of the

junction, and � the resistivity of the semiconductor substrate.
The BPM is a split-step algorithm. The positions on the z axis in the

propagation direction are represented by equidistant sampling points zm
with a small separation �z. From the y- distribution E(y, zm) of E at z¼ zm,

the distribution E( y, zmþ1), at z¼ zmþ1¼ zmþ�z, is calculated by the two

mathematical steps described below. In the first step, d ~		 in Eq. (8.25) is

omitted, and the distribution after the simple propagation with diffraction

is calculated by a relation deduced on the basis of plane-wave expansion

of optical fields:

E0ð y, zmþ1Þ ¼ F�1fF ½Eð y, zmÞ� exp½ið	2
0 � k2yÞ1=2 �z�g ð8:31Þ

In the above equation, ky denotes the spatial frequency in the y direction;

F½ � and F�1fg denote the Fourier transform and the inverse Fourier

transform, and they can be calculated numerically by employing the fast

Fourier transform algorithm. In the second step, the above-obtained E0( y,
zmþ1) is used to calculate E( y, zmþ1), with the effect of d ~		ð y, zÞ included:

Eð y, zmþ1Þ ¼ E 0ð y, zmþ1Þ exp½id ~		ð y, zmÞ�z� ð8:32Þ

The required ~		ð y, zmÞ can be calculated using Eqs (8.26)–(8.30). For an input

field distribution given as an initial distribution, distributions of E, P, T, and

other variables at each step in the amplifier and at the output port can be

obtained by iterating the above-described procedure. The output power can

be calculated by integrating the power density on the output facet P(y, L).
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8.4.3 Amplifier Characteristics

A SCH-SQW structure with a small confinement factor G offers a high
saturation level, and therefore a high output power can be obtained in a
tapered amplifier using such a structure. Figure 8.7 shows the result of BPM
calculation of the optical power distribution P(y, zm) at a few positions zm.
The figure shows that, as a result of amplification, the height and the width
of the distribution increase with propagation from the input port towards
the output port. Since both sides of the distribution are amplified more in
comparison with the central part, where the intensity is higher and the
saturation is more significant, the distribution evolves from a nearly
Gaussian distribution near the input port to somewhat flattened distribu-
tions near the output port. The refractive index is increased more on and
near the optical axis, and therefore the wavefront is deformed in such a way
that the rays are curved so that they are directed towards the central axis. As
a result, for a high injection current and a large propagation length, the
quality of the output wavefront deteriorates. Thus the output performances
of a tapered laser amplifier depend upon many factors, and careful
optimizations of the device parameters such as the amplifier length and the
taper angle are required to achieve a good performance. In appropriately
designed amplifiers, output powers as large as 1W have been demonstrated
in continuous operation [10].

8.5 MASTER OSCILLATOR POWER AMPLIFIER

Acombination of a laser oscillator and an amplifier to boost the output power
is called a master oscillator power amplifier (MOPA). A semiconductor laser
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Figure 8.7 Optical intensity profile in a tapered amplifier.
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oscillator and a semiconductor laser amplifier can be integrated together on a

same substrate to implement a monolithic MOPA. For this application, a

distributed feedback (DFB) laser or a distributed Bragg reflector laser is used

as an oscillator, since they do not require a facet mirror and therefore are

suitable for monolithic integration. As for the amplifier, a traveling-wave

amplifier of channel waveguide type is suitable for applications to optical

communications, because of the low noise and ease of coupling to an optical

fiber. Such a MOPA laser provides an output power higher than that of a

single oscillator. Another advantage is that high-speed modulation of the

high output power can be achieved by superimposing a small electric signal on

the oscillator driving current [11]. A MOPA using a tapered power amplifier

provides an even higher output power. They have applications as a pump

source for optical fiber amplifiers and nonlinear optical devices [12]. A

monolithic MOPA consisting of a DFB laser oscillator and tapered power

amplifier is shown in Fig. 8.8.
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Appendix 1
Outline of Density Matrix Analysis

A1.1 DEFINITION OF DENSITY MATRIX AND
EXPECTATION VALUES

The density matrix offers an effective technique for dealing statistically with a
system consisting ofmany electrons using the quantum theory for an electron.
Amixed state consisting of a statistical distribution of various quantum states
can be specified by a set of probabilities pj with which the electron is found
in a quantum state j ji. The density operator � is defined by

� ¼
X

j

j jipjh jj ðA1:1Þ

The probability satisfies 0� pj� 1 and
P

j pj¼ 1. The operator � is a Hermite
operator, and the matrix description of � is called the density matrix. Using
a system of eigenstate fjnig, the elements of the density matrix are given by

�nn0 ¼ hnj�jn0i ¼
X

j

hnj jipjh jjn0i ðA1:2Þ

The diagonal elements of the density matrix

�nn ¼
X

j

pjjhnj jij2 ðA1:3Þ

give the probability with which the system belongs to the eigenstate jni. The
off-diagonal elements represents the correlation of states jni and jn0i. The
expectation value hAi for a physical quantity represented by an operator A,
being the weighted average of the expectation values for states j ji, can be
written as

hAi ¼
X

j

pjh jjAj ji

¼
X

jnn0
pjh jjnihnjAjn0ihn0j ji
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¼
X

nn0
�n0nAnn0

¼ Trf�Ag ðA1:4Þ

Since hAi can be expressed by A and � only, it is possible to calculate the
value of the macroscopic observable hAi without knowing j ji and pj,
provided that � is obtained.

A1.2 EQUATION OF MOTION FOR THE DENSITY
OPERATOR

The time variation of a state j ji can be written by using the system
Hamiltonian H as

j jðtÞi ¼ UðtÞj jð0Þi, UðtÞ ¼ exp
�iHt

�hh

� �
ðA1:5Þ

and, if the time dependence of pj is omitted, the time variation of � can be
written as

�ðtÞ ¼
X

j

UðtÞj jð0Þipjh jð0ÞjUðtÞy ¼ UðtÞ�ð0ÞUðtÞy ðA1:6Þ

Then, calculation of the time derivative of � results in

d

dt
�ðtÞ ¼ HðtÞ�ðtÞ � �ðtÞHðtÞ

i�hh

¼ 1

i�hh
½HðtÞ, �ðtÞ�

ðA1:7Þ

Thus, the equation of motion for � is described by using the commutation
relation between H and �. When the initial state �(0) is given by a matrix
representation based on an appropriate eigenstate system, solving the above
equation to calculate �(t), followed by calculation of hAi by Eq. (A1.4),
clarifies the behavior of the whole system concerning the observation of the
quantity A. The above description is made in the Schrödinger picture using a
time-dependent operator �(t). However, for cases where the Hamiltonian H
can be written as a sum of a Hamiltonian H0 with the interaction omitted
and an interaction Hamiltonian Hi, i.e.,

HðtÞ ¼ H0 þHiðtÞ ðA1:8Þ
converting �(t) into a density operator in the interaction picture:

�IðtÞ ¼ U0ðtÞy�ðtÞU0ðtÞ, U0ðtÞ ¼ exp
�iH0t

�hh

� �
ðA1:9Þ
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transforms the equation of motion into that in the interaction picture:

d=dt�IðtÞ ¼
1

i�hh
½HIðtÞ, �IðtÞ� ðA1:10aÞ

HIðtÞ ¼ U0ðtÞyHIðtÞU0ðtÞ ðA1:10bÞ

where HI(t) is the interaction Hamiltonian in the interaction picture. Let
En¼ �hh!n be the energy eigenvalues of jni; then the density matrix elements
�Inn0 and �nn0 are correlated by

�nn0 ðtÞ ¼ expð�i!nn0tÞ �Inn0 ðtÞ, !nn0 ¼ !n � !n0 ðA1:11Þ
In the interaction picture, the expectation value of A is given by

hAi ¼ Tr �IðtÞAIðtÞ
� �

, AIðtÞ ¼ U0ðtÞyAU0ðtÞ ðA1:12Þ
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Appendix 2
Density of States for Electrons

A2.1 THREE-DIMENSIONAL STATE

The relation between the wave vector k and the energy E of electrons in the
vicinity of a band edge of a bulk semiconductor, based on the effective-mass
approximation can be written using a parabolic function as

EðkÞ ¼ �hh2

2m� k
2, k ¼ jkj ðA2:1Þ

where E is measured with reference to the band edge. Consider a cube of side
length L in the semiconductor. Application of the periodic boundary
condition to the electron wave functions limits the wave vector k to the form

k ¼ 2pmx

L
,
2pmy

L
,
2pmz

L

� �
, mx,my,mz ¼ 0, � 1, � 2, . . . ðA2:2Þ

Therefore, a electron state occupies a volume of (2p/L)3 in the three-
dimensional k space. Since, from Eq. (A2.1), dE¼ (�hh2/m�)k dk, and the states
within k� jkj � kþ dk occupy a volume 4pk2 dk in the k space, the number
dN per unit volume of electron states with energy between E and Eþ dE is

dN ¼ 2½4pk2 dk=ð2p=LÞ3�
L3

¼ k2 dk

p2

¼ 1

2p2�hh3
ð2m�Þ3=2E1=2 dE ðA2:3Þ

where the number is doubled considering the spin. Therefore, the density
�3D(E)¼ dN/dE of a three-dimensional state of electrons is given by

�3DðEÞ ¼
1

2ðp2�hh3Þ ð2m
�Þ3=2E1=2 ðA2:4Þ
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A2.2 TWO-DIMENSIONAL STATE

Consider first a subband (the nth subband) for electrons in a quantum well.

The relation between the two-dimensional wave vector kxy and the energy E,

with the nonparabolicity omitted, can be written as

EðkxyÞ ¼ "n þ
�hh2

2m� k
2, k ¼ jkxyj ðA2:5Þ

where E is measured with reference to the band edge and "n denotes the

confinement energy eigenvalue. Consider a square of side lengthL in the plane

of the quantum well, and apply the periodic boundary condition to the

electron wave functions; then the wave vector kxy is limited to those in

the form

kxy ¼
2pmx

L
,
2pmy

L

� �
, mx,my ¼ 0, � 1, � 2, . . . ðA2:6Þ

Therefore, the electron state occupies an area of (2p/L)2 in the two-

dimensional kxy plane. Since the states within k� jkxyj � kþ dk occupies a

area of 2pk dk in the kxy plane, the number dN per unit area of electron states

with energy between E (>"n) and Eþ dE and with the spin considered is

dN ¼ 2½2pkdk=ð2p=LÞ2�
L2

¼ kdk

p

¼ m�

p�hh2
dE ðE > "nÞ ðA2:7Þ

Thus we have dN/dE¼(m�/p�hh2) (E>"n) for the density of states of electrons

in a subband. Since the total density �2D(E) of two-dimensional state of

electrons is given by the sum of the density of states for each subband,

we have

�2DðEÞ ¼
m�

p�hh2
X

n

uðE � "nÞ ðA2:8Þ

where u(�) is a unit-step function.

A2.3 ONE-DIMENSIONAL STATE

Consider a subband for electrons in a quantum wire. The relation between

the wave vector magnitude k in the direction along the wire and the energy E
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is given by

EðkÞ ¼ "nn0 þ
�hh2

2m� k
2 ðA2:9Þ

where "nn0 denotes the confinement energy eigenvalue. Considering a
quantum wire section of length L, with the periodic boundary condition
applied to the electron wave functions, k must be

k ¼ 2pm
L

, m ¼ 0, � 1, � 2, . . . ðA2:10Þ

From Eq. (A2.9) we have dE¼ (�hh2/m�)k dk. Considering the electron states
of positive and negative k for a value of E, and considering the spin, the
number dN per unit length of electron states with energy between E (>"nn0)
and Eþ dE, and with the spin considered is

dN ¼ 2½2 dk=ð2p=LÞ�
L

¼ 2 dk

p

¼ 1

p�hh
ð2m�Þ1=2ðE � "nn0 Þ�1=2 dE ðE > "nn0 Þ ðA2:11Þ

Since the total density �1D(E) of one-dimensional state of electrons, is given
by the sum of the density of states for each subband, we have

�1DðEÞ ¼
1

p�hh
ð2m�Þ1=2

X

nn0
uðE � "nn0 ÞðE � "nn0 Þ�1=2 ðA2:12Þ
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Appendix 3
The Kramers–Kronig Relation

The electric field E(r, t) and dielectric polarization P(r, t) in a medium can be

expressed by using Fourier transformations as

Eðr, tÞ ¼
Z

Eðr,!Þ expð�i!tÞ d! ðA3:1Þ

Pðr, tÞ ¼
Z

Pðr,!Þ expð�i!tÞ d! ðA3:2Þ

where E(r, !) and P(r, !) are the Fourier spectra. Although the polarization

includes contributions associated with the electric dipole, electric quad-

pole, and magnetic dipole, we neglect the latter two, since usually the electric

dipole dominates the polarization. Then the polarization at a position r

depends upon the electric field at the point r only (locality). However, the

polarization at time t depends not only on the electric field at t but also on

the electric field at any other time. Assuming that the polarization is related

linearly to the electric field, the polarization can generally be written as

Pðr, tÞ ¼
Z

Rðr, t; t0ÞEðr, t0Þ dt0 ðA3:3Þ

where the integration should be over �1 < t0 < þ1. Because the

characteristics of a material do not depend upon the choice of the origin

for the time axis (time invariance), the function R(r, t; t0) can be rewritten as

Rðr, t; t0Þ ¼ Rðr, 
Þ, 
 ¼ t� t0 ðA3:4Þ
The function R(r, 
) is referred to as the response function. Since the

polarization at time t is determined by the electric field at t and the time

before t (causality), we have

Rðr, 
Þ ¼ 0, 
 < 0 ðA3:5Þ
In the following, r is omitted. Substituting Eqs (A3.1) and (A3.4) into

Eq. (A3.3) and comparing the resultant equation with Eq. (A3.2), we see
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that the polarization can be written as

Pð!Þ ¼ "0�ð!ÞEð!Þ ðA3:6Þ

�ð!Þ ¼ 1

"0

Z
Rð
Þ expði!
Þ d
 ðA3:7Þ

Equation (A3.6) gives the definition of the dielectric susceptibility �(!), and
Eq. (A3.7) shows that �(!) is given by the Fourier transform of the response

function R(
). The function �(!) can be considered a complex function of a

complex variable !. Since R(
) satisfies Eq. (A3.5), �(!) is analytical in the

upper half of the complex ! plane. Noting this, we integrate a function

�(!0)/(!0–!), of a complex variable !0 with a real constant !, on a closed

loop consisting of the real axis, an upper semicircle of infinitely large radius

C, as shown in Fig. A3.1. The pole at !0 ¼! on the real axis can be excluded

from the loop by modifying it with the upper semicircle of infinitely small

radius c. Then, since there is no singular point within the loop, the closed-

loop integral vanishes to zero. The integration on C vanishes to zero, as the

magnitude of �(!0) decreases exponentially with increasing radius of C. On

the other hand, the integration on c results in �ip�(!). We therefore obtain

�ð!Þ ¼ 1

ip
P

Z 1

�1

�ð!0Þ
!0 � !

d!0
� �

ðA3:8Þ

Separating �(!) into real and imaginary parts, we obtain

Ref�ð!Þg ¼ þ 1

p
P

Z
Imf�ð!0Þg
!0�!

d!0
� �

ðA3:9aÞ

Imf�ð!Þg ¼ � 1

p
P

Z
Ref�ð!0Þg
!0�!

d!0
� �

ðA3:9bÞ

In the above expressions, P indicates the principal value obtained by

integration over �15!05þ1 excluding the singular point !� 05!05
!þ 0. Equations (A3.9) is referred to as the Kramers–Kronig relations.

c R_R

C

Im{ }

Re{ }

R
0

Figure A3.1 Locus for integration.
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It shows that the real and imaginary parts of the complex susceptibility are
not independent of each other but are correlated by integral transforma-
tions. Noting that E(t) and P(t) are real, and therefore Re{�} and Im{�} are
even and odd functions, respectively, of !, Eq. (A3.9) can be rewritten
as integrations over positive frequencies. Consider a case where there is
a change in the absorption (or amplification) spectrum �(!) of a material
by ��(!), and let ��(!) and �n(!) be the changes in the susceptibility
and the refractive index, respectively. Then, �n¼ (1/2n) Re{��} and
��¼ (!/nc) Im{��} and, from Eq. (A3.9), we obtain

�nð!Þ ¼ c

p
P

Z þ1

0

��ð!0Þ
! 02 � !2

d!0
� �

ðA3:10Þ

Equations (A3.9) and (A3.10) are also referred to as the Kramers–Kronig
transformation.
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Appendix 4
Experimental Determination of
Gain and Internal Loss

The gain (spectrum) and the internal loss of a active layer and the waveguide

structure in a Fabry–Perot (FP) type of semiconductor laser can be

experimentally determined. The reflectivity R of the cleaved facet mirror and

the confinement factor G for the guided mode in the active layer can be

evaluated through calculation using the parameters of the laser structure

and the refractive indexes of each layer. The threshold current Ith and the

external differential quantum efficiency �D of a given FP laser can easily be

measured. From Eqs (5.6) and (6.6), the inverse of the external differential

quantum efficiency 2�D for the total output at both edges of a FP laser using

cleaved facet mirrors can be written as

1

2�D
¼ 1

�stm
1þ �intL

lnð1=RÞ

� 

ðA4:1Þ

By preparing several lasers with different resonator lengths L, measuring

their �D values, and plotting 1/2�D against L, a linear graph is obtained. The

internal quantum efficiency �stm can be determined by extapolating the

linear graph to obtain 1/2�stm as a value of 1/2�D at L¼ 0, and the internal

loss �int can be determined from the slope of the line.
From the oscillation condition in Eq. (6.1), the threshold mode gain is

given by

Gg ¼ �int þ �mir, �mir ¼
1

L
ln

1

R

� �
ðA4:2Þ

Measuring the threshold currents Ith for several lasers with different

resonator lengths L, and correlating the results with the value calculated by

using the above expression, the dependence of the maximum mode gain Gg
on the injection current density can be determined.
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Through the facet of a FP laser with subthreshold current injection,
spontaneous emission and amplified spontaneous emission (ASE) are
observed. The spectrum of this light emission is such that the broad peak-
like spontaneous emission spectrum is modulated with the periodic
resonance characteristic of the FP resonator. The resonance characteristic
is given by the integration, with respect to the light source elements, of Pf

given by Eq. (5.140) with the attenuation factor � replaced by the effective
attenuation factor �int�Gg of the subthreshold laser. Accordingly, the
ratio RASE of the maxima to the minima in the observed ASE spectrum is
given by

RASE ¼ 1þ R exp½ðGg� �intÞL�
1� R exp½ðGg� �intÞL�

ðA4:3Þ

Therefore, by measuring RASE at various injection currents in the
subthreshold range, the mode gain spectrum and the injection current
dependence can be determined by

Ggð!Þ ¼ 1

L
ln

RASE � 1

RASE þ 1

� 

þ �int þ �mir ðA4:4Þ
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Appendix 5
Spontaneous Emission Term
and Factors

Consider the spontaneous emission term describing the contribution of the
spontaneous emission to the laser oscillation, which appears as the final
term on the right-hand side of the rate equation for the photon density
(Eq. (6.21)). Since this term represents the component of the spontaneous
emission belonging to the same mode as the laser oscillation (angular
frequency !m), it is closely related to the gain for the oscillation mode.
Consider a laser of index-guiding type, and let E¼E(r)¼E(x, y)E(z) be the
complex electric field of the oscillation mode. The field is normalized in
the similar manner as Eq. (2.6), so that the optical energy in the resonator
corresponds to the energy of a photon:

Z

c

"0nrng
2

jEðrÞj2 dV ¼ �hh!m ðA5:1Þ

Then, from Eqs (2.50a) and (2.57), the transition probability relevant to the
photons of this mode can be written as

wabs

n
¼ wstm

n

¼ wspt

¼ p
2�hh

EðrÞ E h 1jerj 2i
�� ��2�ðE1 þ �hh!m � E2Þ ðA5:2Þ

where n is the number of the photons in the resonator. Using the direct-
transition model, the net number of the stimulated emission transition
per unit volume of the active region per unit time can be calculated by
integrating wstm multiplied by (1/2p3)( f2� f1) dk. The average value of
jE(r)j2 in the active region is given by

hjEj2ia ¼
Gð2�hh!m="0nrngÞ

Va
ðA5:3Þ
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G ¼
R
a jEðrÞj2 dVR
c jEðrÞj2dV

ðA5:4Þ

where Va is the volume of the active region, � is the confinement factor, and

use has been made of Eq. (A5.1). Replacing E in Eq. (A5.2) by the average

given by Eq. (A5.3), and calculating the relative time variation in the mode

photon number in the resonator of volume Va, we obtain an expression for

the mode gain:

GGð!mÞ ¼ G
pe2

nrng"0m2!m
jMj2ðf2 � f1Þ�rð�hh!mÞ ðA5:5Þ

In the derivation of the above expression, use has been made of Eqs (3.14)–

(3.17). This result is consistent with that obtained by rewriting the material

gain g given by Eq. (3.16) in G¼ vgg, and then in the mode gain �G.
Let Rsp(!m) be the number of photons spontaneously emitted per unit

time in the active region of a volume Va. Then Rsp can be calculated by

integrating wstm given by Eq. (A5.2) multiplied by Va(1/2p
3) f2(1� f1) dk

in a similar manner as above, to yield

Rspð!mÞ ¼ G
pe2

nrng"0m2!m
jMj2f2ð1� f1Þ�rð�hh!mÞ ðA5:6Þ

Accordingly, from Eqs (A5.5) and (A5.6), the spontaneous emission term

and the mode gain are correlated by

Rspð!mÞ ¼ nspGGð!mÞ ðA5:7Þ

nsp ¼ f2ð1� f1Þ
ð f2 � f1Þ

¼ 1� exp
�hh!m ��F

kBT

� �� 
�1

ðA5:8Þ

where �F¼Fc�Fv is the difference between the quasi-Fermi levels. The

parameter nsp in Eq. (A5.8) is referred to as the population inversion factor.
The optical waves in an ordinary laser structure include many radiation

modes with the propagation vector not parallel to the waveguide axis. The

majority of the spontaneous emissions belong to such radiation modes, and

therefore the guided mode component is negligibly small. Therefore, the

expression given by Eq. (3.20) for a homogeneous semiconductor can also be

used to describe approximately the spontaneous emission spectrum in a laser

structure. By integrating it, the total spontaneous emission Rsp can be

calculated. Approximating the spontaneous emission spectrum by a

Lorentzian distribution with a half-width �! at half-maximum and using
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an approximation that spontaneous emission peak frequency � oscillation
frequency, we obtain an expression for Rsp:

Rsp ¼ nre
2!

pm2c3"0
jMj2f2ð1� f1Þ�rð�hh!mÞ

�
Z ð�!=2Þ2

ð!� !mÞ2 þ ð�!=2Þ2
d!

¼ nre
2!�!

2m2c3"0
jMj2f2ð1� f1Þ�rð�hh!mÞ ðA5:9Þ

The spontaneous emission term CsN/
s at the end of the right-hand side of
the rate equation given by Eq. (6.21) was introduced, by representing the
total spontaneous emission per unit volume in the active region
approximately as Rsp¼N/
s, and by representing the component belonging
to the oscillation mode per unit volume in the active region Rsp(!m)/Va as
CsN/
s¼CsRsp. Therefore, we see from Eqs (A5.6) and (A5.9) that the
spontaneous emission factor Cs is given by

Cs ¼ G
2pc3

n2rngVa!2 �!
¼ G�4

4p2n2rngVa ��
ðA5:10Þ

It should be noted that the above result does not apply for lasers of gain-
guiding type, where the guided mode cannot be described independently to
the carrier injection. Since the guided mode in gain-guiding lasers has curved
wavefronts, the coupling of the spontaneous emission to the guided mode is
stronger, and the value of Cs is several times the value given by Eq. (A5.10).

Spontaneous Emission Term and Factors 301

Copyright © 2004 Marcel Dekker, Inc.


